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ABSTRACT. The genus of a graph G, denoted by 4(G), is the mini-
mum genus of an orientable surface in which the graph can be embed-
ded. In the paper,we use the Joint Tree Model to immerse a graph
on the plane and obtain an associate polyhegon of the graph. Along
the way, we construct genus embedding of the edge disjoint union of
K and H, and solve Michael Stiebitz. etc. proposed conjecture: Let
G be the edge disjoint union of a complete graph K and an arbitrary
graph H. Let H’ be the graph obtained from H by contracting the
set V(K) to a single vertex. Then

¥(K) +~(H') £4(G).
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1. Introduction

All graphs considered,in this paper,are connected and its embeddings are
orientable. The vertex set and edge set of a graph G are denoted by V{(G)
and E(G),respectively. A surface is a compact closed 2-dimensional man-
ifold without boundary. It can be represented as a polygon of even edges
in the plane,whose edges are pairwise and directed clockwise or counter-
clockwise. Such a polygon is called a polyhegon in terminology{2]or(3].
Further,an orientable polyhegon S can be represented as a cyclic sequence
of letters in parentheses,where each letter appears exactly twice and the
two occurrences of each letter have distinct indices +( always omitted) and
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—. Let A and B be sections of successive letters in cyclic orders( linear se-
quences) and @ be the empty. The elementary(or topological) equivalence
~ is obtained by the following threc operations on a set of surfaces (or
polyhegons) S[3]:

Op.l VSeS,S=(4aa"B), A#0,or B# )<= S=(AB).

Op.2 VSE€S,S=(AabBb~a=C) < S = (AaBa~C).

Op.3 VS €S, S=(AaBCa~ D) < S =(BaADa~C).

On the basics of these operations, the following lemmas can be done.
Lemma 1.1 Polyhegons are classified by the following transformations,V.S €
S,

S = (AzByCz~ Dy~ E) ~ (ADCBFEzxyz"y™).

where A, B,C, D and E are linear sequences, z,y,z~,y~ ¢ ABCDE.
From the lemmal.l, each orientable polyhegonis equivalent to one, and
only one of the following canonical forms:

{ (aoag ), if the surface is sphere;
S =

(ITh=1 axbray b ), if the genus of a surface is p.

A topological representation of a graph on a surface as a point set with-
out interior point in common between two edges as curve segments is called
an embedding. If an intersection at an interior point between two curve
segments is permitted,then what obtained is an immersion.

An embedding (or cellular embedding) of a graph G into a surface S
is a homeomorphism i: G — S, such that each component of S — i(G) is
homeomorphic to an open disc. Two embeddings f: G —» Sand g: G— S
are the same if there is a homeomorphism h: § — S such that f = gh.
An embedding is called orientable if S is orientable. Let g = g(S) denote
a genus of an orientable surface S. The genus of a graph G,denoted by
v(G),is the minimum genus of an orientable surface in which the graph

can be embedded. vy (G) = Sén“?(xc ) g(S) is called the maximum orientable

genus of G,where A(G) is the set of all associate surfaces of a graph G.
Lemma 1.28  Let G be a connected graph.Then the genus range GR(G)
is an unbroken interval of integers{y(G), ym(G)).

Lemmal.3[5! A connected graph G has embeddings in all surfaces
S, ,where,

v(G) < g < mu(G).

Let G be a graph,T be a spanning tree of G. Firstly, to immerse G
on the plane;Secondly,for each nontree edge e of G, to split e into two
semiedges et (+ often omitted),e~. It is obvious that a new graph obtained
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by splitting of each cotree edge is a tree,which is called a joint tree,denoted
T.

For v € V(G),let p, be a rotation at v,p, is a cyclic permutation of
semiedges incident with v. pg = {p»|Vv € V(G)} is the rotation system
of G. Then pg induces a unique embedding of G into an orientable sur-
face.Conversely,every embedding of a graph G into an orientable surface
induces a unique rotation system for G.

For a joint tree 7' of G,a cyclic sequence of all letters of semi-edges along
the clockwise(or anti-clockwise)rotation is the embedded polyhegon of G.
It is also called an associate polyhegon of G.

So an embedding of a graph G into a surface S can be represented by a
joint tree of G,i.e. by an associate polyhegon of G.

For a fixed spanning tree T of G,there is a 1-to-1 correspondence between
the set of the associte polyhegons and the set of the embeddings of G.
Lemma 1.42) The number of distinct embeddings of G on a surface of
orientable genus p is independent of the choice of tree T on G.

