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Abstract

Let AKy be the complete multigraph with v vertices. Let G be
a finite simple graph. A G-decomposition of AK,, denoted by G-
GD(v), is a pair (X, B) where X is the vertex set of K, and B is
a collection of subgraphs of K, called blocks, such that each block
is isomorphic to G and any two distinct vertices in K, are joined in
exactly A blocks of B. In this paper, nine graphs G; with six vertices
and nine edges are discussed, and the existence of G;-GDi(v) is
given, 1 <i<9.
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1 Introduction

A complete graph of order v with index A, denoted by AK,, is a graph with
v vertices, where any two distinct vertices  and y are joined by A edges
{z,y}. Let G be a finite simple graph. A G-design or G-decomposition of
AK,, denoted by G-GDj)(v), is a pair (X, B) where X is the vertex set of
K, and B is a collection of subgraphs of K, called blocks, such that each
block is isomorphic to G and any two distinct vertices in K, are joined
in exactly A blocks of B. The necessary conditions for the existence of
G-GD)y(v) are
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v > [V(G)], (v~ 1)=0 (mod 2|E(G)|), AMv~1) =0 (mod d),
where V(G) and E(G) denotes the set of vertices and edges of G respec-
tively, d is the greatest common divisor of the degrees of all vertices in

G.
Let AKy, ny,-n, be a complete multipartite graph with index A, con-

t
sisting of ¢ parts with vertex set X = |J X;, where these X; are disjoint

i=1
t
and |X;| = ni, 1 < i < t. Denote v = 3 n; and = {X1, X2, -+, X}

i=1

For a given graph G, if the edges of AKp, n,,....n, can be decomposed into
edge-disjoint subgraphs A, each of which is isomorphic to G and is called
as block, then the system (X, G, A) is called a holey G-design with index A,
denoted by G-HD(T), where T = n}n}---n} is the type of the holey G-
design. Usually, the type is denoted by exponential form, for example, the
type 19273F . .. denotes i occurrences of 1, r occurrences of 2, etc. For A =1,
the index 1 is often omitted. A G-HDy(1¥~*w?) is called an incomplete
G-design, denoted by G-IDx(v,w) = (V,W, A), where [V| = v, |[W| =w
and W c V. Obviously, a G-GDj(v) is a G-HD)(1%) or a G-I1Dx(v,w)
with w = 0 or 1. It is easy to see that, if there exists a G-GDx(v), or
a G-HD,(T), or a G-IDy(v,w), then there exists a G-GD),(v), or a G-
HD),(T), or a G-IDy,(v,w) for any positive integer .

For the path P, the star K; x and the cycle Cy, the existence prob-
lem of Px-GD(v), K1 x~-GD(v) and Ci-GD(v) have been solved(!:*1%, The
graph design problem for some of other graphs, e.g. k-cubel8], cycle with
one chord®!7l and so onl!®!, have been already researched. In other hand,
for the graphs with less vertices and less edges, the existence of their graph
design has already been solved[?3:6:11-15.20], For the graphs with six ver-
tices and nine edges, there are twenty graphs without isolated vertices (see
the Appendix I in [9]). The designs of nine graphs among the twenty graphs
with six vertices and nine edges for A = 1 have been given by the following
lemma.

Lemma 1.118] There exists a G-GD(v) if and only if v = 0,1 (mod 9) for
4<k<9orv=109(mod18) fork=1orv =1 (mod9) for k = 2,3
with the ezceptions (v, k) € {(9,4),(9,5), (9,6),(9,8),(9,9),(10,2)}.

In this paper, we give several methods to construct the nine graph
designs for A > 1. We shall prove that the necessary conditions for the
existence of Gi-G Dy (v) with A > 1 are also sufficient for any G; (1 < i <9)
with some exceptions. The main way to get all constructions is the following
lemma.

Lemma 2.2 For given graph G and positive integers h,w,m, A, if there
ezist a G-HDy\(h™), a G-ID)(h+w,w) and a G-GDy(w) (or e G-GDx(h+
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w)), then there erists a G-GDy(mh + w).

