Embedding handcuffed designs into a
maximum packing of the complete
graph with 4-cycles *

Gaetano Quattrocchi
Dipartimento di Matematica e Informatica
Universita di Catania
viale A. Doria 6
95125 Catania
ITALIA
quattrocchi@dmi.unict.it

Abstract

A packing of K, with copies of Cs (the cycle of length 4), is an
ordered triple (V,C,L), where V is the vertex set of the complete
graph K,, C is a collection of edge-disjoint copies of Cy4, and L is the
set of edges not belonging to a block of C. The number n is called
the order of the packing and the set of unused edges L is called the
leave. If C is as large as possible, then (V,C, L) is called a mazimum
packing MPC(n,4,1). We say that an handcuffed design H(v, k, 1)
(W, P) is embedded into an MPC(n,4,1) (V,C,L) f W C V and
there is an injective mapping f : P — C such that P is a subgraph
of f(P) for every P € P. Let SH(n,4,k) denote the set of the
integers v such that there exists an M PC(n,4,1) which embeds an
H(v,k,1). If n = 1 (mod 8) then an MPC(n,4,1) coincides with
a 4-cycle system of order n and SH(n,4,k) is found by Milici and
Quattrocchi, Discrete Math., 174 (1997).

The aim of the present paper is to determine SH(n, 4, k) for every
integer n Z 1 (mod 8), n > 4.
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1 Introduction

Let G be a subgraph of K, the complete undirected graph on n vertices.
A G-design of K, is a pair (V, B), where V is the vertex set of K,, and B is
an edge-disjoint decomposition of K, into copies of the graph G. If B € B
we say that B is a block (or a G-block) of the G-design. The set B is called
the block-set. A G-design of K, is also called a G-design of order n.

A G-design is balanced if each vertex belongs to the same number of
blocks. Obviously not every G-design is balanced.

An handcuffed design H (v, k,1) [5] is a balanced Pi-design of K, where
P, is the simple path with £ — 1 edges (k vertices) [a1,a2,...,ax] =
{{a1,az}, {az,as},... ,{ak-1,ak}}. Clearly-an H(v,2,1) (V,P) exists for
every v > 2 because V is a v-set and P is the set of all 2-subsets of V.
Hung and Mendelsohn [4] proved that an H(v,2h + 1,1) (k > 1) exists if
and only if v =1 (mod 4h), and an H(v,2h, 1) (h > 2) exists if and only if
v=1 (mod 2k - 1).

A 4-cycle system of order n is a Cy-design of K,,, where Cj is the 4-cycle
(cycle of lengf'h 4) (ah az, as, 04) = {{0,1, aZ}’ {Gz, 03}) {a3’ a4}1 {(11, 04}}.
It is well-known [6] that the spectrum for 4-cycle systems is precisely the
set of all n =1 (mod 8).

Let G; be a subgraph of G;. We say that a Gi-design (W, P) of order
v is embedded into a Ga-design (V,C) of order n if W C V and there is an
injective mapping

f:P->C
such that P is a subgraph of f(P) for every P € P.

The following embedding problem arises: for every admissible integer
n determine the set of the integers v such that there ezists a Go-design of
order n which embeds some G -design of order v. This embedding problem
has been investigated in many cases (1, 2, 3, 7, 8, 9]. Milici and Quattrocchi
[7] gave a complete answer to the embedding problem of an H(v, k,1) into
a 4-cycle system of order n. The following question arises: what can we say
when n # 1 (mod 8)?

A packing of K,, with copies of Cjy is an ordered triple (V,C, L), where
V is the vertex set of K, C is a collection of edge-disjoint copies of Cj,
and L is the set of edges not belonging to a block of C. The number 7 is
called the order of the packing and the set of unused edges L is called the
leave. If C is as large as possible, then (V,C, L) is called a mazimum packing
MPC(n,4,1).

An M PC(n,4,1) can be considered as the natural generalization of a 4-
cycle system of order n whenn # 1 (mod 8). In fact, an M PC(n,4,1) with
n =1 (mod 8) coincides with a 4-cycle system of order n. In this paper we
give a complete answer to the embedding problem of an H (v, k,1) into an

MPC(n,4,1).
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Definition 1.1 An H(v,k,1) (V,P) is embedded into an MPC(n,4,1)
(W,C,L) if V C W and there is an injective mapping

f:P->C
such that P is a subgraph of f(P) for every P € P.