Lemma 1.58 If S; = (aj,as,...,a2:),52 = (b1,bo,...,ba) are two
orientable polyhegons, {a1,az,... ,a2:}({b1,b2,... ,b2¢} = 0 then

S = (ay,02,... ,a25,b1,b2,... ,by)

is an orientable polyhegon,and g(S) = g(S1) + g(S2).Where g(S) is the

genus of S.

Lemma 1.6 1 If S = (aj,az,... ,a2),is an orientable polyhegon , t ¢

{a1,a0,... ,a2s},then @ = (a1,... @iy s, Qi 41,- -y Qigs 7, Gigp1,- -« 5 A25)

is an orientable polyhegon,and g(Q) > g(S).Where g(S) is the genus of S.
Proof: By the definition of an orientable associate polyhegon,the first

part of the lemma is true.By lemma 1.1,let (Hf=1 z;y;ix; y; ) be a canonical

form of S,then

(?). if k& = §,then,

k k
Q ~ ([T iz v)tt™) ~ ([ ] maszr u7),
i=1

i=1 i=

9(Q) =k = g(5).
(33). if k < $,then,

k
S ~'((H:c,-y,-:ni_yi')zz").
i=1

Where z = zop41 ... 25.Q ~ ((l'[f=l ziyiw; y; )tzz7t7),0(Q) = g(S) = k,or
Q ~ ((TTzy mayey v7 )tat=27) ~ (T1i2) wawiaT v7),9(Q) = k +1 > g(S).
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Therefore
9(Q) = g(5).
Lemma 1.72] If G, and G are two graphs,G) is a subgraph of G,then,

7(G1) £ 1(G).
Proof:By the definition of the genus of a graph ,it is obvious.

2. Main results

Michael Stiebitz.,etc.,searched a Heawood type formula for the edge dis-
joint union of two graphs that are embedded on a given surface X.They
proposed the following conjecture in[4].

Conjecture:Let G be the edge disjoint union of a complete graph K and
an arbitrary graph H. Let H'be the graph obtained from H by contracting
the set V(KX) to a single vertex.Then

Y(K) +v(H') £ 7(G).

Following ,we use the Joint Tree Model to prove that the conjecture is
true.
Lemma2.1 8] Let e be a cut edge of a graph G,G —e has two components
H and K ,then

Y(K) +v(H) =+(G).

Corollary2.1 Let K be a complete graph of order n,H be an arbitrary
graph of order m,V(K) = {v1,v2,... ,vn} is the vertex set of K,V(H) =
{u1,u2,... ,um} is the vertex set of H,V(K)NV(H) =0, V(G) =V(H)J
V(K), E(G) = E(H)|J E(K) U{u1v1}. Let H' be the graph obtained from
H by contracting the set V(K) to a single vertex.Then

Y(H') = v(H),y(H') + 7(K) < ¥(G).
If a graph G is the union of two graphs H and K,and V(H)NV(K) =
v, E(H) N E(K) = §,then one says that the graph G is an amalgamation
of two graphs H and K at avertex v,denoted G = Hx*,K.Where v is the
vertex of amalgamation.

Lemma2.2 ¢ If a graph G is an amalgamation of two graphs H and K
at a vertex v,then,

YG) =v(H) +~(K).
Corollary2.2 Let K be a complete graph of order n,H be an arbitrary
graph of order m,V(K) = {v,vs,...,vn} is the vertex set of K,V(H) =
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{v,u2,... ,u;m} is the vertex set of H,G = Hx,K.Let H' be the graph
obtained from H by contracting the set V(K) to a single vertex. Then,

v(H') +v(K) < 4(G).

Theorem 2.1 (main theorem) Let K be a complete graph of order n,H
be an arbitrary graph of order m.G is obtained from H and K by adding
some edges between V(H) and V(K).Let H' be a graph obtained from G
by contracting the set V(K) to a single vertex.Then

Y(H') + 1K) < 4(G).

Proof: Let V(K) = {v1,v2,...,vn} be the vertex set of K,V(H) =
{u1,u2,... ,um} be the vertex set of H.Let G be obtained by adding the
edges e),e3,€3,...,6, (1 <p)on V(K) and V(H).

‘When p = 1,by Corollary 2.1,the conclusion is true.

When 2 < p,one discusses the conclusion in two cases,

(1). If the p edges join a vertex vy of the graph K and different vertices
of the graph H.Then G = K %,, H’', by Corollary 2.2 ,the conclusion is
true.

If the p edges join a vertex u; of the graph H and different ver-
tices of the graph K.By contracting the set V(K) to a single vertex v;,we
obtain the graph H'.H' = H x,, H;.Where V(H;) = {u1,v1},E(H;) =
{e1,ez2,... ,ep}.

