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ABSTRACT. In this paper, we obtain new general results containing
sums of binomial and multinomial with coefficients satisfying a gen-
eral third order linear recursive relations with indices in arithmetic
progression.

1. INTRODUCTION
The second order linear recurrence {W, (a, b;p, q)} is defined as for n > 2
Wy =pWa-1 ~ qWr_2 (1-1)

where Wy = a, W) = b. (Denote W, (a, b;p,q) by W,,).

Let o and B be the distinct roots of A2 — pA + ¢ = 0. The Binet formula
of {Wy,}is

W, = Aa™ + BS" (1.2)

where A= (b—af)/(a— B) and B = (aa — b) / (e — B).

Define V,, = W, (2,p;p, q). Thus the Binet form of V,, is given by V;, =
o™ + f".

Using the method of Carlitz and Ferns 1], some identities involving the
terms of {W,} were given in (3, 4].

From [2], we have for k > 0 and n > 1,

Win = ViWi(n-1) — @ Wi(n—2) (1.3)
where V,, is defined as before. The characteristic polynomial of {W,} is
A2 — Vi) + ¢* and its roots are o and 8*.

In this paper, we derive more general cases of the results of [3, 4] con-
cerning the sequence {Wiy,}, for a fixed positive k& > 0.
2. THE MAIN RESULTS

Firstly we give the following result to generalize the results of [3, 4].
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Theorem 1. Forn >0 andc >0,
Waknte = Lino (3) (-1)" 77 Vig DWWy,
Proof. Since o* and B* are the roots of the equation A2 — ViA +¢F =0,
2k = Vio* — ¢* and % = Vif* — ¢*.
Here, by the binomial theorem, we have

oZkn = ]—0 (n) ( 1)n—J VJ k(n—y)akg (2.1)
B2kn — ]—0 (n) ( 1)n—.1 VJ k(n—J)BkJ (2.2)
By multiplying both sides of (2.1) and (2.2) by Ao and Bf3°, respectively,
and adding, the proof follows from the Binet form (1.2). 0

Lemma 1. For k,m,r >0,
—gH M) L Vi gF kT 4 26T g k(mek2r)
where u is either a or B.
Proof. Since a?* = Via* — ¢* and g% = Vi 8* — ¢*,
_qk(m+'r) + Vier qkmukr + u2k(m+r) - qkm (Vkru _ qkr) + u2k(m+r)
yFm+2r) (qkmu—km +ubm)
= oy k(m+2r) (ﬁkm + akm)

= Vim uk(m+2r) .

Theorem 2. For n,k,m,r >0,
_qk(m+r)Wn + qumkar+n + W2k(m+r)+n = Vkak(m+2r)+n

Proof. By Lemma 1, we have
_ qk(m.+r) + Vier qkm akr + a2k(m+r) = Vim ak(m+2r)’

- qk(m+r) + Vier qkm ﬂkr + ﬁzk(m+r) = Vim 'Bk(m+2r).

The proof follows if we multiply both sides of the previous two identities
by Aa™ and BB", respectively, add, and then use the Binet form (1.2). O

Theorem 3. For n,k,m,r >0,
Wkrn+c = (Vqukm)"” Z ( ,J) ( 1)] k(m+r)s 'ka(m+2r)i+2k(m+r)j+c:

i+j+s= .
Win(m+2r)+c = Vim N ; (,,,) (—1)° ItV Wokim pr)itkrites
it+j+s=n o . )
W2kn(m+r)+c = Ei+j+s=n (::’) (_1).7 Vgqumr"k(m-l-r)sVl:ka(m+2r)i+krj+c-

where the symbol () is defined by () = TJITr:‘—!T—Jﬁ



Proof. By Lemma 1 and the multinomial theorem, we have

(Vkr qkm)nukrn = .Z_ (::1 ) (—l)j qk(m—l-r)sV]-:'muk(m+2r)i+2k(m+r)j
t+j+s=n
V,;n ukn(m+2r) = Z (n) (_1)8 qkmj+k(m+r)sV,éiu2k(m+r)i+krj
™ i+jt+s=n J
p2n(mir) Z (:"; ) (_1).‘)' Vlgr qkmj+k(m+r)sV’:’muk(m+2r)i+krj
i+j+s=n
Multiplying both sides in the preceding identities by u°, adding, and using
L), We ge e conclusion.
1.2 t th lusi 0

Theorem 4. Forn,k,m,r,c >0,

n I3

VR ™ Wi — % (?) (1) qk(m+r)(ﬂ—J)W2k(m +r)jt+e = 0 (mod Vim),
]=

Wakimirynie = (=1)" ™ Watrnie = 0(mod Vim).

Proof. The proof follows from the first two results of Theorem 3 and the
decomposition

Ditite=n = Litjts=n, i=0 T Diitjts=n, i%0 -
0

When k = 7 = 1 in Theorems 2-4, the results are reduced to the results
of [3, 4].
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