Example 1.1 An H(3,2,1) on vertex set V = {0,1,2} embedded into an
MPC(7,4,1) on vertex set W = V U {ao, a1,a2,a3}: L = (ao,0,a1,1,az),
C= {(07 1,&3, 02), (01 21 ao, a‘3)1 (1: 2) ai, aO)s (0.2, a),as, 2)}'

Example 1.2 An H(5,2,1) on vertexset V = {0,1,... ,4} embedded into

an MPC(11,4,1) on vertex set W = V U {ag,a1,... ,a5}: L = (3,a4,as),

C= {(01 1) ao, a’l)a (01 2, 0.1,0.2), (0: 3’ a2, 0.3), (0} 43 as, aO)a (11 21 ao, 0.2),

(]-s 3, as, a'l): (1’ 4, ag, 03), (27 3,a1, 04), (2’ 4,a,, a5)$ (37 4,04, 0«0), (a'lb 01 as, l)a
(42? 2,a3, a'4)) (alx 4, a3, 05)}.

Example 1.3 An H(5,3,1) on vertexset V = {0, 1,... ,4} embedded into
an M PC(10,4,1) on vertex set W = VU{ag,a1,... ,a4}: L= {[{,a;] |i=
0,1,... ,4}, C= {(i,3+i,2+i, a4+i), (ai,a1+,-,a3+,-,2 +i) I 1=0,1,... ,4}
(the sums are (mod 5)).

Example 1.4 An H(5,3,1) on vertexset V' = {0, 1,... ,4} embedded into
an MPC(11,4,1) on vertex set W = V U{ag,a1,... ,as5}: L = (ao,a1,03),
C= {(0, 1,4, ao), (1, 2,0, 0,1), (2, 3, 1, az), (3, 4, 2, 0.3), (4, 0, 3, a4),

(270'01 az, al)’ (2s a4,0a2, as), (41 a1,04, a’3)) (01 as,as, aZ): (19 Qag, G4, a5)’

(37 a1, a5, aO): (Oa as, 1: 0‘4), (3, az, 41 05)}'

Definition 1.2 Denote by SH(n,4,k) the set of the integersv, v > k, such
that there exists an H(v,k,1) embedded into an M PC(n,4,1).

The aim of the present paper is to determine SH(n,4, k) for every in-
tegern >4and k=2,3.

When an M PC(n,4,1) coincides with a 4 cycle system of order =, the
spectrum SH(n, 4, k) is given in the following theorem.

Theorem 1.1 ([7]) Letn=1 (mod 8), n > 9. Then
e SH(n,4,2)={v|2<v< 31},

o SH(n,4,3)={v|5<v< Zi'*'—lg—"'@, v=1 (mod 4)}, where a(n) =
12 if n =1 (mod 24), a(n) = 4 if n =9 (mod 24) and a(n) = 8 if
=17 (mod 24).

Theorem 1.2 (Schéneim and Bialostocki [10]) For every integer n > 4
there ezists an MPC(n,4,1) (V,C,L) and it is:
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o |C|= [ﬂ- ["7‘1-]] if n#5,7 (mod 8),
e IC]=[2[2532]] — 1 otherwise.

If n = 1 (mod 8) then the leave L does not contain any edge. Ifn # 1
(mod 8) then the non-packed edges may be chosen so that the leave L is
isomorphic to a one-factor if n is even, a 3-cycle if n = 3 (mod 8), two
3-cycles having a common vertez if n =5 (mod 8) and a 5-cycle if n =17
(mod 8).

2 SH(n,4,2)

Lemma 2.1 For every even integer n > 4, SH(n,4,2) C{v|2<v < 2k
For every odd integer n > 5, SH(n,4,2) C {v | 2<v < 231}

Proof. Let (V,P) be the H(v,2,1) embedded into an MPC(n,4,1
(W,C,L). Then (";%) 2 (3)-

Lemma 2.2 Ifve SH(2v+1,4,2), thenv+z € SH(2v+2z+1,4,2) for
everyz =0 (mod 4), z > 4.

