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Abstract
Let H(B) denote the space of all holomorphic functions on the
unit ball B. Let « € H(B) and ¢ be a holomorphic self-map of
B. This paper characterizes the boundedness and compactness of
the weighted composition operator uC,, from Bloch-type spaces to
weighted-type spaces in the unit ball.

1 Introduction

Let B® = B be the unit ball of C*, D = B! the unit disk, and H(B)
the space of all holomorphic functions on B. For f € H(B), let Rf(z) =
E;;l z,-a%e(z) represent the radial derivative of f. For o > 0, recall that
the a-Bloch space B® = B*(B), is the space consisting of all functions
f € H(B) such that

ba(f) = sup(1 — |2*)* |Rf(2)] < co. 1)
z€B

Under the norm ||f|lg= = |f(0)| + ba(f), B* is a Banach space. When
a = 1, we get the classical Bloch space B. For more information of the
Bloch space and the a-Bloch space (see, e.g., [1, 12, 15, 22, 34] and the
references therein).

Assume that p is a positive continuous function on [0, 1), and there exist
positive numbers s and t, 0 < s < t, and d € [0, 1) such that

pr) . . o) o
a=r)y is decreasing on [6,1) and 11‘1_1'1}1 a=r) =0;
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p(r)
(1-r)t
then p is called a normal function (see [18]).
Let w be a normal function on [0,1). An f € H(B) is said to belong to
the Bloch-type space B,, = B,,(B), if

| Fllb., = sup w(|z]) Rf(2)] < oo,
z€EB

is increasing on [4,1) and lim uir) = 00,

1 =)

(see, e.g., [3, 24, 28, 29, 30]). B, is a Banach space with the norm || ||z, =
|£(O)} + [Iflls,- Note that when p(r) = (1 — r2)*, the induced space B,
becomes the a-Bloch space B.

Let g be a normal function on [0,1). The weighted-type space Hg° =
HZ°(B) is the space of all f € H(B) for which

| fll e = sup p(|z]) |£(2)] < oo
zeB

(see, e.g., [24, 26, 29]). Under the norm || - ||z, H° is a Banach space.
We denote by H the subspace of HY® consxstmg of those f € Hg° such

that limy,(_.s (121 £(z)| =O0.

Let u € H(B) and ¢ be a holomorphic self-map of B. For f € H(B),
the weighted composition operator uC), is defined by

(uCy f)(2) = u(2)f(p(2)), z€B. (2)

When u = 1, the weighted composition operator uC,, is the composition
operator, which is defined by (C, f)(z) = f(¢(z)). The main purpose in the
study of composition operators is to describe operator theoretic properties
of C,, in terms of function theoretic properties of . For more information,
see, e.g. [2] and the references therein.

In the setting of the unit ball, Zhu studied the weighted composition
operator between Bergman-type spaces and H* in [35]. Stevié studied
the weighted composition operator between mixed norm spaces and HY in
[23]. Some necessary and sufficient conditions for the weighted composition
operator to be bounded or compact between the Bloch space and H* are
given in [13]. See also interesting paper [26] in which operator norm of the
weighted composition operator from the Bloch space to weighted-type space
on the unit ball was calculated. Some related results can be found, e.g., in
[, 3,4,6,7,8,9, 10, 11, 14, 17, 19, 21, 24, 25, 26, 27, 29, 31, 33, 36, 37).

Recall that a linear operator is said to be bounded if the image of a
bounded set is a bounded set, while a linear operator is compact if it takes
bounded sets to sets with compact closure.

266



This paper is devoted to studing of the boundedness and compactness
of the weighted composition operator from B, to the space Hi°. Some
necessary and sufficient conditions for the weighted composition operator
uC), to be bounded or compact are given.

Throughout this paper C will denote constants, they are positive and
may differ from one occurrence to the other. a < b means that there is a
positive constant C such that @ < Cb. If both a < b and b < a hold, then
one says that a < b.

2 Main results and proofs

In order to prove main results, we need some auxiliary results which are
incorporated in the following lemmas. The following lemma can be found
in [32].

Lemma 1. Assume that w is a normal function on [0,1). If f € B, then

s <o+ [ ; 5.

for some C independent of f.

Lemma 2. Assume that p is a normal function on [0,1). A closed set K
in HZS is compact if and only if it is bounded and satisfies

lim sup p(|2])|f(2)] = 0.
211 ek

The proof of Lemma 2 is similar to the proof of Lemma 1 in [16), hence
we omit it.

By standard arguments similar to those outlined in Proposition 3.11 of
[2] (or Lemma 3 in [19, 20]), the following lemma follows. We omit the
details.