The discussed nine graphs are listed as follows. For convenience, as
a block in graph design, each graph may be denoted by (a,b,c,d,e, f)
according to the following vertex-labels.

a a a a a f
f f ot f f e
c e c € C C o
d d d ¢
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Figure 1: Nine graphs with six vertices and nine edges
The necessary conditions for the existence of G;-GD)(v) are

Table 1: Necessary conditions

1 | A | necessary conditions | i | A necessary conditions
1] v=1,9 (mod 18) 1 v=1 (mod 9)
2 v=0,1 (mod 9) 2,3|3[v=0,1,3,4,6,7 (mod 9)
13 v = 1,3 (mod 6) 9 any v
6 | v=0,1(mod3) |4,5]1 v=0,1 (mod 9)
9 | v=1,3,5(mod6) | 6,73 |v=0,1,3,4,6,7 (mod 9)
18 any v 8919 any v

2 Construction of HD

A pairwise balanced design B|K,1;v] is a pair (V,B), where V is a v-set
(point set) and B is a family of subsets (blocks) of V with block sizes from
K such that every pair of distinct elements of V occurs in exactly one block
of B. When K = {k}, a B[K, 1;v]=Bik,1;v] is just a balanced incomplete
block design.

Lemma 8.1'% Let K be a set of positive integers, m,v, \ be positive integers,
and G be a finite simple graph, if there exist a B|K, 1;v] and a G-H Dy(m*)
for any k € K, then there erists a G-HD)(m?).
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A quasigroup is a set Q with a binary operation “”, denoted by (Q,-),
such that the equations a-x = b and y-a = b are uniquely solvable for every
pair of elements a, b € Q. It is well known that the multiplication table
of a quasigroup defines a Latin square. On the contrary, a quasigroup can
be obtained from a Latin square. A quasigroup is said to be idempotent
(resp. symmetric) if the identity z -z = z (resp. £-y = y - z) holds for all
z € Q (resp. z,y € Q). Let S be a finite set and H = {S1,52,---,5,} be
a partition of S. A holey Latin square with holes H is a |S| x |S| array L
on S such that:

(1) every cell of L either contains an element of S or is empty;

(2) every element of S occurs at most once in any row or column of L;

(3) the subarrays indexed by S; x S; are empty for 1 < ¢ < n;

(4) element s € S occurs in row (or column) t if and only if (s,t) €

(S x S\ U (S x S).
i=1

The type of L is the multiset T = {|S;| : 1 < ¢ < n} and will be denoted by
exponential notation. A holey symmetric quasigroup corresponding a ho-
ley symmetric Latin square with type T is denoted by HSQ(T) = (S, H, ).
Two Latin squares L; and Lz on a set S are said to be orthogonal if their
superposition yields every ordered pair in § x S. A Latin square is called
self-orthogonal if it is orthogonal to its transpose. A self-orthogonal quasi-
group corresponding to a self-orthogonal Latin square of order v is denoted
by SOQ(v). An idempotent SOQ is denoted by ISOQ.

Lemma 4.7

(1) There exists an idempotent quasigroup of order v if and only if v # 2;

(2) There ezists an idempotent symmetric quasigroup of order v if and
only if v is odd;

(3) There ezists an HSQ(2"™) for alln > 3;

(4) There erists an 1SOQ(v) for v # 2,3,6.

Let G be a finite simple graph, n,k, A be positive integers, Alke, e =
|E(G)|- In order to construct a holey graph design G-H D,\(("—f)"), we
may take Z ke X I, as the vertex set and Z ke 88 the automorphism group
of the block set, where (I,,-) be an idempotent quaszigroup on the set
I, ={1,2,--,n}. A G-HDx((%¢)") consists of &Ziﬁ)— = Eekn(n-1)/2
blocks. For our methods, the range of the subscripts of n(n — 1)/2 base
block collections A; ; is taken as 1 < i < j < n, every A;,; contains k base
blocks.