Proof. Let (V,P) be the H(v,2,1) embedded into an MPC(2v + 1,4,1)
(W,B,L) andlet z =4k, k> 1. Put V ={0,1,... ,9-1}, W = VU {v,v+
1,...,2v — 1,00}, A; = {a},a},a},a}, Wi = A; U {a},ai,a},a?, 00}. For
i=12,...,k, let (W;,B;) be a 4-cycle system of order 9 which embeds
an H(4,2,1) on vertex set A; (see Theorem 1.1). Let V = V U (UL, 4))
and W = W U (UL, W;). Assign to C the 4-cycles of BU (UX_,B;) and the
following:

e (p,a},p+v,0},,),i=1,2,...,k,p=0,1,... ,u—1, h=0,1,2,3;

o ifk>2, (a)?,af!,a% 4,00l ,), ini2=12,...,k, i1 <iz, and
§h=0,1,2,3.

Then (W, C, L) is an MPC(2v+2z+1,4,1) which embeds the H(v+z, 2, l{
on vertex set V.

Theorem 2.1 For every even integern, n > 4, SH(n,4,2) = {v|2<v <
$}. For every odd integer n, n > 5, SH(n,4,2) = {v | 2<v < 231}

Proof. By Lemma 2.1, it suffices to prove that {v | 2 < v < 2} C
SH(n,4,2) if nis even, and {v |2 < v < l‘fl-} C SH(n,4,2) if n is odd.
Every H(v,2,1) with v > 3 embeds every H(w,2,1) with2 <w < v —1.
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Therefore the above inclusions are proved if 3 € SH(n,4,2) for every even
n >4 and 25! € SH(n,4,2) for every odd n > 5.

Let n be even. We prove that 2 € SH(n, 4,2) for every even n > 4 by
induction. Clearly SH(4,4,2) = {2}. Suppose % € SH(n,4,2). Let (V,P)
be the H(3,2,1) embedded into an MPC(n,4,2) (W,C,L). Put W =
WU{ool,oog}, L = LU{[00y,002]} and C = CU{(c0y, z, 002, 9()) | z € V},
where g is a bijection from V' to W\V. Then (W,C,L) is an MPC(n +
2,4,2) which embeds the H(242,2,1) on vertex set V U {c0;}.

Let n be odd. By Theorem 1.1, ""1 € SH(n,4,2) for every n = 1
(mod 8), n > 9. If n = 3,5,7 (mod 8), then apply Lemma 2.2 to the
starting cases 2 € SH(5,4,2), 3 € SH(7,4,2) and 5 € SH(11,4,2). Note
that 2 € SH(5,4,2) is straightforward. The remaining two cases follow
from Examples 1.1 and 1.2 respectively.

3 SH(n,4,3)
Let
(258 ifn=0 (mod8), n>16;
2 ifn=2 (mod8), n>10;
222 jfn=4 (mod8), n>12;
B(n)={ 23* ifn=6 (mod8), n>14;
21l ifpn=1 (mod6), n>13;
3  ifn=3 (mod6), n>9;
[ 2T ifn=5 (mod6), n>1L.

Lemma 3.1 SH(n,4,3) C{v |5 <v<0(n),v=1 (mod 4)}.

Proof. Let (V,P) be an H(v,3,1), v = 5, embedded into an M PC(n,4,1)
(W.C,L).

Let n be even. The leave L is a one-factor whose edge set does not
contain any edge of Ky. Then n > 2v and, by v = 1 (mod 4), the proof
follows.

Let n be odd. Theorem 1.1 proves the lemma for n = 1 (mod 8).
Suppose n = 3,5,7 (mod 8). Let B be the set of blocks of C having some
block of P as a subgraph. Put D = C \ B. Every block of C covers two
edges of Ky,w\v. Then v(n —v) > (3). It follows n > 21, Suppose
n= 3"2‘ L. Then DUL is a graph decomposition of Ky\y. Every vertex z
of W\ V has odd degree in Ky\v. Therefore the degree of = in L is odd.
Moreover = has even degree in Ky, then the degree of z in L should be
even. Therefore n > 3¥=1 and, by v =1 (mod 4), we get the proof. |
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Lemma 3.2 Let (W,C, L) be an MPC(n,4,1) with n even, n > 4. Then
there exists an MPC(n + 2,4,1) (W,C,L) such that W Cc W, C C C and
LcL.

Proof. Put W = W U {oo01,002}, L = LU {[oo;,002]}. Let B be an
edge-disjoint decomposition of the complete bipartite graph Kw,{co;,00,}
into subgraphs isomorphic to a 4-cycle. Put C = CU B. i

Lemma 3.3 Ifv € SH(2v,4,3), thenv+4 € SH(2v + 8,4,3).