Lemma 3. Assume that u € H(B), ¢ is a holomorphic self-map of B, w
and p are normal functions on [0,1). Then uC, : B, — H.° is compact
if and only if uCy, : B, — Hy° is bounded and for any bounded sequence
(fx)ken in B, which converges to zero uniformly on compact subsets of B
as k — oo, we have |[uCy fillHze — 0 as k — oo.

Lemma 4. ([32]) Assume that w is normal and fol ﬁ% < 0. Let (f) be a

bounded sequence in B,, which converges to 0 uniformly on compact subsets
of B, then

lim sup |fi(2)| = 0.

k—o0 ,eB
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Assume w is normal and § the constant in the definition of normality.
Denote

1
1—1g

]

ko=max(0,[log2ﬁ]), e =w"1(1/2%), np=|

for k > ko, where [a] denotes the greatest integer not more than a.
Let (see [5] or [32])

o0
g(z)=1+ Z 2mk 2™, ze€ D. 3)
k>ko

Lemma 5. ([5, 32]) Assume that w is normal. Then g(z) is holomorphic
on D, g(r) is increasing on [0,1) and

0<Ci= inf w(r)g(r)< sup w(r)g(r) < Cs < oo (4)
r€0,1) {0,1)

TE

Now we are in a position to state and prove our main results is this
paper.

Theorem 1. Assume that u € H(B), ¢ is a holomorphic self-map of B,
p and w are normal functions on [0,1). Then uC, : B, — H° is bounded
if and only if

k() g
M 1= sup () lu(a)| (1 + /0 =55) <o 5)

Moreover, when uC,, : B, — Hp?® is bounded, the following relationship
holds

lColls, ~age =< M. (6)

Proof. Assume that (5) holds. For any f € B,,, in view of Lemma. 1, we
have

luCofllae = fggu(lzl)l(ucwf)(z)l
= gtelgu(lzl)lf(tp(z))llu(Z)l

e g
)-

< Ol spuDu@I(1+ [ 255)- @
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Therefore (5) implies that uC,, : B, ~ Hg° is bounded, and moreover

[uCpll,~re < CM. (8)

Conversely, suppose that uC, : B, — H° is bounded. Then for the
test function given by f(z) =1 € B,,, we obtain « € HZ® and moreover

lllage = luCo(Wlag < uCollg,—~Hg- 9)

For b € B, define

{=.b)
fol2) = /0 oty (10)

where g(z) is as in Lemma 5. From [5] or [32] we see that f, € B,,, moreover
there is a positive constant C such that supycp || fs||5, < C. Therefore

sup Bl2D| for) (p(2)ul2)l = sup #(12D|(uCy fiow)) (2)]
= [uCofpwllug < ClluColls,—Hg(11)

for every w € B, from which we get

sup p(ful)fu(w) / 55 <OWColp—sip <o (12)

We derive from Lemma 5 that (see e.g. [32])

=l g¢ 2
/I o SOl - D <0 / o

Hence

lew)® g le(w)l  g¢ le)* g4
— < —<C / —_— 13
L smsl wwsel o (13)

From (12), (13) and the fact that « € H°, (5) follows. From (8), (9), (12)
and (13), we see that (6) holds. The proof of this theorem is finished. 0O

Theorem 2. Assume that u € H(B), ¢ is a holomorphic self-map of B, u
and w are normal functions on [0,1), and fol m‘% < 0. Then uC,: B, —
Hg® is compact if and only if u € H.

Proof. First assume that uC, : B, — H;° is compact. Then uC,
B, — HZ° is bounded. By takmg f (z) =1, we obta.m u€ HP, as desxred
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Now suppose that v € H2°. Since fol 7‘*15 < 00, then

le(z)
sup (l2Dlu(2)] / < sup (D)2 / <oo.  (14)
zeB 0 (t)
From (14), we have that for every f € B,

#(|2D)|(@Co £)(2)] = u(l2])1f(2(2))lu(2)|
le( g¢ c s
< Clfle, supulDlu@I(+ [ 255) < Gl lullp (19

From the above inequality we see that uC,, : B, — H° is bounded. Let
(fx)ken be any bounded sequence in B, and fi — 0 uniformly on compact
subsets of B as k — co. Employing Lemma 4 we have

1uCo fillHge = sup u(|2))|fi(p(2))u(2)| < llullage sup | fx(e(2))] — O,
2€B z€B

as k — o0o. Then the result follows from Lemma 3. O

Theorem 3. Assume that u € H(B), ¢ is a holomorphic self-map of B, u
and w are normal functions on [0,1), and [; ! ‘“ =00, Then uC, : B, —
H{P is compact if and only if uCy : B, — HJ 00 is bounded and

k() gy
Jm (el (1+ / =) =0 (16)

Proof. First assume that uC, : B, — H° is bounded and the con-
dition in (16) holds. Assume that ( fr)ken is a sequence in B,, such that
supren [|fxlls. < L and fi — 0 uniformly on compact subsets of B as

k — o0o. According to Lemma 3 it suffices to show that ||uCy fillage — 0
as k — oo.

