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Abstract: A directed triple system of order v, denoted by
DTS(v), is a pair (X,B) where X is a v-set and B is a collec-
tion of transitive triples on X such that every ordered pair of X
belongs to exactly one triple of B. A DTS(v) is called pure and
denoted by PDTS(v) if (z,y, z) € B implies (z,y,z) ¢ B. A large
set of disjoint PDT'S(v) is denoted by LPDTS(v). In this paper,
we establish the existence of LPDTS(v) for v = 0,4 (mod 6),
v>4.
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1 Introduction

Let X be a finite set. In what follows, an ordered pair of X will always be
an ordered pair (z,y) where z # y € X. A transitive triple (z,v, z) from X
is a set of three ordered pairs (z,3), (¥, 2) and (z, z) of X. A directed triple
system with holes of order v (with index 1), denoted by HDTS(v;G), is
a pair (X, B), where X is a v-set, G = {Y1,Y2,- - +,Y,} is a set of subsets
of X with | YﬁY |[lforany 1 <i#3j <m, andBlsacollectxon of
transitive triples (called blocks) from X, such that every ordered pair (z, y)
of X, {z,y} € Y;,1 < i < m, belongs to exactly one triple of B.

Let (X,B) bean HDTS(v;G), G = {Y1,Ya,-, Vi, }. If | Vi [= ¢ > 2 for
anyY € G, and G is a partition of X (i.e., V;NY; = ¢ forany 1 <i# j < m,

X = U Y; and v = tm), then the HDTS(v;G) is denoted by HDTS(t™)
and We Wnte (X,G,B) instead of (X, B). If G = ¢, then the HDTS(v; ¢)
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is called directed triple system and denoted by DTS(v). In other words,
(X,B) is a DTS(v) if and only if every ordered pair (z,y) of X belongs to
exactly one triple of B.

An HDTS(v;G) = (X,B) is called pure, denoted by PHDTS(v), if
(z,v,z) € B implies (z,y,z) ¢ B . Similarly, we can define pure HDTS(t™)
and pure DT'S(v), which are denoted by PHDTS(t™) and PDTS(v), re-
spectively.

A large set of directed triple system with holes of order v, denoted by
LHDTS(v;G1,Ga, -+, 9R)), is a collection {(X, B;) : 7 € R} satisfying the
following conditions:

(1) X isav-set. |J Gr={Y1,Y2,-:-,Yn} is a set of subsets of X, and

R

€
jY;nY;|<2forany 1<i#j<m.

(2) Each (X, B,) is an HDTS(v;G,), r € R.

(8)Forany Y;, [{r:Yie G, r€ R} |=3(Y:|-2),1<i<m.

(4) Each transitive triple (z,y, 2) from X, with {z,y,2} € ¥;,1 <¢ <
m, belongs to a unique B,,r € R.

It is not difficult to see that an LHDTS(v;G1,Ga, - -, Gjr)) has 3(v — 2)
members, i.e., |R| = 3(v — 2). An LHDTS(v;G1,Ga, + +,Ga(v—2)) is called
pure , denoted by LPHDTS(v; Gy, Ga, *++, G3(v—2)), if its members are pure.

Similarly, an LPHDTS(t™) will be a collection {(X,G,B;) : r € R}
of PHDTS (t™), such that each transitive triple (z,y,2) from X with
| {z,y,2} NG |< 1 for any G € G belongs to a unique B,.. It is easy to see
that an LPHDTS(t™) contains 3t(m — 2) members.

Let {(X,B;):1 < i < 3(v—2)} be an LHDTS(v;G1,Ga, - *, G3v~2))>
if each (X,B;) is a DTS(v), then the LHDTS(v;G1,G2," * -, Gaw-2)) is
called a large set of directed triple system and is denoted by LDTS(v).
Furthermore, if each (X, B;) is a PDTS(v), it is called pure LDT'S(v) and
denoted by LPDTS(v).

Example 1. LPDTS(4) ={(Z4,B]):i=0,1,r =1, 2 3}, where

{(0,2,3),(1,3, 2),(2,0,1),(

BO = {(2a 3, 0)’ (35 2, 1))(071a2)’(1$0’ 3)} )

B} =1{(3,0,2),(2,1,3),(1,2,0),(0,3,1)} ;

B! ={(1,2,3),(0,3,2),(2,1,0),(3,0,1)} ;
{(2,3,1),(3,2,0),(1,0,2),(0,1,3)} ;
{(3,1,2),(2,0,3),(0,2,1),(1,3,0)}.

Example 2. LPDTS(6) = {(Zs,A:), (Zs,B;) : i € Zg}, where

Ao = {(0,4,5), (1,2,0), (2,3,4), (4,0,2), (5,3,0),
(0) 37 1), (1’47 3)1 (2’ 1’ 5)’ (3’ 5) 2)) (51 4’ 1)}'

Bo={(5,4,0), (0’2’1): (4’3’2)1 (2’0’4)v (0,3,5),
(3,1,0), (1,3,4), (1,2,5), (5,2,3), (4,5,1)}.

=Ao+i, B;=Bp+1i,i€ Zs.
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Example 3. LPHDTS(2%) = {(X,G,B}) :i € Za,r = 1,2, 3}, where
X =23 x Z, g={{k}XZ2ZkEZ:3.},

B} ((0,4),(1,4),(2,4)), ((2,1 +4), (1,1 +14),(0,1 +14)),
((0,4), (1,1 +14), (2,1 +9)), ((2,3),(1,9),(0,1 +1)),
((0,1414),(L,9), (2,1 +1)), ((2,9),(1,1+4),(0,3)),
((0,1414),(L,1+4),(2,9), ((2,1+4),(L4),(0,9))

BZ: ((1,4),(2,4),(0,9)), (0,1 +14),(2,1+14),(1,1+4)),
((1,4),(2,1+4),(0,1+4)), ((0,4),(2,4), (1,1 +14)),
((1,141),(2,4), (0,1 +14), ((0,4),(2,1+1),(1,4)),
((L1+4),(2,1+4),(0,8)), ((0,1+14),(2,3),(1,9));

B} : ((2,9),(0,9),(L,9)), ((1L,141),(0,1+1),(2,1+1)),
((2,9), (0,1 +14), (1,1 +4)), ((1,3),(0,),(2,1+4)),
((2,1+4),(0,9), (1,1 +4), ((1,3),(0,1+1),(2,9)),
((2,144),(0,1+4),(1,3), ((1,1+4),(0,3),(2,3)).

Example 4. LPHDTS(2*) = {(X,G,B[;) : 1,j € Zs,r = 1,2,3}, where
X=Z4><Z2, g={{k}XZ22kGZ4},
BT

1,7 : ((.’l:,j), (y:j)r (Z’j))r ((xuj)’ (y) 1 + J)’ (Z, 1 + ]))9
(@ 1430 (9, 3), (214 3)), (@, 1+ ), (1 +3), (2 1),

where (z,y, z) € Bl in Example 1.

It is well known [1-5] that

(1) There exists a DT'S(v) if and only if v = 0,1 (mod 3) and v > 3.

(2) There exists a PDT'S(v) if and only if v = 0,1 (mod 3) and v > 4.

(3) There exists an LDTS(v) if and only if v = 0,1 (mod 3) and v > 3.