Proof. Let (V,P) be an H(v,3,1) embedded into an MPC(2v,4,1)
(W,C,L). Put v = 1+4k, k > 1. Let A; = {a},a},0},0}}, Bi =
{bi,b%, 05,05}, A = Uk A;, B = UL, B;, D = UL, {b},bi}, V = AU
{001}, W = VU B U {o0p}. Let (X,D) denote an H(5,3,1) embed-
ded into an M PC(10,4,1) (X VY,B,L;) with X = {1,2,3,4} U {001},
Y = {5,6,7,8}U{ooz} and [001,002] € L; (see Example 1.3). Now we con-
struct an MPC(2v +8,4,3) (W,C,L). Puu W =WUXUY,L=LUL,
and assign to C the following 4-cycles:

o the blocks of CU B;

e (1,a1,2,b7),(1,a,2,83), (3, 03,4, b1), (3,a}, 4, b3), (a3,1 al,5),
(a%,2,ai,6), (ai, 3,0},5), (a}, 4, a.2,6) fori =1,2,...,k;

e the blocks of an edge-disjoint decomposition of Kp (1,2,3,4), Ka,{7,8}
Kp (5,6,7,8) into 4-cycles.

It is easy to see that (W,C,L) is an MPC(2v + 8,4,1) which embeds an
H(v+4,3,1) on vertex set V U {1,2,3,4}. |

Lemma 3.4 Let v € SH(n,4,3), n = 3,5,7 (mod 8). Then v+ 4 €
SH(n + 8,4,3).

Proof. Let (V,P) be an H(v,3,1) embedded into an M PC(n, 4, 1) (Vu
W,C,L). Put v = 1 +4k, k > 1, A; = {ai,a,a},a}, A = UL A,
V =AU {oo} and W = {bj |i=1,2,...,n—4k —1}. ByTheorem 1.1,
there exists an H(5,3,1) (V},P;) embedded into a 4-cycle system of order
9 (W1,Cy). Put Vi = {0,1,2,3,4} and W; = V1 U {5,6,7,8}. In order to
construct an MPC(n + 8,4,1) (W,C,L), put W =VUWUW,, L =1L
and assign to C the following 4-cycles:

o the blocks of CUCy;

e (1,ai,2,b2i1),(1,a%,2,b2), (3,a%,4, b2i-1), (3, a4,4 b2i), (af, 1,45, 5),
(a%,2,4d%,6),(a},3,a},5),(al, 4, a,2,6) fori=1,2,...,k (as showed in
the proof of Lemma 3.1, n —v > ¥51);
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e the blocks of an edge-disjoint decomposition of Kw,(5,6,7,8}, K. A,{7.8)
and K{bzk+1:bzk+2,--- yon—ak—1}{1,2,3,4} into 4-cycles.

=t is easy to see that (W,C, L) embeds an H(v+4,4, 1) on vertex set VUV;.

Lemma 3.5 Let v € SH(n,4,3), n = 3,5,7 (mod 8). Then v + 16 €
SH(n +24,4,3).

Proof. Let (V,P) be an H(v,3,1) embedded into an MPC(n,4,1)
(W,C,L). Put v =144k, V ={0,1,... ,4k} and W =V U {4k + 1,4k +
2,... = 1}. Let A; = {ai,ad,al,ai}, A = UL, 4;, B; = {ai, 0},
B=U.,B;,V=VUAand W=WUAUB.

In order to construct the required M PC(n + 24,4, 3), we introduce the
following notation. Let X = {z1,z2,%3,24}, Y = {y1,y2,93, 04}, T =
{t1,t2}, U = {1, uz}. Define

i P(X, T) = {(01 z1,24, tl)a (:B]J 2, Oa t2)7 (:Bg, x3, T, tl)y (:B3, T4,22, t2))
(%4,0, 23,1 + 4k)};

o &(X,Y,T,U) = {(v1,71,¥2,t1), (¥1, T2, Y2, t2), (¥3, %3, ¥4, t1),
(y3,$4)y41t2); (23, y1,$4,u1), (3337 Y2,24, u2)’ (.'l:l,y:;,.’L‘g, ul)a
(z1,y4, 72, u2) };

hd AJ(X’T) = {(181,1 + 4j1x211 + 4k + 2j):(x172 + 4j7$2;2 + 4k +
27), (z3, 3+47, x4, 3+4k+2j), (x3, 4+47, T4, 4+4k+27), (3+47, z1,4+
4j’ tl), (3+4]a z2, 4+4Ja t2): (1+4.7: 3, 2+4.7v tl)) (1+4.7y z4, 2+4.7, t2)}'