On the other hand, in order to construct a holey graph design G-
HD)((%2)"), we may take Zyg X Ipn as the vertex set, Zxe 8s the auto-
morphism group of the block set, where I, = {1,2,--+,2n} and (I2,, X, )
forms an HSQ(2") with holes H = {{2r — 1,2r} : 1 < r < n}, which
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exists for n > 3 by Lemma 2(3). In fact, for the original G-HD,((2k¢)»),

the vertex set Za. x I, contains n holes with size 28¢: H; = Za x
e b) e

{i}, 1 £ % < n. Now, halve each hole H; into Hz;—; and Hy;, where
each H; = ngg x {7} has size Ef, 1 £ j £ 2n. Then, equivalently, the
holes of the G-H D,\((lf—‘)") can be regarded as Hy, Ho, -, Hap, with such
restriction that there is no edge betv;'een Hy_ 1 and Hy, 1<i<n A
G-HD((22)™) consists of )\Ll(;&)— = 2kn(n — 1)%¢ blocks. For our
methods, the range of the subscripts of 2n(n — 1) base block collections
A;; is taken as 1 < i < j < 2n and {i,5} ¢ H, every A;; contains k
base blocks. Below, it is enough to construct only one A, ; for constructing
G’-HDA((%’#)") and G-HD)((2£¢)"), where 4,5 are variable in the given
range.

Letz,d € Z ke and 4, j be in the given range for A; ; in above-mentioned
constructions G-H D ((4¢)") and G-HDx((%£)"). Each vertex in the base
block collection may be labelled as one among four forms: (z, 1), (z, ), (z, i-
Jj) and (z,j - i), where (z,i - j) and (z,j - i) are same for the symmetric
quasigroup. Each unordered edge in the base block collection may be one
among six forms:

{(z’i)’ (x+ d’j)}’ {(x!i)’ (z+d1i .j)}’ {(x’j 'i)’ (x+d,j)}’

{(m7i)’ (.’l: + d;] " "')}, {(a:,z " .7)7 (:L' + dv])}’ {(xi" * .7), (:D + da] " z)}
For given d € bee_, u,v € {3,5,4-5,7 -4} and v # v, the edge joining
vertices (z,u) and (z + d, v) in A; ; is denoted by d(u,v), which represents
a mixed difference orbit {{(z,u), (z+d,v)} : ¢ € Z.}. And, for any 2-subset
{u,v} C {4,4,%- 4,5 - i}, denote D(u,v) = {d: d(u,v) € 4;,}.

When k£ =1, = 1, there are two lemmas as follows.

Lemma 5A.0'% Let (I,,-) be an idempotent quasigroup on the set I, =
{1,2,-+,n} and G be a graph with e edges, then A = {A; ; : 1< i < j < n}
can be taken as a base of a G-HD(e™) under the action of automorphism
group Z. if the following conditions hold.

(2) D(i-4,5 1) = D(j - 4,1 5) when (I,-) is self-orthogonal;

(3) D(3,/)VUD(, 4 )UD(j -4, ;)UD(i, j-4)UD(E- 5, 5)UD(i+ 4, j i) = Z,.
Lemma 5B.1'" Let (Ipn, H,) be an HSQ(2") with holes H = {{2r -
1,2r} : 1 < r £ n} and G be a graph with e edges. Then {Adij:1<i<
J < 2n,{i,5} ¢ H} can be taken as a base of a G-HD((2e)") under the
action of automorphism group Z. if the following conditions hold.

(1) D(i,i - ) = D(ji - §);

2) D(i,4) UD(G, i+ 5) UDG - §,5) = Ze.

It is easy to generalize Lemma 5A and Lemma 5B to the following two
lemmas.
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Lemma 5C. Let (I,,-) be an idempotent quasigroup on the set I, =
{1,2,---,n} and G be a graph with e edges, then A= {A;; : 1< i< j < n}
can be taken as a base of a G-HDx((58)") under the action of automor-
phism group Z ke if the following conditions hold.