Therefore,

v(Hy) = 0,(H') = v(H) + v(H:1) = v(H).
By contracting the set V(H) to a single vertex u,,we obtain the graph K'.It
is obvious that G = K’ x,,, H.By lemma 2.2,we obtain,

Y(G) = v(K') +v(H).
But K is a subgraph of K’,by lemma 1.7 ,we have,
YK') = 1(K).
Therefore,
Y(G) 2 v(H') +v(K).

(2).If the p edges join different vertices of the graph K and different
vertices of the graph H(p > 2).

When p = 2,0ne selects a edge e; = v1u; as a tree edge of G, e2 = viu;
as a cotree edge of G.Let T1,T> be two trees of K, H respectively,Ti, T»
be two cotrees of K,H correspondingly,then T' = T +e; + T is a tree
of G,T = T + ea + T is a cotree of G.Contracting K to a single vertex

vy,then e; + T3 is a tree of H' jvju; + T, is a cotree of H'.One labels the
semiedges of 77 by ay,as,...,a2,—1,a2s,Where {a;,az,... ,02,—1,025} =
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{ai,a1,...,as,a5}, s = B(K),a:,a; are two semiedges obtained by split-
ting the edge a; of Ty(i = 1,2,...,5).0One Labels the semiedges of T; by
bla b27 so 7b2t—1! bat,where {bls ba, ... >b2t—1; b2t} = {bh b-l—’ s sbts bt__}at =
B(H),b;,b; are two semiedges obtained by splitting the edge b; of T>(i =
1,2,...,t).c,c” are two semiedges obtained by splitting the edge ez = v;u;.
d,d~ are two scmiedges obtained by splitting the edge vu;.{a1,a7,... ,as,
as_} n{bl) b2, LR b2t—ls b2t} = 0

Let S; = (aiaz...a2s;—1a2s) be an associate polyhegon of K who has
the minimum genus y(K), g(51) = v(X),S2 = (b1b2...bat—1b2:) be an as-
sociate polyhegon of H , 84 = (a1...@iCai41...02521...2¢" Zj41 ... 221)
({z1,--- 125, zj41,--- s 22e} = {b1,...,bj,bj41,... ,b2e}) be an associate
polyhegon of G who has the minimum genus 7(G), v(G) = ¢(S4).Then
Q2 = (c21...zj¢"zj41 ... 22:) is an associate polyhegon of H',g(Q2) >
v(H’). By lemmal.1,

Sy~ ((Hf:l :L','yi:t;y;):l:zk+1 c THCI ... .’B2_k+12:h+1 RS 7% JUN :l:;_*.l
21020 241 oo 22) ~ (Tl @edizy ¥ )aca™ 21 - .. 25€” 2541 . . 220).
Where,(alag - ags_la-zs) ~ (H:';l a:,-yixi—yi_), {.’L‘l,.’tl_, ey Ig, :I::} = {al, as,
e 025-1,026 1,8 = Tok41 ... Th & {21,22,. .., 2261, 200, 6,¢7 )

Denote

k
Q= (H iz Y ), Q1 = (aca” 2y ... z;¢” zjq1 ... 222).
i=1
Because,

{xlayl,xl_vy;’--' azkyykyx]:ay;}n{aaa—yc)c—1zl"-' ,221} = 0. By
lemma 1.5 , :

9(S4) = 9(Q) + 9(@1),9(Q) =v(K) = k.

By lemma 1.7 ,9(Q1) = g((aca™21 ... zjc” zj41 ... 22¢)) = g((c21... 256" zj41
...22t)) = g(Q2) > y(H’). Therefore

9(Q1) > ~(H"),
9(s4) = 9(Q) +9(Q1) 2 1(K) ++(H),
Y(G) 2 v(K) +~v(H).
When p > 3,let E; = {e,¢5,... ,¢p, c;'} be the semiedge set (where
each edge e; is split into two semi-edgesc;,c; i = 2,... ,p),e1 = viu; be a
treeedgeof G, Sg = (a1 ...ai,c20i541 - - Qi,CpQiyt1 - - 02521 - - « TmyCpy Zmy+1

.. .zmpc,;zm,,.,.l ...Z9) be an associate polyhegon of G who has the mini-
mum 7(&),9(S5) = 1(G)-
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Where 4a,... ,ip € {1,2,...,28},ma,... ,mp € {1,2,...,2t}.{z4,...,
22} = {b1,... ,bat}. By lemma 1.1

