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Abstract

A graph G is called super edge-magic if there exists a bijection f
from V(G) U E(G) to {1,2,...,|V(G)| + |E(G)|} such that f(u) +
f(v) + f(uv) = C is a constant for any uv € E(G) and f(V(G)) =
{1,2,....I[V(G)}, FIE@) ={IV(G)+ L IV(G)| +2,...,IV(G)| +
|E(G)|}. R. M Figueroa-Centeno et al. provided the following con-
jecture: For every integer n > 5, the book B, is super edge-magic if
and only if n is even or n = 5(mod 8). In this paper, we show that
B, is super edge-magic for even n > 6.

Keywords: book graph, super edge-magic labeling, vertex labeling,
edge labeling

1 Introduction

Let G = (V, E) be a simple graph with p(G) = |V| vertices and ¢(G) =
|E| edges, and let V(G) and E(G) denote the vertex set and the edge set
of G, respectively. A bijection f from V(G)U E(G) to {1,2,...,p+q} is
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called an edge-magic labeling of G if there exists a constant C, called the
valence of f, such that f(u) + f(v) + f(uv) = C for any edge uv € E(G).
An edge-magic labeling f of G is called a super edge-magic labeling if
fV(G)) ={1,2,...,p} and f(E(G)) = {p+1L,p+2,...,p+q}. Wesay
that G is super edge-magic if there exists a super edge-magic labeling of G.

Kotzig and Rosa [ introduced the notion of edge-magic labelings (in
(1], edge-magic labelings are called magic valuations). They proved that
complete bipartite graphs, cycles and caterpillars are edge-magic, and that
the complete graph K, is edge-magic if and only if n = 1,2,3,5 or 6. They
also conjectured that trees are edge-magic. Enomoto et al. 2 introduced
the notion of super edge-magic labelings. They proved that the cycle C,, is
super edge-magic if and only if  is odd, the complete bipartite graph K, »
is super edge-magic if and only if m = 1 or » = 1, and the complete graph
K, is super edge-magic if and only if n = 1,2 or 3. They also conjectured
that trees are super edge-magic. In addition, they proved that if n = 0(mod
4), then the wheel graph W,, of order n is not edge-magic.

For the literature on super edge-magic graphs we refer to [3] and the
relevant references given in it.

Let n be a positive integers, the book graph B, is defined by

V(Bn) ={vi |1 <i<2n+2},

E(Bn) = {010i, ViVign41) Unt2Vidnt1 | 2 < 1 <+ 1} U {v1vn42}.

In [4], R.M Figueroa-Centeno et al. proved that B, is not super edge-
magic for n = 1,3,7( mod 8). They show that B, is super edge-magic
for n = 2,5 and B, is not super edge-magic. They conjectured: For every
integer n > 5, the book B, is super edge-magic if and only if n is even or

n = 5( mod 8). In this paper, we show that B, is super edge-magic for
even n > 6.

2 Main Result

Theorem 2.1 The book B,, is super edge magic for every even n > 6.
Proof. Let C = (11n + 12)/2. We define a function:
[ V(Bpr)UE(B,) — {1,2,...,5n+ 3}

according to the following two cases:
Case 1: n = Omod 4, say n = 4k, then p = 8k + 2, p + q = 20k + 3,
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C =22k+86.
Case 1.1. For n = 8, we give the total labeling of Bg shown in Figure
2.1.

Figure 2.1: A super edge-magic labeling of the graph Bs.

According to the definition of super edge-magic labeling, it is clear that
this assignment provides a super edge-magic labeling for Bg.
Case 1.2. For n > 12. We label the vertices as follows:

( 2k +2, i=1,
i—1, 2<i<2%+2,
i+, 2% +3<i<dk+1,
6k + 1, i=4k+2,
8k+1, i=dk+3,
4k +3, i=4k+4,

flw) = { 16k—2i+8, 4k+5<i<5k+3,

8k +2, i=5k+4,
16k—2 +9, 5k+5<i<6k+2,
2k + 3, i=6k+3,
0k —2+7, 6k+4<i<Tk+2,
20k -2+6, Th+3<i<8k+1,

| 8k, i=8k+2.

And the edges as follows:
flvivg) = C — f(v) — f(v;).