Recently, in order to construct “Generalized Steiner Systems” — a type
of new designs which are equivalent to maximum constant weight codes,
Kevin Phelps and Carol Yin posed the open problem in [6] of finding
large sets of disjoint pure MT'S(v). F.E.Bennett, Q.D.Kang, H. Zhang
and J.G.Lei have given some preliminary results (see [7,8]). In this paper,
we will study the analogous problem for large sets of disjoint pure DT'S(v)
and give the existence of LPDTS(v) for even v.

2 LPDTS(2" +2)

First, we introduce some definitions which come from Teirlinck’s paper(9].

An S(t,K,v),t,v e N, K C N\{1,2,---,t -1}, is a pair (X, B), where
X is a v-set and B is a collection of subsets of X, called blocks, such that
every {-subset of X is contained in exactly one block and such that |B| € K
for any B € B. An S(t, K,v) is often called a t-wise balanced design. An
S(2,K,v) is called a pairwise balanced design or PBD. If (X,B) is an
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S(2,K,v) and if a # b ¢ X, we denote the unique block through a and b
by ab or by aBb if confusion is possible.

Let X be a v-set, 0oy # cog &€ X, (X |[J{o01,002},B) be an §(2, K, v +
2), and K; = {|B| : B € B,|B[{oo1,002}| = 4}, i = 0,1,2, then
we write S(2, (Ko, K1, K2),v + 2) instead of the S(2,K,v +2). A good
5(2, (Ko, {3}, K2),v + 2) or GS(2,(Ko, {3}, K2),v + 2) will be a 5-tuple
(X, 001,002, B, D), such that (X [J{o01, 002}, B) isan S(2, (Ko, {3}, K2), v+
2), and such that D is a 1-regular digraph on X whose underlying undi-
rected graph has edge set {{z,y} : z,y € X, {00, z,y} € B, i € {1,2}}.

A GLS(2,(3, Ko, {3}, K2),v + 2) will be a collection {(X, 001,002, B,
D,):r € R} of GS(2, (Ko, {3}, K2),v +2), such that:

(1) (X |U{o01,02}, UR B,) is an S(3, Ko U{3} U K2,v +2);

re

(2) For each B € |J By, there are exactly |B| — 2 elements of R such

reR
that B € B,;

(3) Each ordered pair (z,y) of X not contained in some block 001500,
occurs in a unique D,, r € R.

Lemma 1.[9] (i) A GLS(2, (3, Ko, {3}, K2),v + 2) must have v elements.

(ii) There exists a GLS(2, (3, {3,4}, {3}, {22+ 2}),2" +2) for n > 5.

Lemma 2. If there exist GLS(2, (3, Ko, {3}, K2),v+2) and LPHDTS(2¥)
for any k € K, then there exists an LPHDTS(2v+2: {Hyjr 141 € Zy,j €
Zo,k € I3}), where |Hijk! € {2l -2:1l€ KQ}
Proof. Let {(Z,,001,002,B;,D;) : i € Z,} bea GLS(2, (3, Ko, {3}, K2), v+
2), where 001,002 & Z, and 00; # 00z. As an S(2, (Ko, {3}, K2),v + 2)
on the set Z, | J{co1, 002}, there is a unique block B, (i) in each B;, which
contains oo; and ocos. Furthermore, define

Boo, (i) = {B : 00y € B € Bi\{B(%)}},

Boo, (i) = {B : 002 € B € B\{B(3)}}.

Dz‘l = {(z,y) : (z,y) € Dy, {oo1,2,y} € Beo, (1)},

D? = {(x7 y) : (l‘,y) € Di) {°°2ax7y} € Booz(z)}'

Hijk = ((Boo(z)\{ool,ooﬂ) X Z2) U{OO],OOz}, 1€ Zy,j € Zo,k € Is.
Note that the block Beo (i) is contained in |Beo()| — 2 block sets By,. Let
Ri(00) = {m: Bso(i) € Bn}, then i € R;(00) and |R;(00)] = [Boo(i)] — 2.
Thus Be(m) = Beo(4) for any m € Ri(o0), and Hmox = Hmik = Hnok =
Hpqx for any m,n € R;(o0),k € {1,2,3}. So, for any H;jk, there exist
3(|H,;jk| -2) H"Ijlkl such that H,'jk = H,'ljlk', where i’ € Z,, j' € Zo,k' €
{1,2,3}.

Let Y = (Z, x Z3)|J{oo1,002}. The element (z,i) € Z, X Z2 can
be denoted by x;, briefly. Now, we construct transitive triple systems
Aijr(i € Zy,j € Za, k € I3) on the set Y as follows:

(i) For any B € |J B;, {001,002} (1B = ¢, let Rp = {ieZ,:Be

i€ Z

i€,
B;}, then |Rg| = |B| — 2 and |B| € Ko. By the known condition, there
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exists an LPHDTS(2!8)) = {(B x Z,,Cijx(B)) : i € Rp,j € Z,k € I3}.
(ii) For any B € |J B;, |BN{001,02}] =1, i.e., | B| = 3, there exists
i€Zy
a unique ¢ € Z, such that B € B;.
For any ordered pair (z,y) € D}, i.e., {001,z,y} € By, (4), let

Ciji(B) ={ (001, Zt, Ye45)s (Yeas> T14t, 002), (Trpes Yoty Te) ¢ E € Za},
Cijo(B) ={ (Ye4j, 001, %¢), (002, Yeujs T14t)s (Tt T14t, Yej) ¢ € Za},
Cij3(B) ={ (¢, Ye45,001), (T14¢, 002, Yetj)y (Ytajs Te, T14e) © € Do}

For any ordered pair (z,y) € D?, i.e., {002,7,y} € Beo, (i), let
Cij1(B) = {(zt, Ye+j+1,001), (002, Y4 it 1, T14t), (T1es Yerj1, Te) 1 E € Za},

Cij2(B) = {(Yt+5+1,001, %t ), (Ye441, T141, 002), (Te, Tite, Yetjr1) o t € Za},
Cija(B) = {(001, Zt, Yej+1)s (T1 46,002, Yeajt1), (Yej1, Tey T141) : £ € Zo}.

Define
Aijr = U Cijk(B),i € Zy,5 € Za,k € I3.
BEB:\Boo (4)

Then {(Y, Aijx) :i € Z,,5 € Zp,k € Is} isan LPHDTS(2v+2; {Hyjs.: i €
Zvaj € Z2ak € Is}) o

Lemma 3. If there exist a PHDTS(v;G), G = {Y1,Y2, -, Y}, and a
PHDTS (Y:];G:) for any %, 1 < i < m, then there exists a PHDTS(v; G'),

where ' = L”j G:.