Se ~ ((H:;l TiYiT; Y7 )Thy + o ThyChaThy -+ Tpy o+ Thyp_g -« - Thop_y Chy
”;z,_. ~°"”;2,,-3$th-1 ...zthx;zp ...x;zp_lzl ces ZmaCpy Zmotl + e z,,.pc,‘p
Zmpt1 - 220) ~ ([l Ze9im7 U7 )(b2Chat - tpCi, ty t1tT 21 - .. Zimgc,
Zmg4l - zmpcl:zmpﬂ ... 22). Denote
Q= (I’If=1 Y7 Yi )y Qo = (Thy + - ThaChyThy - Th, - Thgp_s -+ - Thop_s
ckpz,:zp_z . z,:zp_axh,p_l . ..xthx,;p .. "”I:g,,_.zl cen zm,c,;zmz_,.l oo 2Zm,
c,'pz,,.,,.,.l <. 228), Q1 = (tack,ts .. bpCr, t Ul 21 ZmaCL Zma 41 - - - Zmy,
c,;zm,.,.l ceo22t) , Q2 = (Chy - .- Crp21 .- 2maCl, Zmatl - - - Zm, €l Zmy+1 - - - Zat).
Then Q2 is an associate polyhegon of H’, g(Q2) > v(H'),and ¢g(Q) =
~(K) = k. Where,

{21, 27, 91,975+ s Tl Ty Yko Uk s Ths Tioys o+ Thyy Tigy oo »Ehop_3: Thy,_o»
. ,:z:th_l,a:,:zp_l, ,mth,x,;p} ={a1,a1,...,as,a;}, {b1,b2,... ,bos_1,
bac} = {z1,22,. .., 2201, 22}, {21, 27, Y1, U7 -+, Ty TR, Uk, U } {28y
Tpvee s Thgy Ty oo ,a:h2p_3,x,:2p_3,... ’zth—xvxf:z,,_n"' ,x;,zp,x,;p,
ClayClys -+ 1Clyr Cp 1 21522, - - JZat-1, 22ty = 0. fa = Tny .. Tpyye..,lp =
Thop_3 ...xth_,,tl = Thyp_y - - - Thaps to,... s tp ¢ {bl,... ,bo¢,Co, ... ,c,,}.

{kz,... ,kp} = {12,... ,lp} = {2,... ,p}.
By lemma 1.6,

9(Qo) = 9(Q1) = 9(Q2) = v(H').
By lemma 1.5,

9(56) = 9(Q) + 9(Qo)-

Therefore,

9(Ss) > Y(K) +~(H'), 9(Ss) = 7(G).
¥(G) = Y(K) +~(H').
The proof is completed.

Theorem 2.2 Let K be a complete graph of order n,H be an arbitrary
graph of order m.G is the edge disjoint union of H and K.Let H' be a graph
obtained from H by contracting the set V(K) to a single vertex.Then

Y(H') +v(K) £ 4(G))
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Proof: Let V(K) = {vi,v2,...,vn} be the vertex set of K, V(H) =
{u1,u2,...,um} be the vertex set of HV(K)NV(H) = {u1,... ,ur},1 <
r < min{m,n}.

Denotes Hy; = G[V(H)—{u1,... ,ur}],then G is the vertex disjoint union
of a complete graph K and an arbitrary graph H;.E(G) = E(K)|JE(H1) U
E,,where Ejis the edge set adding from the vertex set V(K )to the vertex
set V(H,).Let H; be a graph obtained from H; by contracting the set
V(K) to a single vertex.It is obvious that H{ = H’.By theorem 2.1,the
conclusion is true. The proof is completed.

Acknowledgements

The authors would like to express their thanks to the referee for helpful
advices.

REFERENCES

1. Y.P.Liu,The nonorientable maximum genus of a graph (in chinese),Scieulia
Sinica,Special Issue on Math. 1{1979),191-201.

2. Y.P.Liu, Theory of Polyhedra(in English), Science Press,Beijing, 2008.

3. Y.P.Liu, Topological Theory on Graphs(in English), USTC Press,Hefei, 2008.

4. Michael Stiebitz, Riste Skrekorski,A map colour theorem for the union of
graphs,J.comb.Theory,Series B 96 2006,20-37.

5. Bojan Mohar and Carsten Thomassen, Graphs on Surfaces,The Johns Hopkins Uni-
versity Press Baltimore and London.

6. Gross J L, Tucker T W, Topological Graph Theory,New York: Wiley-Inter sci-
ence,1987.

7. L.X.Wan,Embedding genus Distributions of orientable graphs,Ph.D.Dissertation, De-
partment of Matnematics,Beijing Jiaotong University,2006.

8. R.A.Duke,The genus,regional number,and Betti number of a graph,Canad.J.Math.
18(1966)817-822.

9. Yanpei Liu,The maximum orientable genus of a graph,Scientia Sinica(Special
Issue(11)),1979,41-55.

10. R.Hao,The genus distributions of directed antiladders in orientable surfaces,
Appl.Math.Lett.(2007),doi:10.1016/j.am1.2007.05.001.

452