(1) D(i,i- j) = D(j,j i), D(4,5 - 1) = D(4,3- §), D(i,5) = D(3,9);

(2) D(i - 3,5 -3) = D(j - i,i- j) when (I,-) is self-orthogonal;

(3) D(Z)J)UD(% ?,'])UD(]Z,j)UD(Z,]"L)UD(i'],j)UD('bj,j'Z) = Azl‘f .

Lemma 5D. Let (Ion,H,-) be an HSQ(2™) with holes H = {{2r —1,2r} :
1 £ r < n} and G be a graph with e edges. Then{A,-,g 11<i<ji<
on,{i,j} ¢ H} can be taken as a base of a G-HDA((%£2)") under the
action of automorphism group Z ke if the following conditions hold.

(2) D(3,§)U D(4,i- j)UD(i-5,5) = M.

Lemma 6.1'81 There ezists a Go-HD(9'+!) for any t > 1; There exists a
G;-HD(9%*1) for 1 < i < 9 and t > 1; There ezists a G;-HD(9*) for
§ =3,7,8,9; There ezists a Gx-HD(18+2) for k=1,4 and t > 1.

Lemma 7. There exists a Gs-HD3(6'+2) fors=1,8,9 and t > 1.
Proof. By Lemma 4(2), there exists an idempotent symmetric quasigroup
(I2t41,") on the set Ipppy = {1,2,...,2t + 1} for t > 1. On the set X =
Z3 X Ip41 define

A1(4,5) = (0:5,15,04, 135,05, 15); As(3,5) = (0i, 1i-j, 2i, 25, 045, 05);

Ag(4,7) = (05,2:.5, 14, 15,04, 05.5).
It is not difficult to verify that each A,(%,j) satisfies the conditions in
Lemma 5C(taking k = 2,A = 3). Thus, each A, = {A,(¢,7) mod (3,-) :
1<i < j < 2t+1} forms a G,-HD3(3%+!), where s = 1,8,9. Furthermore,
let us consider the HSQ(2¢+2) = (Iot4+4,H, ) with holes H = {{2r—1,2r} :
1 < r < t+ 2}, which exists for t > 1 by Lemma 3(3). Then A4; =
{As(5,5) mod (3,=) : 1 < i < j < 2t+4,{5,5} ¢ H} will form a G,-
HD5(6t+2) by Lemma 5D, where s = 1,8,9. [ |

In what follows, I, will denote the set {0,1,-:-,n — 1}.
Lemma 8. There ezist a G3-HD3(6™) and a Gz-HD3(6™) form > 3,m =
0,1 (mod 3) and m # 6; There ezist a Gs-HD3(6") and a Gg-HD3(6") for
n>3 andn #6,8.
Proof. First, we give the following direct constructions.
G3-HD3(63) on the set Zg x Z3 :
(41)007 51, 12, 0, 02): (111 0o, 317 021 201 22)) mod (Gv 3)
G3-HD3(6%) on the set X = Zg x I3 :
(00) 02’ 23’ 1,1z, 03): (Olt 03, 20: 13,13, 00)’ (02) 0o, 24, 13, 10, 01);
(037 01,22, 1o, 14, 02)3 (00) 11,53, 32, 211 13)) (211 0o, 12,43, 1o, 52),
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(0o, 42, 53,41, 12, 33), (51,13, 50, 12,43,00), (22,00,21, 13,40, 31),
(33, 01’ 42, 50, 21, 52), (OOa 411 031 32’ 51, 23)1
(31,003321 13, 59, 12)1 mod (6) —)~
G7—HD3(63) ontheset X =Zg x Z3:
(011 00| 11,52) 211 42), (011 0o, 51,42, 31a 32): mod (61 3)'
Gr-HD3(6*) on theset X = Zg x Z4 :
(12:41, 421 53,31:00)’ (22: 01, 32,23, 11)00)a mod (6a4);
(02y 51, 12, 53, 21)00) + ij) (30, 53, 107517 23: 02) + ij:
0<i<5 0<j<1
However, there exists a B[{3,4},1;m] for all m > 3,m = 0,1 (mod 3)
and m # 6 by [7]. So, there exist a G3-HD3(6™) and a G7-HD3(6™) for
m 2> 3,m=0,1 (mod 3) and m # 6 by Lemma 3.