Proof. Leti=)1( be a v-set and (X,B) be a PHDTS(v;G). For each Y;,

1 <i<m,let (%B5) be a PHDTS(Yi];G.), and let ¢’ = (J G; =

{Wy,Wa,- - -, Wi}. Define =
A=8U({ 8),

i=l1
then (X,A) is a PHDTS(v;G’). In fact, for any ordered pair (z,y),
{z,y} € W;, 1 <j<h,if {z,y} € Yi, 1 < i < m, then there is ex-
actly one transitive triple of B containing (z,y); if {z,y} C ¥: for some 4,
1 < ¢ < m, by the definition of PHDT'S, i is unique (since |Y; Y| < 1 for
any 1 < j # 1 < m), then (z,y) is contained in a unique transitive triple of
B;. Thus (X, .A) is a PHDTS(v; G'). o

Corollary 1. If there exist a PHDT'S(v;G) and a PDTS(|Y]) for each
Y € G, then there exists a PDTS(v).
3(v-2)

Lemma 4. If there exists an LPHDTS(v; Gy, Ga, -+, Gaw-2))y, U Gi=
i=1

{Y.l: v 'aYM}a and an LPHDTS(IY;I’T;(JILT;(.”))' : ”n(j3(l}’e|—2_))), 1<
i < m, where {jl)j2$ te "j3(|Y¢|—2)} c {h’ :Y; € gh) 1<h< 3(7} - 2)}7 then
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there exists an LPHDTS(v; G1, G5, -  +,G3(,—)), Where G.= U Ti(k).
Yi€Gk
Proof. Let X be a v-set, {(X,B;) : 1 < k < 3(v-2)} bean LPHDTS(v;
3(v—-2)
G1,G2, - - -, Ga(w—-2))s .U G = {("1,Y2,---,Yn}. Define R; = {h:Y; €

Gn,1 < h < 3(v - 2)} for 1 € i £ m, then |R;] = 3(]Y;| — 2). Let
LPHDTS(VTi(), T+ TilGaqri-2) = {(YaCu(®) : k € Re},

where j; € R;, 1 <! < |R;|. Let G = U T(k)andng—{Wl,Wg, Y

Ws}. Define viee
A =B U(_ U Cil(@)).

Y;€Gs
By Lemma 3, each (X, Ax) is a PHDTS(v;Gp),1 < k < 3(v —2).

Let (z,y, z) be a transitive triple, {z,y,2} € Wp, 1 <n < s. If {z,y, 2}
is not contained in any Y;, then by the definition of LPH DTS, there exists
a unique k, 1 < k < 3(v — 2), such that (z,y,2) € By C Ax. If {z,y,2}
is contained in some Y;, then Y; is unique. Since {(Y;i,Ck()) : k € Ri} is
an LPHDTS(|Y:|; T:(j1), Ti(j2), - - -» Ti(Ja(vi|-2))) there exists a unique k
such that (z,y, z) € Cx(i) C Ak. Therefore, {(X Ap):1<k<3(v—-2)}is
an LPHDTS(v; G},G4, -+, G y_a))- 0

3(v-2
Corollary 2. If there existsan LPHDTS(v; G1, G2, -+, G3(v—2))> (U )g, =

{Y1, -+, Ym}, and there exists an LPDTS(|Y;|) for any i, 1 <1 < m, then
there exnsts an LPDTS(v).

Theorem 1. There exists an LPDTS(v) for v = 10,12, 18.
LPDTS(10) = {({a,b} U Zs,BL) : x € Zg,r = 1,2,3}, where

Bj: 012 270 347 625 746 713 603
432 214 507 516 064 415 305
10a 26a a3l 5a4 7ab 3a6 a72 bda
450 17b 23b 5b3 b52 b61 6b7 alb

B3: 201 702 734 256 467 137 036
243 142 075 165 640 541 530
al0 6a2 3la a45 57a a63 2a7 4abd
b04 T7b1 3b2 b35 52b 61b b76 O0ba

B}: 120 027 473 562 674 371 360
324 421 750 651 406 154 053
0Oal a26 1a3 45a ab57 63a 72a abd
04b 517 b23 35b 2b5 1b6 76b baO

B =Bj+z,z € Zg, 7t =1,2,3.
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LPDTS(12) = {({a,b} U Z10,BL) : = € Zy9,r = 1,2,3}, where

By: 901 159 495 524 325 583 850 028 420
074 703 3a7 a38 89%a 2a9 962 72b 597
679 986 768 847 b48 81b 182 271 517
7a5 5ab b65 056 6b0 0ba al0 lad 461
64a a26 623 316 b13 34b 943 309

B: 019 915 549 245 532 835 508 280 042
740 037 a73 38a a89 92a 29b b72 7b9
967 698 876 478 8b4 1bH8 821 127 751
57a ab5 5b6 605 06b ba0 10a a4l 614
4a6 6a2 236 163 3b1 453 394 930

B3: 190 591 954 452 253 358 085 802 204
407 370 73a 8al3 9a8 292 b29 2b7 97H
796 869 687 784 48b bH81 218 712 175
ab7 b5a 65b 560 b06 a0b 0al 41a 146
a64 26a 362 631 13b 34 439 093

B =Bj+z,z € Z19,r =1,2,3.

LPDTS(18) = {(X,BL) : z € Zy4,7 = 1,2,3} U{(X, A}) : i € Z,r =
1,2,3}, where X = Z;, U {a,b,c,d}, B, = By +z for z € Zy4,r = 1,2,3
and

Bl: 41310 213 4 120 2111 1011 4 40 2 041
411 9 121110 310 6 514 1116 10312 5 610
315 613 1713 1129 9124 136 5 6 08
12 8 2 473 5 913 5712 1075 370 523
6 911 612 7 8 013 726 11 313 13121 109 0
811 5 981 893 2910 927 511 0 87 4
095 311 8 13 7 8 8126 d1013 11 4 2 d71
d06 2 d12 12d5 139d 3d4 0d3 6 4 d
810 d 12 3 ¢ 96 ¢ 25 ¢ c 412 cl3 0 c 6 2
13 c11 07c¢ c110 11 ¢7 108c¢ 13 2% 4 b5
b1213 0 b 10 5 b 8 18% 3900 12560 b46
10 b 2 7 b11 1112 a a 3 2 2 8a 7a9 a 710
a 613 a 011 13 3 a 4 a8 101a 0 al2 dc 8
lcd dll b b74d d9a a 5 d a 4 c c5a
cb 9 be3 bal 6 ab

79



104
10 5 6
086
35

1121 11410 240
1210 3

2

01

13 4 2
1012 11
36

10 413

B2:

1 611

451
12 91
712 5
2

6 310
1317

9 411
1

6 513
037

4 912

1

53

2

510 7
1311 3

913 5
1380
389

734
12 76

212 8
11 6 9
11 5 8

9 010
487

11312
0511

6 7

79 2
13 d 10

10 2 9
6 812

98
8 311

1

1d
4d6
2

7
6

211 d
30d
0 cl3
2 513

d 43
12 c 4

d13 9
c 25
c 711
851

512 d
c9 6

7 813
10 ¢ 1

d12 2
3 cl2
7¢O
10 0 b
11 7 b
11 a O

(=2 R

0ds8
1113 ¢

) ©

540b
6 b4

8 ¢c10
953

b 012

b85

1213 b

710 a
c8d

2a3 a a 97
1al0 120 a

alll2
3 al3

db7
1

b 210
13 a 6

8 4

a

a
6 a

b d11
c30b

1
610 5

111 2 41011 0 2 4
611 1
8

1

4213 20
10 6 3

1310 4

B3

31210
513 6

70

45
9 112
12 5 7
6 72

1

111012

11 9 4

6 0

1249
7 510

713 1
13 59
013 8
938

136
347

1

53

235

3

8 212

12113 010 9

1105

31311

2

7 612

911 6
5 811

< =3
[

d 6 4
2

d 211
d30
13 0 ¢

79
1013 d
43d

910 2
12 6 8
9 d13
5 ¢ 2

813 7
d 512

819
11 8 3
12 2 d

o
1 O

c

412 ¢

cl2 3 6 c9

c 0

d 810

110 ¢ 711 ¢ ¢10 8 b13 2 b5 4
8510 b39 4

7

cl1113
13 512

6

012 b
9

b18

510 0
b11 7

12 a1l 32a a 28 7 a 10 a 7
alld 1
5da

al3d 3
d
b

210 b

8dec
acb

al2 0
cad

84 a
ad?d

11 91 10212 11313 1240 1351 620
6 410
11 4 8

8 42

010 8
731
10 0 3

Al

713 9
613 3
2609
12 911

612 8
912 5
913 2
910 7
81011
a 513

12 6 a

511 7

539

512 2
812 1

1411

3 710

7 711 0 158
1213 35656
746

04
302

1013 6

785
896

3

41
4
a 210
93 a
500

13 011
0112

121310

0a6é
13 7 a

a 412
11 5 a

a 311
10 4 a

9

1

11 6 b
b 413
11 ¢ 12

b6 1
13 8%
10 9 ¢

1 10%b
b83
8

510 5
312 &

b12 7

a
9 4%
720
c 2

7

9

2 11
c 013

c 65 7 ¢

c
4

1

c98 cl110 1312 ¢

[

c

[

0 ¢

1

80



05d d510 101d d16 611 d
d 712 123d d38 813 d d13 4
cda

494d
274d

dcbd

a

12102 31311 012 4 5113 206

1119

8 010

Mo N
i
~ 0
[{=]
S
o oo
01 N
NN o™
- = -
" NN
-
M~ oo
-
121
O <t \n
Sa~
< ©
—
o« i
-
w =~
owo
0 Mo
o
N g~
< b~
~° 3
~93
™Mo

91112
13 10 12
a6 0

10 7 9
1011 8

578
96 8

213 1 134 6 35
6 74
11 a 3

0

1113 0

524

23

1201

all3 7
b1l 6

13 a 5
6 al2

412 @
5 all

all 4
10 5 b

210 a
3 a9
b5 0
12 7 b

1
a 8 2
b9 4
b7 2
1

9 a
3

-]
o~

b110 6 1%
83%b b13 8
9 ¢l10
1110 ¢

c 87
8¢9

09%

413 b
cl211
12 ¢ 13
d 611
13 4 d

b 312

2115
013 ¢

c
76 ¢

3

c 4

[

c
d05

2 ¢

clO
90d

164d
d 813

510d d101

d12 3
bde

d 49
d 2

384d

712 d
acd

7

11 2 d

dba

a

06 2
1397

10 8 0 9111 21210 13113 4012 1135
2 8 612

A

7511
12 25
1218

10 6 4
4 811

395
111 4

8 4

73
0310
13 610

1

3 613
926

5912

10 37

2913

81

5
5

1107

704
1312

2

1

112 9

7 910
11 810

7
9

6 3 85
467 6

341
45 2
10 a 2

01113
112 0
a0 8

1012 13
60a

8

30
9 a

12a4 513 a

311 a

7 al3
6 b11
13 b4

al2 6
1b6
8 b13

all 6

1061

4 al0
5 b10
12 b3

a9 3
0b5

8§ 2 a
4 59
2b7
2

71
9b0
11 b 2
13co0

3b8

7 b12
4 3 ¢
c 54

1211 ¢

cl0 9
10 ¢ 11

7 c 8
9 8 ¢

5 ¢
c 76
10d 5

6

1

c1312
5d0 1d10 6d1 11 d 6
3 d12 8d3 13d 8 4 d13

cbd

12 d 7
a

c 32
d
7d2
adbd

- g
oW o
oo ND

0 812
7

3513 2 412 311 1 2100 1319
11 5 9 937

4

60

1

8 2
547
436

810 4
9811

61012
11312
1211 0

71113

25
4

7609
865

131110

03
013 2

1

710 8
10 613
9 512

1210 9

0 011 7 1363 1114 4118 3010
12 5 2

7 4
10 7 3

9 213
11 6 a

296

8
a

1
0

5

5
al2 7

12 81

a 61
13 8 a

a ald 5 110 a
312 a a 8 3

72a

a 09

a 413

a 211

81



611 b
b13 4
c 80

4956 0509 b510 101b b16
270 12 3 b

b9 0
b112

813 b
c9

2

b 38

b 712

1

c10 2
39 ¢

cll 3
410 ¢

cl2 4
511 ¢

cl3 §
12 ¢ 6

6 c

7
5

8 ¢ 1
d1011 d 89 6 7d d56 4
910 d 8 d 7 d 34 1

cdbd

1112 d
c

d12 13
13 0d
abd

812 0

1
3

913 1
268

10 0 2
379
9

1113
4 810

12 2 4
5911

513 3
1012 6

460
1113 7

5
2

5

7
6 43
11 8 4

6
6

76

811 9
10 8 7

101311
91210
313 6

12 113
11 012

310
2013
074

586

4111

61310
1295
10 5 a

7011

13 9 2

29
1

5 212

1

112 8 8 5
a b0
12 7 a
b05

a 9 4

7 310
09

all 6
413 a

a

a 110
83 a

b 611
13 4 b

al3 8
160
b 813

b10 1
38%b

a3 12
510 b
b12 3

a7 2
b49

S o
"o
a o

b 27 712 b

112 b

8141
cow
o~
[= 3~ BT 2~
ST~ ]
— 0 O m
S
VY5 ®
N D oy b=
- (2]
Ll @ =
v OPwTW g
=}
m Qo8 o
msmnc
O YWV 3
e B
v oo
NN M g
- -
ol

1

VL VOoOT o

0210 1913 120 8
826

79 3

1311
10 4 8
11 9 8

412 2
911 5

1335

046

1
2

7
3

1
1030

12 610
1312 1

13 711
031
1320

75 4 5
3614

1110 13 697

10 912
6 313

5 8
11 41

6

8 710
1310 6

01211

8 411
96 2

70
8 112
4 a9

11
2

407

213 9
6 all
13 a 4

512 9 212 5
5al0 10 al

12 a 3

185
0

310 7
9a0
11 a 2
0b9

l1a6é
8 al3
6 b1
1366
9

a b

3 a8

7 al2

a7

11 b 6

1510
8563
10 2 ¢

10 6 5

550
12 b 7
12 4 ¢

94
752

4 513
80 ¢
cl1
d 4
d

3 b12
11 3 ¢

2 b11
6 cO

1

5 ¢13
c 612
1213 d

5

1

c 28
56d
4d3

c39
7d6
d 78

c 410
8 9d
d 910
dbec

c 511
1011 d
d1112

0 d13
bda

a

a ¢C

u—1}. Let (Z,,0) be

{(), 1,--
an idempotent quasigroup. For ordered pair (p,q), p # ¢ € Zy, define

-+v—1} and Z,

Let Z, = {0,1,-

U dzy(p ) on Z, x {p,q}, where
z£YEZy

transitive triple set D(p,q) =
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d:v,y(p: q) = {((x?p), (y,p)y (x °Yy, Q)), ((wl P), (x oy, Q), (ya p))’
((zoy,9),(2,p),(v:p))}
An idempotent quasigroup (Z,,o) is said to be transitive provided that

D(p,q) can be partitioned into three sets D'(p,q), D?(p,q) and D3(p,q)
such that

(1) three transitive triples in each dz 4 (p, g) belong to different D*(p, q),
s=1,2,3,

(2) if x # y € Z,, each of ordered pairs ((z,p), (v,9)) and ((v, q), (z,p))
belongs to exactly one transitive triple in each D*(p,q),s = 1,2, 3.