Firstly, we show that f is a bijective mapping from V{(G) onto {1, 2,...,8k+

2}.
Denote by
S={f(v)|1<i<8k+2}.
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Then,

S1={2k+2|i=1}={2k+2},
Sz={‘i—1I25i$2k+2}={1,2,...,2k+l},
S3={i+1|2k+3<i<4k+1}={2k+4,2k+5,...,4k+ 2},
Sy={6k+1|i=4k+2}={6k+1},
Ss={8k+1|i=4k+3} = {8k+1},

Se = {4k + 3 | i = 4k + 4} = {4k + 3},

Sy ={16k—2i+8| 4k +5<i < 5k+3} = {8k—2,8k—4,...,6k +2},
Sy = {8k +2|i=>5k+4} = {8k+2},
So={16k—2i+9|5k+5<i<6k+2}={6k—1,6k—3,...,4k + 5},
S1o={2k+3|i=6k+3}={2k+3},
S11={20k—-2i+7|6k+4<i<Tk+2}={8k-1,8k—3,...,6k+3},
Sio={20k—2i+6 | Tk+3<i<8k+1}={6k,6k—2,...,4k +4},
S13 ={8’€ | i=8k+2} ={8k}.

Hence, S; US2US3US;US5USsUS7USgUSyUS10US11US12U 813
is the set of labels of all vertices, and

S S1USUS3US;US5USgUS7USgUSgU S10US11US12U 813
SgUS5US13U81,US;US US12USgU SgUS3U S190U S U S,
{8k +2, 8k +1, 8k, 8k —1,8-3,...,6k+3, 8k—2,8k—4,...,
6k+2, 6k+1, 6k,6k—2,...,4k+4, 6k—1,6k—3,...,4k+5,
4k 43,4k + 2,4k +1,...,2k + 4, 2k + 3, 2k + 2, 2k+1,2k,...,1}
{8k +2,8k+1,...,2,1}.

It is clear that the labels of the vertices are different. So, f is a bijection
from V(G) onto {1,2,...,p}.

Secondly, we show that f is a bijective mapping from E(G) onto {8k +
3,8k +4,...,20k + 3}. Denote by

= {f(vv;) | viv; € E(Bn)}
= {C— f(u) - f(vj) | vi,v; € V(Ba)}-

Let D=D,UDyUD3UD,; where

D

Dy ={fluw)|2<Li< 4k + 1} = D13 U Dyo,

Di = {fluivs) |2 <i<2k+2}

{22k+6—-2k—i-1|2<i<2k+2}

{18k + 3,18k + 4, ...,20k + 3},

Dyo ={f('vlv,«) | 2k+3<i<4k+1}
={22k+6—-2k—i-3|2k+3<i<4k+1}
= {16k + 2,16k + 3,...,18k},

o
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Dy = {f(vivigars1) | 2 <i <4k + 1} = Dyy U Dgg U Doz U DagU
Das U Dag U Da7 U Dog U Dag,
D21 = {f(viv,-+4k+1) | i= 2} = {22k +6 — 8k — 'c} = {14’6 + 4},
Dy = {f(vivi.,.,;k.,.l) | 1= 3} = {22k+6—4k‘—i— 2} = {18k+ 1},
Doz ={f(vivitars1) |4 < i < k+2}
={22k+6—-8k+i—5[|4<i<k+2}
= {14k +5,14k +86, ..., 15k + 3},
D2y = {f(vivigar+1) | i =k +3}
= {22k +6—8k—i—1|i=Fk+3} = {13k +2),
Dos = {f(vivitak+1) | k+4 <3< 2k + 1}
={22k+6—-8k+i—6|k+4<i<2k+1}
= {15k + 4,15k +5,..., 16k -+ 1},
Dys = {f(vivitar+1) | ¢ =2k +2}
= {22k +6 — 2k — ¢ — 2} = {18k + 2},
Doz ={f(vivitar+1) | 2k +3 <i < 3k +1}
={22%k+6—12k+i—6| 2k +3<i<3k+1)
= {12k +3,12k +4,...,13k + 1},
Dog = {f(vivigars1) | 3k +2 < i < 4k}
= {22k+6—12k+i—5]3k+2<i< 4k}
= {13k +3,13k +4,..., 14k + 1},
Do ={f(vivitars1) | i=4k+1}
={22k+6—8k—i—1]|i=4dk+1} = {10k+4},
Dy = {f(v4k+2vi) | 4k +3<i< 8k+2} = D3y U D3y U D3z U DayU
D35 U D3g U D37 U D3g U Dag,
D3y = {f(vaksouv:) | i = 4k + 3}
= {22k + 6 — 14k — 2 | i = 4k + 3} = {8k + 4},
{f(mk.,.gv,-) I i=4k+ 4}
{22k + 6 — 10k — 4 | § = 4k + 4} = {12k + 2},
Dasg ={f('v4k+2v,~)|4k+55i55k+3}
{22k +6— 22k + 2 — 9 | 4k +5 < i < 5k + 3}
{8k +7,8k+9,...,10k + 3},
{f(vak42vi) | i = 5k + 4}
={22k+6 — 14k — 3 | i =5k + 4} = {8k + 3},
D3y ={f(’04k+2'vi)I5k+5§i$6k+2}
= {22k +6— 22k + 2 — 10 | 5k +5 < i < 6k +2)
= {10k + 6,10k + 8, ..., 12k},
Dgg ={f(v4k+2v,~)|i=6k+3}
= {22k +6— 8k — 4 | i = 6k + 3} = {14k +2},
D37 = {f(vars2vi) | 6k +4 < i< 7k +2}
={22k+6—26k+2—8 |6k+4<i<Tk+2)
= {8k +6,8k +8,...,10k +2},
D3s = {f(var4ovi) | Tk+3<i<8k+1}
={22k+6— 26k +2—7 | Th+3<i<8k+1}