Now, let us construct a Gs-HD3(6%*!) and 8 Gg-HD3(6%+1) for t > 1
by using directed product of automorphism groups, which is first introduced
in [17].

G5-HD3(62H'1) = (Zg X Zat41, .A), A= {A mod (6,2t + 1)}

A= {(001 3z,4-2,0z,5-2,0_z), (0o,5z,0-z, 4z,3-2,3;): 1<z < t}.

Ge-HD3(6%*!) = (Zg x Zae41,A), A={A mod (6,2t +1)}.

A= {(007 3::7 4—:1:’ Ox, 5—:, 50)a (OOa 3—::: 4::: 0—::: 5:; 20) 1<z < t}-
Direct constructions of a Gs-HD3(6%) and a Gg-HD3(6%) are listed as
follows.

Gs-HD3(6*) on the set X = Zg x Zy4 :

(001 13, 22, 31,12, 02), (OOa 331 52,11, 32, 22)1 mod (6i 4);
(0o, 33, 22,01, 12, 03) + %5, (02,3y,20,03,19,30) + i,
0<i<5, 0<5<1.
Ge-HD;3(6*) on the set X = Zg x Zy4 :
(003 13, 227 311 1o, 10)) (00’ 33, 52,13, 32: 10)) mod (6) 4);
(0o, 33, 22,01, 12, 1o) + %5, (02,3y, 20,03, 19, 42) + i,
0<i<5 0<j<l.
We know that there exists a B({3,4,5},1;7] for all n > 3,n # 6,8 by [7].
Thus, there exist a G5-HD3(6") and a Gg-HD3(6") forn >3 and n # 6,8
by Lemma 3. [ ]

3 Some results of G-design for certain orders

Lemma 9. There exist a G3-GD)(10) and a Gx-GDy(9) fork = 4,5,6,8,9
= A> 1

Proof. We can prove the necessary condition by Lemma 1. Now, let
us construct a Go-GD)(10) and a Gg-GD)x(9), where k = 4,5,6,8,9 and
A>1,

(1) k =4,8,9, Gr-GD5(9) = (25 U{z}, Ax mod 8),
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Aq:(3,2,0,2,1,5); As: (1,0, ,3,-1,2); Ao:(0,4,6,2,1,2).
(2) Gs-GD»(9) on the set (Z2 x Ia) U{=}:
(:‘L‘, 1, 0q, 03, 02, 01)’ (01,.’!7, 02, 12, 13303)1 (00) 11102'; 13, 03’02)a
(00,01,02, 13, 11, 12), mod (2, —);
Gs-GD,(9) on the set (Z4 x I2) U{z} :
(.’B,Oo, 11,21, 20, 10), (00, 21, 31, 10, 01, 30), mod (4, —).
(3) k =4,6,9, Gx-GD3(9) = ((Z3 x L) U{z1, T2, 3}, B mod (3, -
By : (z2,71,00,23,11,01), (z3,22,01,71,11,00),
($1,$3, 10a00a 11320)1 (11,00) 101$2) 21: 01);
BG H (32):‘:11 111 10700,'7:3); (21,23, 21a 10,01’ 11):
(01,00, 20, 11, 10, 73), (z2,%3,11,01,20,%1);
By : (2, %1,21,11,01,20), (11,%3,%2,20,01,10),
(01,$3,21, 2010(); 10)1 (2:2, 10)31,21)00’ 01)*
(4) k = 5,8, Gx-GD3(9) = (23 x I3, B mod (3,-)),
Bs : (0o, 21,22, 12,11,01), (01,22,20, 10,12,02),
(02’201211 15, 10)00)1 (001 1, 21) 1, 29, 10);
Bs: (11, 1o, 02, 00, 21, 12)) (121 14, 00, 01, 22, 10)a
(10,12,04,02,20,11), (11,00, 10,12,02,21).
(5) G2-GD3(10) on the set Z5 x I :
(10,00, 40, 21,01, 31), (30,00,20,41,01,11), mod (5,-);
G2-GD3(10) on the set Z5 x I :
(00’ 10)31a41: 2y, 20)’ (Ola 11, 30, 20, Oo, 21)1
(00,20,21,31, 10,01), mod (5,-).