In what follows, we call D (p, q), D*(p, q), D3(p, q) a separation of D(p, q)
determined by (Z,,0) . For a permutation 7 on Z,, D*(p, q)7 represents
the transitive triples obtained from D*(p, q) by replacing (z, ¢) with (2, q)
for z € Z,. It is well known that every idempotent quasigroup is transitive
{10].

Lemma 5. For any v > 3 and v # 6, if there exists an LPDTS(v + 1),
then there exists an LPDTS(3v + 1).
Construction. Let (Z,,0) be an idempotent quasigroup with the property
zoy#yoxz for any z # y € Z,. (The quasigrup exists for v > 3 from [7].)
Then (Z,,0) is transitive. For any p # q € Z3, let D*(p,q)(s € {1,2, 3}
be a separation of D(p,g) determined by (Z,,0) . Furthermore, let L be
an orthogonal array OA(v,4) over Z,, (It is well known that there is an
OA(v,4) for v > 3 and v # 6 from [7]). Define

Ly = {(z,v,2) : (z,9,2,k) € L}k € Z,,
then |Lx| = v and {z : (z,%,%,k) € L} = {y : (x,y,%,k) € L} = {z :
(*,*,2,k) € L} = Z,. Furthermore, define three permutations as follows:

ax(z) =y if (z,y,%,k) € L;

Br(z) =y if (+,2,4,k) € L;

v(z) =y if (y,*,z,k) € L.

Let # = (0,1,---,v— 1) be a cycle permutation on Z,. For any z € Z,,
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there exists a unique pair of clements {y, z} C Z,, such that (z,y,2) € L.
Define LPDTS(4) on the set {co, (2,0),(y,1),(2,2)} as {A3 , : 1 < s <6}.

Let {({o0} U Zy,C):1<i<v—1,7=1,2,3} bean LPDTS(v+1),
where 00 ¢ Z,. Set X = {00} U(Z, x Z3). Define 6v+3(v—1) = 3(3v—1)

transitive triple systems on X as follows:

Part 1. 6v transitive triple systems (X, A4;),0<k<v—-1,1<s<6.
2(s=1,2,3):
ey U Az k
(2) D”(O 1)ak L D*(1,2)Bx UD*(2,0)vk

At (s=1,2,3):
(1) U As+3
z€Z,
(2) D*(1,0)0;t UD*(2,1)8, UD*(0,2);
Part 2. 3(v — 1) transitive triple systems (X,Bf U£]), 1 <i<v-1,1<
r<3. '

B = {((z,t), (%, ), (2, 1) : (2,9, 2) € C],t € Z3}, if oo appears then

t is omitted .

& = {8"((x,0), (3, 1), (2 + £(2),2)), S7"((2 + n(8), 2), (3, 1), (,0)) :
(z,y,z,*) € L}. where £,7 are permutations on Z, (0 is the unique fixed
point)

= (0)(1,2,3,--v—1), n=0)(1,v~1Lv-2--2),
which satisfy £(¢) # 7(é) for any Vi € Z}. For an ordered triple (u, v, w), we
use the symbols S (u,v,w) and S~"(u,v,w) to represent the cyclic shifts:

Sl(u,v, w) = (u,v,w), S (u,v,w) = (v, w,u), 53(u:v’w) = (w, u,v);
S~(u,v,w) = (u,v,w), S™2(u,v,w)=(w,u,v), S73(v,v,w)= (v,w,u).

Then {(X,A}):0 <k <v-11<s<6HHXBUE): 1 <7<

v—1,r=1,2,8}isan LPDTS(3v +1).

Proof. (1) Each (X, A}) isa PDTS(3v+1),0<k<v-11<s<6.
First, |[Af| =4v+3v(v - 1) = £3”_";)ﬂ’ just as expected.
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Second, each ordered pair P with distinct elements appears one time.

(a) P = (o0, (z,t)),z € Z,,t € Z3. For given k and z € Z,, there
exists (z,y,2) € Ly for t =0 ( (y,2,2) € Ly for t = 1, (y,2,) € Ly, for
t=2) and A, is a PDTS(4) on {00, (z,0), (y,1),(2,2)}. So, P appears
in A7 . C Af.

(b) P = ((z,t), (y,t)),z # y € Zy,t € Z3. Since D*(p,q)(s = 1,2,3)
is a separation of D(p,q), P € D*(p,q). If t =0, P € D*(0, 1)oy, (s=1,2,3)
or P € D°73(0,2)y;! (s=4,5,6). If t = 1,P € D*(1,2)Bx (s=1,2,3) or
P € D*73(1,0)a;! (s=4,5,6). If t = 2,P € D*(2,0)y; (s=1,2,3) or P €
D*=3(2,1)B; ! (s=4,5,6).

(c) P = ((z,m),(y,n)),z # y € Z,,m # n € Zs. We only prove the
case m = 0,n = 1, the other cases are similar.

1) When s € {1,2,3}, for the given k € {0,1,---,v—1}, there is v € Z,
such that (u,y,*) € Ly. Letu=hoz,h€ Z,. fh=z,ic, h=z =,
then (z,y, *) € Ly, P appears in Part 1. If h # z, then (hoz,y,%) € Li, P
appears in D?(0, 1)a (which is defined on {(k,0), (z, 0), ((hoz)ay = y,1)}).

2) When s € {4,5,6}, for given k € {0,1,---,v — 1}, there is u € Z,
such that (z,u,*) € L. Let u =yoh,h€ Z, Ify=h,ie, h=y=u,
then (z,y,*) € Li, P appears in Part 1. If h # y, then (z,y 0 h,*) € Ly,
P appears in D°(0, 1)a; ' (which is defined on {(y,1), (k, 1), ((y o k) =
z,0)}).

At last, A}, is pure. Since A3, is a PDT'S(4) and (Z,,0) is an idem-
potent quasigroup with the property zoy # yoz for any z # y € Z,,.

(2) Each (X,Bf UET) isa PDTS(3v+1),1<i<v—1,r€{1,2,3}.

|Bf UET| = 3ﬂ3;'—ll +2v% = Ql'%lm, just as expected.

Each ordered pair P with distinct elements appears in one block of
BjUE.

(@) P =(o0,(,)),((z,t),00) or ((z,%),(y,2)), t € Z3,z £y € Z,,. It

is easy to see that P is contained in BI.
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(b) P = ((z,p),(¥,9)),z,y € Zy,p # q € Z3. Here, we only consider
the case p = 0,q = 2, the other cases are similar.

For given i, there exist ¢’ € Z, and z € Z, such that y = ¢’ + £(¢) and
(x,z,y',%) € L, so P appears in C] .

Finally, since £ is pure and §(¢) # n(¢)(1 < i < v —1), BfU£] is pure.

(B) AL (0<k<v—-1,1<s<6)and (X,B/UE) (1<i<v—-1,1%
r < 3) form the large set. Here, we only indicate that every transitive triple
T from X belongs to Aj or (X, B UE]).

