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Abstract— In this paper we give an explicit expression of the genus
distributions of M}, for j = 1, 2, ..., 11, which are introduced in the previous
paper ” Orientable embedding distributions by genus for certain type of
non-planar graphs”. For a connected graph G = (V, E) with a cycle, let e be
an edge on a cycle. By adding 2n vertices u1, u2,u3, - -, Un, v1,¥2,¥3, -, Un
on e in sequence and connecting uxvy for k, 1 < k < n, a non-planar graph
G, is obtained for n > 3. Thus, the orientable embedding distribution of
Gn by genus is obtained via the genus distributions of Mz.

Keywords— Embedding distribution; joint tree; surface; genus.

1. Introduction

Gross and Furst [2] introduced the embedding distributions of
graphs by genus. There have been many studies on the explicit
expressions of orientable embedding genus distribution for circular
ladders and Mobius ladders [4], closed-end ladders and cobblestone
paths [6], bouquets of circles [3] and Ringel ladders [1]. In a former
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paper [5], we have obtained linear equations of orientable embedding
genus distributions for certain type of non-planar graphs. In this
paper, we shall present the explicit expressions of these graphs, which
solves a problem raised in [5]. An embedding of a graph considered
is always assumed an orientable embedding.

For a graph G, let g;(G) be the number of embeddings with genus
i. Then the embedding polynomial of G by genus is as follows:

fol@) = 3 a:(C)e

=0

Given a positive integer =, let y1,¥2, - -, Yn denote n distinct let-
ters. Let Y1 = Yk, Ukolks =" Ykes Y2 = Ykri1VkrpaVkrys " Yhnr Y3 =
Yima Yma¥ime = Ym, 804 Y4 = Y U, 2 Um,ys " Yim, Where 2
ky >ka>ksg> - >k 21,1< ky < krya < kg < -
k,<n,1<m<mg<mg< -+ <mg <Ny N2> Mgy > Mgy >
Mgy > - > my 2 1and 0 < 1,8 <, kp # kg, mp # my
for p # q¢. Let M = {1YaYaYs}, M" nYeYsYs}, M§ =
(MYaYaYa), MP = {aYi1Yz0~YaYs}, MP = {aYiYaa VaYs}, M =
{aYle Y2Y3}a {a'},la' 1’21’33’3}, = {YleaYE;a bYsb™ })

= {HYéaYza‘be'}, Mip = {HYZaYza'bY%b'} and Mj; =
{Y1aY2a"bY3b~cYsc™}. The linear equations are presented in Lemma
1 below.

A

Lemma 1 (Theorem 3.2 of [5]) Let g;;(n) be the number of surfaces
with genus i in M} forn >0,i>20and 1 <j <12. Leth?(a:)=1.
Then, for n > 1, gi;,(n) =

4g;,(n—1), f j=1and 0<i < [2]

2013 (n — 1) + 205 (n— 1), if j=28nd 0 < i < [g]

Gis(n — 1) + gig(n — 1) +2gi,(n — 1), f j=3 and 0 < é < [g]
4gG-1),(n—1), f j=4and 1 <i < [“'2" 1] ;

2g(i-1)s(n — 1) + 2gi5(n —1), if j=52and 0< i < [zt_;-_l] ;
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200 =)+ (o= 1), i3 =S amd 156 2],

9i-1),(n — 1) + gi_1),(n — 1) + gi; (n 9 1) + gig(n — 1),
ifj=Tand0<i< [”“2" ;

49¢G-_1),(n—1), if j=8and 1<i < [g +1;

9i-1)5(n — 1) + 2g(i_1),(n — 1) + gig(n — 1),

ifj= 9&nd0<z<[2]+1

9G-1)6(n — 1) + 2gG-1), (n — 1) + gy, (n — 1),
ifj=10and 1<i< [gJH;
2g(i-1)p(n — 1) + 29(i-1),0 (2 — 1), .
ifj=1land1<i< [”; ]+1
Given a graph G. Let e be an edge on a cycle of G. For a positive
integer n, add 2n vertices w3, ug,us, " -, Un, v1,V2,v3, -,V ON € in

sequence. Obtain a new graph G, from G by adding n new edges
wyy (1 <1< n).