For A > 1, denote A = 2- 3 (X even), or A = 2 253 + 3 (X odd). So, for
any A > 1, there exist a G2-GDx(10) and a Gx-GDx(9) for k =4,5,6,8,9.

Lemma 10. There erists a G2-GDy(6) <= 6|A.

Proof. It is obvious 3| is the necessary condition for the existence of
G2-GD)\(6). Let A = 3k,k > 1. If a G2-GD,(6) exists, the block number
of this design is 5k. Let X = Zs|J{z} be the vertex set of a Go-GD\(6).

Then all the ten possible block types are as follows.
T 1 T 1 T 1 T 2 T 0
0 % 2 0 % 2 0 % 3 0 % 3 3 % 1
4 3 3 4 2 4 1 4 4 2
T 0 z 0 z 0 z 0 z 0
2 % 1 2 % 1 1 % 2 1 % 2 1 % 3
4 3 3 4 4 3 3 4 2 4

Figure 2: Block types
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There are two differences(1 and 2) in Zs. The edges corresponding to the
difference “1” of Zs occur even times in every case above. So all edges
corresponding to the difference “1” in 5k blocks of this design, must also
occur even times. But the number of these edges is A - 5 = 3k - 5 = 15k.
Thus we get: 2|15k, i.e., 2|k. But 2|k — 6|X. On the other hand, if 6|\
and a G,-GDg(6) exists, then a G2-GD)(6) exists. List a G2-GDg(6) as

follows.
G2-GDg(6) on the set Zs | J{z}: (z,1,0,2,3,4), (=,1,0,2,4,3), mod 5.
|

Let graph G have m; vertices with degree d;,1 < i < r, and 2 m; = 6.

Suppose there exists a G-GDx(v) on a v-set V, with b blocks If some
element o of v-set appears in s; blocks as r;-degree vertices, 1 < i < t,
we call the element o have the degree-type r{'r32-..r{*. The proof will
consist of the following steps.

1° Find nonnegative integer solutions for equations

r T
2 diz; = A(v — 1) with restrictions Y z; < b and z; > 0. (%)
i=1 i=1
Its one solution (z1,z2,- -+, z,) = (a1, a2, *,@r;) means that some ele-

ment o of V may have the degree-type d**dy* ... dr™, 1< j <s.
2° Solve the further equations

8 8
Yyi=v and Y a;y;=mb, 1<i<r (**)
Jj=1 i=1
Each solution (1,2, +,ys) means a possible structure of G-GD,(v): Yj
elements of V have degree-type dy/d3” ---dr™,1< j < s.
3° For each solution obtamed above, discuss the existence of such
structure.

Lemma 11. There exists a Gg-GDx(6) <> A > 3 and 3|\.

Proof. It is obvious 3|\ is the necessary condition for the existence of
Gg-GD)(6). In order to prove the necessary conditions, we must get the
nonexistence of Gg-GD3(6). For a Gs-GD3(6), v = 6, b = 5, A =
3, (di,m1) = (2,2), (d2,m2) = (3,3), (ds,m3) = (4, 4) There are four
solutions for (), which are listed as a matrix A = (a.,)1 And the equa-
tions a;;y; = m;b, 1 <4 < r will be in this form.