Assign to C the following blocks:
o the 4-cycles of C;

e the 4-cycles of I'(A;, B;) for every i = 1,2,3,4 (these cycles induce
the paths of an H(5,3,1) on A; U {0});

e the 4-cycles of ®(A;, A;, B;, B;) for every 1,5 = 1,2,3,4, i < j (these
cycles induce a balanced decomposition of K4, 4, into Pss);

e the 4-cycles of Uf_; A;(A;, B;) for j =0,1,. — 1 (these cycles in-
duce a balanced decomposmon of K Ai,{1+4],2+4j,3+4j,4+4j} into P;s);

o (of,ad, 244k, a}), (ak, b, ait?, 24+4k) for i = 1,2, 3,4 (i+1 is reduced
(mod 4) to the range {1,2, 3 4}),

o (14 4k, al,al, ad), (1+4k al,az,az) (1+4k,0d,03,a3),
(1 + 4k, CY2,0‘1,531) (of,ai,03,03), (of, 04, 04, 0}), (of, 03, of, of);
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o for i = 1,2,3,4, the blocks of an edge-disjoint decomposition into
4-cycles of K{a‘ «ai},{146k,2+6k,... n—1}» KB, (3+4k,4+4k,...,n—1} and (if
n 254 6k) K{ai a3}, {346k 446k,... n-1}-

It is easy to check that (W,C, L) embeds an H(v + 16,3,1) on vertex set
V. |

Remark 3.1 Ifin Lemma 3.5 we suppose that the handcuffed design (V, P)
embeds an H(1 + 4p,3,1) (V,,P,) for every p = 1,2,..., %35, then the

produced H(v +16,3,1) (V,P) embeds an H(1 + 4p,3,1) for every p =
1,2,..., x4,

Theorem 3.1 SH(n,4,3) = {v | 5 <v < 0(n),v=1 (mod 4)} for every
integer n > 10.

Proof. By Lemma 3.1, it is sufficient to prove that {v |5 <v < 8(n), v=
1 (mod 4)} C SH(n,4,3). Let n be even. Then apply Lemmas 3.2 and 3.3
to Example 1.3.

Let n be odd. An M PC(11,4,1) which embeds an H(5,3,1) is given in
Example 1.4.

An M PC(13,4,1) (W,C, L) embedding an H(5,3,1) on vertex set V =
{0,1,... ,4}: W =V U {ag,ay,...,a7}, L = {(a1,a3,0a2), (a2,a4,06)} and
C= {(0, 1a47 aO)a (11 2) 01 a'l)v (23 3, 1) 05)7 (3) 4, 21 03), (470, 3’ (14), (0? as, 1) (1-4),
(2: a1,3, a2)1 (21 ae, 37 (1.7), (11 az,4, a7)) (ala az,02, aO)a (GO; ag, a7, 03),

(05) ay, ag, 4)’ (a'27 as, a7, 0)’ (00, a7, 0Q4, 2)’ (aO, as, ag, 1)1 (a'Sv as, Gg, O)’
(a0, a4,as,3), (a1,a4,a3,4)}.

An MPC(15,4,1) (W,C, L) embedding an H(5,3,1) on vertex set V; =
{0,1,...,4} and an H(9,3,1) on vertex set V = V; U {5,6,7,8}: W =
VU {ao,a1,...,as}, L = {(ao,a3,01,84,02)}, C = (0,1,4,a0),(1,2,0,a,),
(2’ 3, 11 0,4), (3y 4,2, al)a (45(), 3v 0,2), (0) 5) 81 a'3)v (5: 6,0, 65), (69 7) 5, aO)s
(7, 8) 6, a3)’ (81 01 7$ aO), (5: 1, 61 0,2), (5) 2a 6) a4), (7’ 37 81 al)a (77 41 87 0‘2)1
(3, 5,4, 03), (3| 6,4, 0.4), (1) 7,2, 0'2)7 (la 8,2, a3)1 (0'51 ao, 0,4,0,3), (0,4, as, a2, O),
(Go, a,as, 1)) (al, ag, a3, 5), (2) Qo, 3’ a'5)a (41 ai, 6! 0.5), (7) aq, 8, a5)'

To complete the proof apply Lemmas 3.4, 3.5 and Remark 3.1 to the
above MPC(n,4,1)s for n =11,13,15. 1
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