From (16), we have that for every € > 0, there is a constant § € (0,1),

such that ()l
ullzDhu()I (1 + / %) <e

when d < |p(2)] < 1. By Lemma 1, we have
|uCop ficll e = sup p(|2D1(uCo fi)(2)| = sup p(|2))[e(2) ] fie((2)))
< sup_ p(leDlu(@)|fr(e(2))

#(2)€B(0,9)

le(2)]
+C sup p(lz|)u(2)| (1 + /0 (t)) I f&lls.,

#(z)eB\B(0,9)

S lullage  sup__|fi(p(2))] + CLe.
©(2)€B(0,9)

270



Using the fact that fi — 0 uniformly on compact subsets of B as k — oo,
we obtain

limsup sup  |[fi(p(2))| =0.
k—oo  4(2)€B(0,8)

Therefore lim sup;,_, , [[uCy fel|Hse < CLLe. Since ¢ is an arbitrary positive
number we have that limj_, o ||uC'.p fellzge =0, and therefore, uCy : B, —
H° is compact by Lemma 3.

Conversely, suppose uC,, : B, — Hg° is compact. To prove (16}, we
only need to prove

im Dt [ s =0, ()

since they are equivalent. Let (2x)xen be a sequence in B such that
[o(zk)| — 1 as k — oo (if such a sequence does not exist then condition
(16) is vacuously satisfied). For k € N, set

ful) = ( /-Isn(z:e)l2 g(t)dt)—l ( /o-(z,tp(zk)) g(t)dt)z.

From [32], we see that f € B,, for every k € N, moreover supen || fxlls., <
C. Beside this fx converges to 0 uniformly on compact subsets of B as
k — oo. Since uC,, is compact, by Lemma 3 we have that ||uC, fillnse — 0
as k — oo. Thus

p(lzeD ezl | fi(p(2e)]
sup ZED A EN]E]
iggu(lZl)l(ucwfk)(Z)l = |luC filluge — O

lp(ze))?
(2 DluCze)] /0 ot)dt

IA

as k — oo, which along with (13) implies

le(zi)l
u(lze])u(zr)] /0 o(8)dt — 0

as k — co. From this we obtain (16), finishing the proof of the theorem.
]

Theorem 4. Assume that v € H(B), ¢ is a holomorphic self-map of B,
p and w are normal functions on [0,1). Then uC, : B, — H% is compact
if and only if

le(2)| dt ) _ (18)

T Dl (14 [ s
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Proof. Suppose that (18) holds. From Lemma 2, we see that uC,
B, — Hg is compact if and only if

Jim  sup_ p([2)I(uCof)()| =0. (19)
~Hiflls, <1

On the other hand, applying Lemma 1, we have that

le(2)|
WD N@] < CuDuI(1+ [ o)Wl (20

Teking the supremum in (20) over the the unit ball in the space B, then
letting |2] — 1 and applying (18) the result follows.

Conversely, suppose that uC, : B, — H% is compact. Taking f(z) =
1, then employing the boundedness of uC,, : B, — H;%, we get

|1E»11 u(|zD)]u(2)| = 0. (21)
If fy by < 00, then by (21) we easily get (18).

Now we assume that fol wd‘t = o0o. By the assumption, it is clear that
uC,y : B, — H° is compact. Hence by Theorem 2, we have

e ¢
Jm uDu@I(1+ [T ) =0 (22)
By (22), we have that for every € > 0, there exists a € (0, 1), such that
k() gy
uDu@I(1+ [ )

when § < |p(2)| < 1. By (21), for above chosen &, there is an r € (0,1), so
that

plalu(z)] < (1+ /0 ' a%)‘le

when r < |z| < 1.
Therefore, when r < |z[ < 1 and § < |p(z)| < 1, we have that

le(2)]
w(aDlua (1 + [ ‘ %) <e. (23)

On the other hand, if {p(z)| < 6 and r < |2| < 1, we obtain

le(2)| 4
Wl (1+ [ 25) s (14 [ E)ulebiual <e (@0
Combing (23) with (24) we get (18), as desired. O
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