(@) T = (00, (z,t), (¥,t),z # y € Zy,t € Z3. SinceC{(1 <i L v—1,r =
1,2,3) is an LPDTS(v + 1) on {o0} U Z,, there are i and r such that
(00, z,y) € CF. Similarly, for T = ((z,t), 00, (¥,1)), ((z,t), (¥,1),00).

b) T = (oc0,(z,p),(%,9)),%,y € Zy,p # q € Z3. Since L is an
OA(v,4) on Z,, there is (ug,u1,u2,k) € L, ie., (uo,u1,uz) € Li, such
that u, = z,u, = y. Further, A3, (1 < s < 6) form an LDTS(4) on
{o0, (u0,0), (u1,1), (u2,2)}, there is an s such that T € A3 , C A;. Simi-
larly, for T = ((z,p), 00, (¥, 9)), ((z,p), (¥, 9), ).

(e) T = ((z,t), (,1), (2,t)), ,y,2 € Z, and & # y # 2,t € Z3. Similar
to the case (a), there are ¢ and r such that (z,y,z) € C.

(@) T = ((z,p), ,P),(2,9)), 2 # 4,2 € Zy,p #q € Z3. Let zoy = 2/,
then ((z,p), (v,p), (2,9)) € dzy(p,q) € D*(p,q),1 < s < 3. For exam-
ple, when p = 0,g = 1, there is a k such that ax(z’) = z and T €
D*(0,1)ax C Af. The other cases are similar to prove. Similarly, for
T = ((z,p), (2,9), (¥, ), (2, 9), (z,P), (v, P))-

(e) T = ((z,p), (¥,9), (2,1)),x,y, 2 € Zy,{p,q,1} = Z3. We consider the
case p = 0,q = 1,1 = 2, the other cases are similar. Let (z,y,%,k) € L.
If Z = z then T arrears in LPDT'S(4) on {oo,(z,0),(y,1),(2,2)}, T €

U A%, CA; If Z 5 2, then there is an i € Z} such that z =% + £(3),

1<s<6
TecC}. D

Theorem 2. There exists an LPDTS(2" +2) for n > 1.
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Proof. We use induction on n. There exists an LPDT'S(2" + 2) for n €
{1,2,3,4,5}(n = 1,2, see Example 1,2; n = 3, 4, see Theorem 1; n = 5, by
Theorem 1 and Lemma 5). Suppose that it is true for n < ng, where ng > 5
is an integer. By Lemma 1 (ii), there exists a GLS(2, (3, {3,4}, {3}, {270~ 2+
2}),2™ + 2). Example 3 and Example 4 present the constructions of an
LPHDTS(2%) and an LPHDTS(2*) respectively. Hence an LPHDTS
(2mHt! + 2 {Hy : 1 < i < 20t | e {1,2,3}}) exists by Theorem 4,
where |Hjx| = 2™~1 42,1 <4 < 27* ke {1,2,3). It follows that an
LPDTS(2"*! 4 2) exists by Corollary 2. Thus the theorem is true. 0

3 The nm + 2 construction

In what follows, we discuss the recursive construction: n + 2 — nm + 2,
where m > 3.

Let n =1,5 (mod 6), Z, = {0,1,---,n—1}, and Z,, = {0,1,---,m—1}.
Given i € Z,, we define a binary operation o; on Z, : Ppoiq = z if and only
if p+g+r =3i (mod ). Then (Zn,0;) is a quasigroup with the following
properties:

(1) It has exactly one idempotent element, i.e., i;

(2) {xo;z: all z# i} = Z,\{4}.

It is not difficult to find that property (2) induces a permutation: p —
fi(p) = 3i — 2p (mod n) on Z,\{i}, which partitions Z,\{i} into pairwisc
disjoint cycles (p, fi(p), f2(p), - - -)s. From property (1) and p # 4, we know
P # fi(p),p # ff(p) = 4p — 3i (mod n),p # f3(p) = % — 8p (mod 7). So
the length of each cycle is at least 4.

Forany a # b ¢ Z, X Zn,z € Zpp and p € Z,\{i}, we define some
transitive triple sets on ({z} x (Z,\{7})) U {a, b} as follows:

A(z,p) = {(a, (z,p), (z, £i(P))), (b, (2, i(p)), (=, P))},
B(z,p) ={((=, fi(p)), a, (z,p)), ((z,p), b, (2, fi(P}))},
E(z,p) = {((z,p), (=, fi(p)), a), (z, f:(P)), (z,p), )}
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where f;(p) = po: p, i.e., p+p + fi(p) = 3¢ (mod n).

Now, we consider all the cycles. Let C = (p, fi(p), f2(p)," - -, fi "' (p))
be a cycle of length t. Consequently, we define some transitive triple sets
Al(z,C)(r=1,2,3,z € Zp,):

(1) If t is even, let t = 2s,s > 1. Define

Alz,C) = (}30 A MUY Ble, 1247 );
A(z,C) = fi Bz, 12 (0));

A(z,C) = ( U Az, f2*71 () U U E(z, f7*(p)))-

(2) Iftis odd we consider two cases

(a) t = 5, define

A}z, C) = A(z,p)UE(z, fi(p))UB(z, f}(p))VA(z, f}(p))VE(z, £ (P));

A¥(z,C) = B(z,p)UB(z, fi(p) VA(z, fF(P)VE(z, f}(p))UB(z, £} (p));

A3(z,C) = E(z,p)UA(g, fi(p))VE(z, f}(p))UB(z, f3(p) VA(z, £ (p))-
For convenience, we denote the above sets as U, V, T respectively in the
following case t > 7.

(b) t =2s+35, s> 1 define

Ai (=, C) =U U Az, F5 @) UC U E(z, f*(P));
A}(=,C) = VU( U Bz, ff 7' (p));

A(z,C) = TU(U Az, 2@ U( U E(z, f*7(p)))-
Obviously, A}(z, C), .A2(:t C), A¥(z,C) are pairwise disjoint. For each ele-
ment o of cycle C, each of the ordered pairs (g, (z, @)), (b, (z, @)), ((z, @), @),
((z,a),b), ((z, @), (z, fi(2))) and ((z, fi(a)), (z,)) is contained in exactly
one transmve triple of A7 (z,C)(r = 1,2,3), but also

4.0 = U 4G ££0) U B, 10 U B £}
For convemence we call A7(z,C) (r = 1,2,3) a separation of cycle C =

(pafl(p)sflz(p)’ ' 7f11 l(p))
Let T = {C(1),C(2),---,C(h)} be the cycle partition determined by f;
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from Z,\{i}, and A} (z,C(l)) (r = 1,2,3) be a separation of C({). Define
h
Bi(z) = | Al(z,C()), r=1,2,3.
=1

Then B}(z), BZ(x), B3(z) are pairwise disjoint. Moreover, for each element
P € Z,x\{1}, the ordered pairs (a, (z,p)), (b, (z,p)), ((z, ), @), (2, ), b), ((z,
p); (z, fi(p)), ((z, fi(p)), (z, p)) are contained in exactly one transitive triple
of B} (x) respectively. In what follows, we call B!(z), B?(z), B3(x) a sepa-
ration of the set ({z} x (Z,\{i})) U {a,b}, i € Z,,,z € Z,n. It is worthy
noting that every transitive triple T of Bf(z) contains three elements a (or

b)» (:c,p) and (11:, ft(p))
Let # = (0,1, ---,m~1) be a cyclic permutation on Z,,. For j € Z,,, T'n?

represents the transitive triple obtained from transitive triple T € Bf(x)
by replacing (z, fi(p)) with (77 (z), fi(p)). Define
Bi(z)n? = {Tn? : T € B} (z)},
Bini = | Bi(a).

