A generalization of Chu’s identity
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Abstract

By means of partial fraction decomposition, the purpose of
this paper is to obtain a generalization of an algebraic identity
which was given by Chu in The Electronic J. Comb., 11(2004),

#N15.

AMS classification: 05A10, 05A19, 33D15
Key Words: Partial fraction decomposition, Identity, g-analogue

1 Natation and Introduction

Let H, be the Harmonic number which is defined by
21
Hy=0 and H, = —.

In [2], by the WZ method, the following identity was confirmed suc-
cessfully.
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Ahlgren and Ono [1] have shown that Beukers’ conjecture is implied
by this beautiful binomial identity. See [3] or [1, Theorem 7]) for
Beukers’ conjecture.

Recently, by means of partial fraction decomposition, W.-C. Chu
[4] gave the following beautiful algebraic identity which is a general-
ization of identity (1): Let z be an indeterminate. There holds
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where (z)o = 1 and (z)» = [Tica(z + k).

The purpose of this paper is to give a generalization of (2). As
applications, we obtain a number of interesting identities.

0 Throughout the paper, let f(z) be any polynomial of degree <
n.

2 Main Results

Theorem 2.1 Let ag, a1, a2, ..., an be a real sequence, and a; #
aj, wheni#3j,4,j=1,2, ..., n,and f(a:) #0, (i =0, 1, ..., n).
Then
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f(z)
(z + ao)(z +a1)?...(z +an)?®

i=0
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Proof. Applying the partial fraction decomposition, we have

— f(z)
T (ta)(z+a)i(z+a)?... (T +an)?

9(z)
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A g By Ck
T z+4ao +kz=:l{(w+ak)2 +m+ak}'

In order to determine the coefficients A and {Bg, Ci}, we con-
sider the way of taking limit. First, we can easily compute the coef-
ficients A and {By} as follows:

A= lim ($ +ao)g($) = lim = f(x) == f(—aO) :
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e
According to the L'Héspital rule, the coefficients {Cy} can be ob-
tained:
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Hence we have
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the proof of the theorem is completed. O
Differentiating both sides of equation (3) with respect to z, then

we have

Theorem 2.2
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an)? {(.’II + ao)f’(x) + f(z) — (z + a0) f(z)
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Differentiating both sides of equation (3) twice with respect to
x, then we have

Theorem 2.3
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3 Some Applications

As a direct applications of Theorems 2.1, and 2.2 and 2.3, according
to different choices of a, f(z), we can get a number of interesting
identities.

3.1 The case a, =k

n
Taking ax = k and applying Y. 32z = Ha-x — Hk, we have
i=0
=9
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Corollary 3.1
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Example 3.2 Toking f(x) =1 in Corollary 3.1, then we have
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and
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Toking x = 1 in (6) and (7), we obtain the following results.
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Example 3.3 Tuking f(z) = (1-2)2 = (1-2)%(2-2)%...(n—2)2
, then
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Hence Theorem 2.1 reduces to Chu’s identity. Theorems 2.2 and 2.3
reduce to the following identilies:
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respectively.

3.2 The case a; = —‘lq—

Suppose (k] = -1-11_9; and take ax = ll—‘_qqf in Theorems 2.1, and 2.2
and 2.3. Then we have

Corollary 3.4
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If we take f(z) = ([1] - ¢2)*([2] — ¢*2)%...([n] — ¢"z)® in (12),
then this reduces the g-analog of Chu'’s 1dent1ty (2):

(1] — gz)2([2] — ¢*z)%. .. ([n] — g"x)?
z(z + [1)2(z + [2))2... (z + [n])?
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1+2(k) 5% +2[k] o jk =
+ []Z] lr/<?q.;._g+[li:{]] =0 j#k q)’ (15)

k

where [k] = 3=
When z = 0, we obtain the g-analog of identity (1):

Zn: 2 n+k 21—q'° 7 +21§c ¢
qk(2n—-k) 1 - qk = 1- qj

k=1
n—k 1 k qj
+2)° 0 —4;1_‘13.)

3.3 The case: a, = —(y +k)?

In Theorem 2.1, taking z — 22, ax = —(y + k)% and f(z) = 1, we
get the following identity.

3@tk Crm e ey e

e — y (2y+2k—l) (2y+n+lc)
k(2y + k) =~ 2
T L1 —k(2y+k)
- (y +k)? 2y Z; (k-7)Qy+k+7)
j#k
= (16)
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