Lemma 2 (Theorem 4.1 of [5]) g;(Gy) is a linear combination g, (n)’s
forj=1,6,0<m<iandn>1.

In this paper, we solve the equations in Lemma 1. Hence the
orientable embedding distribution of G, by genus is obtained for
each positive integer n by applying Lemma 2.

2. Main Theorem
Theorem 3 Let C, (i) = ( n-2-1 ) Then,
2

2n — 31
n-—

gi;(n) = 2"+ C,..,.g(z) for j =2,0<i< [ ] and n > 1.

Proof. The conclusion will be verified by induction on n. It is easily
seen that the conclusion holds for » = 1 and 2 by Lemma 1.

203



Suppose the assertion holds for any integer k with 2 < k < n. Let
E.(i) = 1'[ (n—i—1—k). By Lemma 1 and induction hypothesis

fornand 0<7 < [-2-],

gi,(n) = 2g;, (n—1)+2gi,(n-1)
= 2g;, (n— 1) + 89(1.—1)2 (n - 2)

2n — 3t — 2n - 3i—
= ""‘"-——-—— R+t _
2 i Crn+1(3) +2 — 1 Cn(z 1)
;B (2) ) X ) ,
= i+t n _ _ _ _ _
2 i) m-i-1) ((n 2i)(2n — 3i — 2) +i(2n — 3i 1))
= 2n+z 2"’ 37' Cn+2 (Z) D

Theorem 4 Let gog(1) = 2, g15(1) = 2, 905(2) = 2, g15(2) = 14,
907(1) 2, g1,(1) =2, 909(1) =1, g1,(1) =3, go1o(1) =1, g1,0(1) =
3, 9130(2) = 10, g2,4(2) = 6, g1,,(3) = 10, 9210 (3) =54, g1, (1) = 4,

G, (2) = 4, go), (2) =12, An(z) = ) Bn(i) = Er—p,—_—z-%;,—

]

21
Cli) = ( ”'f —t ) and Dy (i) = -'ifz". Then, g;, (n) =

2" +4n—-2,ifj=3,i=0andn > 1;
Cusali +1) (241 Ansa(i+1)
(-1 93i-2) (i +1)An+2(8) Bnia(i + 1))
n—2i—1

ifj=31<i< [g] ~landn>2
Cn+1() (23”1 + (2mH1 — 2%-2) Ay 5 (8) Bpya(i + 1)),
ifj=3,[3] -1<is< 2= endn>2;
(@01 - 2%2) Ay (i)Cn-l-z (z),

ifj—-3[ ]< <[2]a.ndn.>2

2n —3i+2
1z > = - -
; 16',,+3(z),1f3 50<z<[ ]a.ndn>1,

on+i-
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2"+8n+8,if j=6,i=1and n=3,4;

2" +8n, if j=6,i=1and n > 5;

(2" — 2%72)Cp(i — 2) Dp (i — 1) + 2%C (i — 1) Dy (3),
ifj=6,25i<g—1andn25;

(2" — 22-2)C (i — 2) Dy (i — 1) + 22Cp (i — 1) Dy (3) + 271,
ifj=6,i=g—1andn25;

(2" — 2%-2)Cp (i — 2) Dy (i — 1) + 2%Cp (i — 1) D, (3) + 27,
ifj=6,g—1<i_<_ n- and n > 4;

(2" — 2%-2)C, (i — 2)Dp (i — 1) + 251 = 3. 901,
if j =672 <i$g-andn24;

(2" — 2%-2)Cp(i — 2)Dp (i — 1),
ifj=6,g<is-n—-2|~—1andn23;

2, ifj=7,5=0andn > 2

2"+l £ 16n—26, if j=7,4=1and n > 2;