T€EZm
On the other side, the transitive triple R of D(p,q) or D"(p, q)(r/= 1,2,3)

(which are defined as scction two), contains three elements (z, p), (v, p) and
(zoy,q), where g = f;(p). Similar to the variation T — T'x?, we can define
Rn7 and

D (p, fp))n? = {Rn? : Re D(p, f:(p))},

Dinf= U D(p, filp))ni.
PE€Zn\{i}

Lemma 6. For any m > 3 and n = 1,5 (mod 6), if there exists an
LPDTS(m + 2), then there exists an LPDT'S(nm + 2).

Construction. Let (Z,,,0) be an idempotent quasigroup with the prop-
erty zoy # yox forany z # y € Zp. « = (0,1,---,m — 1) be an
m-cyclic permutation on Z,,. Define a quasigroup (Z,,0;) as above for
t € Zn. Let {({a,b} U Z,n, A]); j € Zpn,™ = 1,2,3} be an LPDTS(m + 2).
Let X = {a,b} U (Z,, x Z,), define 3nm transitive triple systems on X as

follows:
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O, = AL UBImI UD[nI UCY;, i€ Zn,j € Zm,r=1,2,3.
Where

AL = {((2,9), (1,9),(2,9) : (z,9,2) € Aj}, if a,b appear then ¢ is
omitted .

Brwd, DI are as above.

C5; = {87((z,v), (y,v), (x9* (zoy), w)), S~ (7 (zoy), w), (¥, ), (z, v)) :
0<u<v<w<n-lu+v+w=3i(modn), 2,y € Zn}.

where the symbols ST, S~ see also Lemma 5. Then

{(X,Q;):1€ 2n,j € Zm,T= 1,2,3}
is an LPDTS(nm + 2).
Proof. (1) Q ; is a PDTS(nm +2),i € Zn,j € Zm,7 =1,2,3.

First, |Qf ;| = F2mE 4 (n—1).m(m—1)+(n—1)-2m+ E=10=2) .2

= Qm—”éﬂﬂ, just as expected.

Second, each ordered pair P of X is contained in €] ;.

(a) P = (a,b), (b, a) are contained in Aj;.

(b) P = (a,(,p)),Z € Zm,p € Zpn. If p =i, then P appears in AJ; if
p # i, then there exists a block T' € B{ 77 defined on {a, (z, p), (% (z), fi(p))}
containing P. Similarly, for P = ((z,p),a), (b, (z,p)) and ((z,p),b).

(¢) P = ((z,p), (%,0))sz # y € Zmm,p € Zn. If p = i then P ap-
pears in A7 if p # i, then there exists a block T € DIn? defined on
{(z,p), (¥, p), (7 (z 0 y), fi(p))} which contains P.

(d) P = ((z,p), #:9)),2,¥ € Zm,p # ¢ € Zn. When q = fi(p), if
y = wi(z) then P appears in Bl n7; if there exists z # = € Zp, such that
y = mi(z0z), then P appears in D]/, When p = fi(q), if z = 7/ (y), then
P appears in BIwJ; if there exists z # y € Z,, such that z = 77(z 0 y),
then P appears in D{n?. If there exists | € Z,\{p,q} such that p+g+1=
3i (mod n), then P appears in CJ;.

At last, by the construction, BIn7 is a pure transitive triple set. From

A7 is pure, (Zm, o) has property zoy # yoz forany z # y € Zm and wit1 £
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77, we know Af;, Dind C; are pure. On the other hand, the structures of
Bind, Aj;, Din? and CJ; are different. So, Qf; is a PDTS(nm + 2).

(3)All transitive triples T from X are partitioned into Qf ;,i € Z,,j €
Zm,r=1,2,3.

(&) T = (e,b,(z,i)),z € Zm,i € Z,. Since {({a,b} U Zm,A%);J €
Zm,m = 1,2,3} is an LPDTS(m + 2), there exist j € Z,, and r €
{1,2,3} such that (a,b,z) € A}. So T € Al € Q. Similarly, for
T = (a,(z,1),b), ((,1), a,b), (b, q, (z,1)), (b, (z, 3), a), ((z,4), b, a).

(b) T = (a,(z,1), (¥,%)),2 # Y € Zm,i € Z,. Similar to (a), there exist
j € Zm and 7 € {1,2,3} such that (a,2,y) € A}, T € Q ;. Similarly, for
T = ((=,1),a,(y,9)), (=, 7), (v, 9), @), (b, (z,9), (3,%)), ((z,4), b, (3, 9)), (=, 9),
(v,17),b).

(¢) T =(a,(z,p),(®,9)),%,Yy € Zm,p # q € Z,. For given p,q, there
exists a unique element ¢ € Z, such that ¢ = fi(p), there exists j € Z,,
such that y = 77(z). By the definition of B} (z)n/ C Bn7, there exists
a unique r € {1,2,3} such that T € Bj(z)x? C Bln! C Qf,. Similarly,
for T' = (b, (z,p): (¥,9)), (=, ), 2, (¥, 9)), (2, P), b, (%, 9), (2, ), (3, 9), ),
((z,p), (v,9),b).

(@) T = ((z,p),(y,p), (z:P))y ¢ # y # 2 € Zpn,p € Zy. There exist
J € Zip and r € {1,2,3} such that (z,y,2) € A5, TeA,; CQ ..

(e) T = ((z,p),(%,0),(2,9)),p # 9 € Zp,z # y,2 € Zp,. There
exists a unique element ¢ € Z,, such that ¢ = f;(p), there exists a unique
element j € Z,, such that z = 79(z o y). By the definition of DI77, there
exists a unique 7 € {1,2,3} such that T € DIn? C Qf] Similarly, for
T = ((z,p), (2,9}, (v:P)), ((2,9), (z, P), (, P)).

(f) T=(=p) (v,9), (2,1)), p# a#1! € Zn, 3,y,2 € Zpn. There
exists a unique element ¢ € Z, such that p+ ¢+ = 3¢ (mod n),

i) if p < ¢ <, then there exists j € Z,, such that z = 79t1(zoy), T €
cLcal.

TRSRLAH
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if p > q > I, then there exists j € Zp,, such that z = n/(209),T €

CtlJ C Q}J;
i) if ¢ > p > I, then there exists j € Z,, such that y = 79+1(202),T €

(7,2_7 - ij;
if g > | > p, then there exists j € Zp, such that y = n¥(z02),T €

C5,C %y
ii) if p > | > g, there exists j € Zn, such that £ = 7/*!(yo0 2),T €

CLC O}y

if I > p > gq, there exists j € Z,, such that 2 =¥ (yoz), T € C ,J -
Q3. ]

4 The 2n + 2 construction

Similar to the nm + 2 construction, let n = 1,5 (mod 6), define a binary
operation o;(¥i € Z,) on Z,, give a quasigroup (Z,,0;), 2 permutation
fi on Z,\{i} and the corresponding cycle partition. For any a # b ¢
Zo X Zn, p € Z,\{i}, define some transitive triple sets as follows(j € Z5):

Aj(p) = {(a, (t,p), (t + 3, f(p))), (b,(t+1,p), (¢ + ], filP)));
((¢+3, £:(p)), (t,p), (t+1,p)) : L€ Za);

B;(p) = {((t + 4, fi(p)), a, (t, p)), ((t+ 3, fi(P)),b, (t +1,p)),
((t,p), (t+1,p),(t + 34, fi(p))) : t € Za};