D3y

D3y
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= {10k + 5,10k +7,...,12k + 1},

D3g = {f(var42uvi) | i = 8k + 2}

Dy

= {22k +6 — 14k — 1 | i = 8k + 2} = {8k + 5},
= {f(vlv4k+2)} = {22’0 +6—8k— 3} = {14]6 + 3}.

Hence, D = D; U Dy U D3 U Dy is the set of labels of all edges, and

D

DiuDy,UD3U Dy

D11 U D13 U Dy U Dag U Doz U Dag U Das U Dag U Da7 U DogU
D2g U D33 U D33 U D3z U D3q U D35 U D3g U D3z U D3g U D3g U Dy
Da4 U D3y U D3g U D37 U D33 U Dog U D3g U D3s U D3a U DazU
D34 U Dag U D3g U Dy U D3y U Doz U Das U Dya U Dag U Dog U Dy
{8k+3, 8k+4, 8k+5, 8k+6,8k+8,...,10k + 2, 8k +7,8k+
9,...,10k + 3,10k + 4, 10k + 5,10k +7,...,12k + 1, 10k 4 6,10k
+8,...,12k, 12k +2, 12k+3,12k+4,...,13k+1, 13k +2, 13k
+3,13k+4,..., 14k + 1, 14k +2, 14k + 3, 14k +4, 14k + 5,14k
+6,...,15k 4+ 3, 15k + 4,15k +5,...,16k + 1, 16k + 2,16k + 3,
...,18k, 18k +1, 18k + 2, 18k + 3,18k +4,...,20k + 3}

{8k +3,8k +4,...,20k +3}.

It is clear that the labels of each edge are distinct, and the edge labels
are {p+1,p+2,...,p+ q}. According to the definition of super edge-
magic labeling, we thus conclude that the graph B, is super edge-magic

forn=

0 mod 4.

Case 2: n =2 mod 4, say n = 4k + 2, then p =8k + 6, p + ¢ = 20k + 13,
C=22k+17.
Case 2.1. For n = 6, we give the total labeling of Bs shown in Figure

2.2,

Figure 2.2: A super edge-magic labeling of the graph Bs.

According to the definition of super edge-magic labeling, it is clear that
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this assignment provides a super edge-magic labeling for Bsg.

Case 2.2. For n > 10. We label the vertices as follows:

( 2%k +3, i=1,
i—1, 2<i<2%+3,
i+1, % +4<i<4k+3,
6k + 4, i=4k+4,
8k + 5, i=4k+5,
4k +5, i=4k+86,

f) = { 16k—2i+16, 4k+7 <i<5k+5,

8k + 6, i = 5k + 6,
16k — 2+ 17, 5k+7 <i < 6k+5,
2%k + 4, i=6k+6,
20k — % + 17, 6k+7<i< 7k +6,
20k — 2% +16, Tk+7 <i< 8k+5,

| 8k +4, i =8k +6.

And the edges as follows:
f(oiv) = C — f(ui) — f(v;)-

Similar to the proof in Case 1, we have that this assignment provides a
super edge-magic labeling for n = 2 mod 4.

According to the proof of Case 1 and Case 2, we thus conclude that B,,
are super edge-magic for evenn > 6. O

In Figure 2.3 and 2.4, we show our super edge-magic labelings for B;o
and 314.
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Figure 2.4: The super edge-magic labeling of the graph By4.
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