Cr+1(3) (ZaiAn+1(i) + (2nti-1 — 23i—3)iAn+1(fn - 12)iBn+l (i)),

fj=72<i< [ﬁ-;-l] and n > 2
Cn(i—1) (231 + (21 - 2834011 (i — 1)Bppa (")) )

o n—1 ] n

' . 1fJ—7,[—T]<z$[§]a,ndn23,
(@1 = 2579 4,11 (i — 1)Cppa (i~ 1),
1

ifj=7,[i-2’3] <i< [3;—-] and n > 2;
l,ifj=9i=0andn > 2;
o fdn—3, ifj=9i=1sndn>2

- (93i—2 - n4i-2 _ 93i—5
Ontald) (277 Anpai) + (=2 — 280) ==l
ifj=92<i< [5] and n > 2;
Cra(i — 1)(2%72 4+ (2742 = 2%-5)Apy3(i — 1) By (9))

ifj=9,[§]<z’s[ﬁ%'—l] and n > 3;
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(272 — 23-5) A 9(i — 1)Cya(i — 1),
e _a Pt [P .
lfj—9,[ > ] <i< [§]+landn22,
6, if j=10,i=1andn > 4;
3.9" +48n — 86, if j = 10, = 2 and n = 4,5;
3.9" +48n — 102, if j = 10,5 =2 and n > 6;
3Cn(i — 1)(2%2Ba41(3)
+(2n 2 ) nl— 2t+1 )’
ifj=10,3$i<-n—2——-andn26;
3C,(i — 1) (23*'-23,,,,1@)

+(2n+i—2 — 93i-5 ) (-1

)Bn(i = 1)Bpt1(i — 1)
_ n—2i4+1
ifj=1o,z'=32— andn>T;
3Ca(i — 1)(2* 2Ba1(i)
+(2n+1'—2 . 231'—5) (z

) +272,

— I)Bn(i — I)Bn+1('i — 1)
ne1 n—-21+1
ifj=1o,—2—<is-'5andnze;
Cn1(i — 2) £23=’—'-’ +3(2"+2 — 935)B,, (i — 1) Bpy1 (i — 1))
425 _ 3.1

) +2,

ifj=10,gl<i59—2‘iiandn25;

322 — 2%75)B, 11 (6 — 1)Cn(i — 2),
ifj=1o,1"—;i-1-<z'gg+1andnz4;

2, ifj=1li=1andn > 3;

2"+ 8n+6, if j=11,i =2 and n = 3,4;

2 +8n—-2,ifj=11,i=2and n > 5;

(2" — 254C, (i — 3)Dp (i — 2) + 2% 2C,(i — 2)Dn(i - 1),
if § = 11 and3$z'<g-;

(2% — 2%-4)C,, (i — 3) D (i — 2) + 2%72Cy (i — 2)Dp (i — 1) + 277,

ifj=11,z’=ga.ndn25;
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(2" - 22-49C, (i - 3)D,.(z' -2)+ 22i-20,,(z' —2)Dy,(i — 1) + 27,

1f_1—11,2< < 1a.ndn24;
(2" — 25-4YC, (i — 3)Dp(i — 2) + 27+ — 3. on-1
n+1

if j =11, —— —5— < ; < 2+1andn>4
(2" - 25-NC, (i — 3) Dy (i — 2),

ifj=11,-'2f+1<ig

n;1+landn23;

0, otherwise.

Proof. We shall prove the case for j = 5 by induction on n. The
proofs for the other cases are similar and so are omitted. We can
easily find go; (1) = 2 and g1,(1) = 2 according to the formula. Then
the conclusion holds for » = 1 by using Lemma 1.

Suppose that the conclusion holds for a positive integer n— 1. By
Lemma 1,

n+1
9is(n) = 2g(;_1),(n — 1) + 2g;5(n — 1), if 0 < i < [ .

By Theorem 3 and induction hypothesis for n and 0 < i < ﬁ%-—l],

gis(n) = 27+l 2(: : 1)_—(?(1 )1) Crny1{i—1)

- 2n—1)—-3i+2
4onti-1 (n n)_ i32+ Cinta(i)

gl on _3i 41 .
=5 oy ()

L (n- 35)(? —%t+D, @)

=gt gf(':;sf‘: ey (ien 3 +1)

+(2n — 3i)(n — 2i + 1))

2n —3i+2 .
lT_‘———C'n+3(7')-

Hence the conclusion holds for j = 5 by induction on n. O

— 2n+i—

Corollary 5 Let go,(1) 2—- 43g11(22) = 8§, 914(1) = 41, fns(1) =
4, 92(2) = 8, An(i) = T, Bali) = 22, Ga) =