Ej(p) = {((t,P), (t + 7, fi(p))’a))’ ((t+3, fz(p))’ (t + l,p),b),
((t + lsp)a (t +js fi(p))v(t:p)) 1 te Z2}

Let C = (p, fi(p), f2(p), - + -, [ (p)) be a cycle satisfying the conditions
above with length s. Define three collections of transitive triples as follows:
(1) if t is even
AX(C) = A;(P) U E;(fi(p)) U A; (F2(P) VE; (£ (@) U+ -V E; (F; (P));
(alterna.te between A;(fi(p)) and Ej;(fi(p)))
A3(C) = U B;(fF(p));
A3(C) = E, (P) U A;(f(p)) U E;(F2 () U A;(FE () V- - U A; (£} (P))s
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(alternate between E;(fi(p)) and A4;(fi(p)))

(2) if t is odd. We consider two cases:
(a) t=5.
Aj(C) = A;(p) U E;(£:(n)) U B;(F3(p)) U A;(F3 () U B;(F}(P));
A3(C) = B;(p) U B;(fi(p)) U A;(F3(p)) U E;(f}(p)) U B;(f}(p));
A}(C) = E;(p) U A;(£:(p)) U E;(f2(9)) U B;(£}(p)) U A;(4(p))-

For convenience, we denote the above sets as U, V, T respectively in the

following case t > 7.
(b)t=7,
AJ(C) =UUA;(FF () VE;(Fi(p) V- -- U A;(f77%(p)) U E;(f~(p));
s—1

A3(©) =VU(U B;(FH @)

A(C) = TUE;(£(0)) U A;(20) U+ U B (5 (0)) U A5/ ().
Obviously, A}(C), A}(C), A¥(C) are pairwise disjoint. We call A}(C),
A?(C),A?(C) a separation of the cycle C. Let ' = {C(1), C(2),---,C(h)}
be the cycle partition determined by f; from Z,\{i}, and AL (CU))(r =
1,2,3) be a separation of the cycle C(l). Define

h
By = IL=JI A (C()), i€ 2Znj€ Zyr=1,23

Theorem 3. There exists an LPDTS(2n + 2) for n = 1,5 (mod 6).

Construction: For i € Zy, let {({a,b} U (22 x {i}),A};) : j € Za,7 =
1,2,3} be an LPDTS(4). For j € Zs,7 = 1,2,3, define the quasigroup
(Zn,0;) and the transitive triple collections B{J as above. Furthermore,

define transitive triple collection C;; as follows:

C; = {57((z,v), (y, ), (2,0)), S7"((2', w), (¥, v), (z',u)):0<u<vw
<w<n-lu+v+w=3i(mod n),(z,y,z) € Ty, (z,y,2) € Th}.
where the symbols S7, S~ see also Lemma 5, and
To = {(0,0,0),(0,1,1),(1,0,1),(1,1,0)};
Ty = {(1,1,1),(0,0,1),(0,1,0),(1,0,0)}.
Let X = {a,b} U(Z; x Z,,), define

L% Rl iezn,jGZQ,'l‘=1,2,3.
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Then {(X,9;) :% € Za,j € Z2,7 =1,2,3} is an LPDTS(2n + 2).
Proof: (1) Q jisa PDTS(2n+2),i € Zn,j € Za,7=1,2,3.

First, |QF J| =4+3-2-(n—1)+4. olr 2 = (2""'2)3(2"“), just as
expected.

Second, each ordered pair P of X is contained in one triple of Q7 ;.

(a) If P = (a,b), (b,a), ((z,1),a), ((z,1),b),(a, (z,i)) or (b, (z,?)), where
x € Z, then it appears in AJ;.

() P = (a,(z,p)),z € Zz, p € Z,\{i}. Since I is the cycle partition
of Z,\{i}, there exists a unique cycle C(l) containing p, so P appears in
AZ(CQ)) € BY, C Q1. Similarly, for P = ((z,p),0), (b (z,p)), ((z,p),b),
where pE Zn\{z}

(¢) P = ((z,p),(z + 1,p)),z € Z3, p € Zpn. If p =1, then P appears in
AZ;. If p # 4, P appears in Bj; C QF ;.

(d) P= ((2,9), (4,9)), 7,y € Zo,p # 4 € Zn. 1 p = fig) or g = fi(p),
then there exists a unique cycle C(l) € I containing p and g. So, P appears
in AF(C(1)) € Bf; C Qf;. If there exists s € Z, such that p+ g+ s =
3i (mod n), then P appears in C;.

Flnally, it is easy to see that AJ;, Bf; are pure. Moreover, (z,9,2) €
To,(2',v',2'") € Th, C; is pure. On the other side, the structures of
A, B, Cj; are dlfferent so Qf ; is a pure DT'S(2n +2).

(2) All transitive triples T from X are partitioned into Qf ;,i € Z,,j €
Za, v =1,2,3.

(a) Foe any i € Z,, since {AU,] € Zo,v =1,2,3} isan LPDTS(4) on

W; = {a, b} U (Z2 x {i}), the transitive triples of W; appear in AJ; C QF ;.

(d) T = (a,(z,p), (¥,9)),P # q € Zn,z,y € Z3. From 3t n, there exnsts
a unique i € Z, such that ¢ = fi(p). By the definition of I, there exists
a unique cycle C(l) € I containing p and ¢. So, there is j € Z; such that

T e A3(C())) € B; € Q. Similarly, for T = ((z, p), a, (¥, 9)), ({(z, ), (¥,

9),a), (b, (m 2), (4,2), (.P), b, (4,0)), (=, P), (4,9),b).

(¢) T = ((z,p),(z + 1,p),(¥,9)),p # 9 € Zpn,z,y € Za. There ex-
ists i € Z, such that ¢ = fi(p). In addition, there exists a unique cycle
C(l) € T containing p and ¢. Hence, by the definition of Bj;, there exist
r and j such that T € Bf; C Q. Similarly, for T = ((z,p),(v,9), (z +
1,9)), ((v,9), (2, p), (z + 1,p)).

(d) T = ((xap),(y’Q)a(z73))$p 7é q # s € Znamvyaz € Z2- There
exists a unique i € Z, such that p+ q¢+ s = 3¢ (mod n). In fact,
Cr,v = 1,2,3, are a partition of the whole transitive triples on the set
{(0,p), (1,p),(0,9),(1,9),(0,s), (1,s)}(the transitive triples don’t contain
the ordered pairs ((¢,p), (¢+1,p)), ((t,q), (t+1,49)),((t, s), (t+1,8)),t € Zg)
So, T € Cf; C ;-

13 =
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5 Conclusion

Theorem 4. There exists an LPDTS(v) for v = 0,4 (mod 6) and v > 4.
Proof. When v = 0,4 (mod 6) and v > 0, we can denote it as v = 2" -u+2,
where v = 1,5 (mod 6) and n > 1. By Theorem 2, there exists an
LPDTS(2™ 4+ 2), n > 1. Furthermore, if n = 1, ie., v =2u+2 = 0,4
(mod 12), there exists an LPDT'S(v) by theorem 3. If n > 1, then an
LPDTS(v) exists by Lemma 6. So there exists an LPDTS(v) for v = 0, 4
(mod 6) and v > 4.

Note: By using overlarge sets of disjoint pure DT'S(v) as auxiliary design,
we have obtained some results on LPDTS(v) for odd v. Here we don’t
narrate any longer.
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