207



( " _i2 B ) and Dy(i) = 2" Then, gi,(n) =

8 ifj=1i=0andn>2
8,ifj=li=1landn=2;
9"+2 4 64n — 168, if j = 1,4 =1 and n > 3;
Cn(?) (23i+2 An(3) + (on+i — 2%-1) ’Af;f’ —2:)_3; (z))
ifj=12<i< [g] —~1landn>3;
Cn-a(i = 1)(2%47 + (27 = 297)isdn 6 = DBa (D),
e .4 [T . _ -1 )
. . 1fj—1,[-2-]—1<z$[——2—-]andn24,
(204 - 2%71) A (i — 1)Calé - 1),
ifj=1, [ 5 ]<z<[ ]andn>3

%—n%’i—lc,m(z—l), fj=41<i< [—] and n > 2;
8, ifj=8¢=1andn > 2
2™+2 4 64n — 168, if j = 8,4 =2 and n > 3;
Cali = 1)(2 1 4n(i - 1)
H(anH-1 — g8im1) (i —1)An(i —.2)B,,(i - 1))’
n—2i+1
fj=83<i< [’2’] and n > 3;
Cn1(i — 2) (251 + (27 23“'4)A,,(z - 2)Bu(i-1)),
ifj=8[2]< <[ ]andn24,
(2041 — 2%4) An (i - 2)Cnli - 2),

ifj=8,[n;1]<is [%]+1andnz3;

2ﬂ-+l

0, otherwise.

Proof. We shall present the proof for the case when j =4, n > 2 and
1<3 _<_[ ].B Lemml,for1$z<[n;1],
i (n) = 4g(i-1), (n — 1).

By Theorem 4,
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2(n—-1)-3(: - 1)

9i4(n) = 2n+‘ n—1— ('i . 1) C’H"l(i - 1)
2n—3i+1

= 2n+l'_n_i._.cn+1 (‘& - 1)-

The proofs for the other cases can be similarly verified by using
Lemma 1 and Theorem 4. a

Figure: Ry and R,

Example The graph Ry is given in Figure. Given a positive integer
n, by adding 2n vertices uj,usg,us,*-*,Un,v1,v2,v3, -, U, On the
edge ugvp in sequence and connecting wv; for 1,1 <! < n, the graph
R, is obtained. Let g;(n) denote the number of distinct embeddings
(-’ +n -3 +Ti—4)

(n—2i+2)(n—2i+3) ’
=2 - 2% and

n—3)(2n% —2ni+4n — 32 +7i — 4) 4

q=! )((n—2i+2)(n—2i+3) 12565 Brom [5] we kaow
9:(n) = 2gis(n) + 29-1), (n). Then go(1) = 4; g1(1) = 12; go(2) = 4;
91(2) = 44; 92(2) = 16; g5(3) = 160; g2(4) = 704 and g;(n) =

for R, with genus 7. Let K =

n? — 2ni+ 2n — 3i2 + 4

2"+l 4 16n+32, ifi =1, =3 and 4;

2"+ 4 16n+ 16, ifi =1 and n > 5;
(n+2)2"*2 + 64n% — 80n — 272, if i = 2,n = 5 and 6;
(n+2)2"+2 + 64n% — 80n — 336, if i =2 and n > T;

(K + L - Q)Ca(i — 1), ifsgi<g—1;

n—%i+1 A
(K+L-Q)Cr(i—1)+2", ifi=-2-—1andn28;

n—-2i+1
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1

_ s n+1
— K+ L= Q)0 -1+ 2",

ifﬁ—1<°5"—;—1andn27;
31 _ n
K42 A6 1) QC( —1)+2%'+2—3-2",

(2r+l — 225-1)C, (i - 2)D,.(z - 1)
+Cn—1(i — 2) (2% + (2" — 2%73)(i — 1) An(i — 2)Ba(i - 1))
ifﬁ<igﬂ'2*—1a.ndnzs;

2
(2n+i - 23i—3) Aﬂ(z —_ 2)Cn(i - 2), if nT-i-l <1 -2- +1 and n > 4;
0, otherwise.
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