0 2 1 0 u 10
1 1 3 5 2 - 15 |.
3 2 1 0 ys 20

Ya

Furthermore, the (#*) has only two solutions
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(v1,v2,93,92) = (0,4,2, 0),(0,5,0,1).
(1) For the first solution, let the two elements having degree-type 2!3%4! be
z,y. First, we arrange z and y in locations of 32, There will be the unique

N

Figure 3: The unique case

Thus, we can’t arrange z and y in locations of 4!.
(2) For the second solution, let the element having degree-type 3% be z. If
a Gg-GD3(6) = (X, A) satisfying this solution exists, (X \ {z},{A\z: A€
A}) will be a K3 3-GD3(5). But a K3 3-GD3(5) does not exist by [4). Soa
Gs-GD3(6) does not exist by (1) and (2).

On the other hand, we give the following constructions.

Gs-GDg(6) on the set Zs J{z}: (0,z,2,4,3,1), (3,0,z,2,1,4), mod 5;

Gg-GDy(6) on the set Zs | J{z} :

(4,7,2,0,3,1), (z,0,2,4,3,1), (3,0,2,2,1,4), mod 5.

For A > 3 and 3|\, denote A = 6 - % (Aeven),or A=6" 2‘-6'-'2 +9 (A odd).
So, for any A > 3 and 3|}, there exists a Gg-GD(6). [ ]

4 Main constructions

First, we list the following tables for the desired designs of the nine graphs.

Table 2: t > 1
A 2 3 6 9 18
v (mod 18) 0,10 3,7,13,15 | 4,6,12,16 5,11,17 28,14
HD 18”", gatFT 34z 6t T2 18% 17 18""‘, §2m"
G 1D (9,3) (10,4) (23,5) (20,
(29,11),(35,17) | (26,8),(14,5
GD 10,18,36 7,9,13 8,10 11,17,23 8,14,
15 12,16 41,47,53 38,44
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Table3: t >1,8>3,8#6,8,u>1,u#2

A 3 9
v (mod 9) 0,3,4,6,7 2,5,8
G, HD Cliid Claid
1D (12,3),(13,4),(15,6)(16,7) (11,2),(14,5},(17,8)
GD 7,9,12,13,15 11,
v (mod 18) | 0 (mod 9); 3,4,6,7,12,13,15,16 2,5,8,11,14,17
Gs HD gtFI 9. s"’ G g2Tr I 9% 6°% 6
D 9,3), (10 4y, (12 3) (11.2),(14,8)
(13,4),(15,6),(16,7) (17,8),(8,2),(11,5)
GD 8,7,9,10,12,1318, 811,14
v (mod 18) 3,4,6,7,12,13,15,16 3,5,8,11,14,17
HD Chidi ,18
Ga ID (12,3),(13,4),(15,6),(16,7) (11,2),(14,5),(17,8)
(21,12),(22,13),(24,15),(25,16) (20,2),(23,5),(26,8)
GD 6,7,12,13 811,14, 41,44
v (mod 18) 3,4,6,7,12,13,15,16 2,5 (mod 6)
HD geTTT g3TFT 6°
Gs ID (12,3),(13,4),(15,6) (8,2),(11,5)
(16,7),(21,12),(22,13)
GD 7,12, 8,11,14,17,38,41,50,53 |
v 3,4,6,7,12,13,15,16 (mod 18) 2,5,8 (mod 9)
HD getFI gIF!
Gs D (12,3),(13,4),(15,8) Direct construction
(26,7),(21,12),(22,13)
GD 5,7,12,13
v (mod 9) 3,4,6,7 2,5,8
HD 97T 9T 657 65 T o gt
Gy TD (12,3),(13,4),(15,8) {11,2),(14,5),(17,8)
(16,7),(9,3),(10,4)
GD 6,7,9,10,12,13 8,11,14,20,23,26 |
56,59,62,74,77,80
v 3,4, 6, 7(mod 9) 2,5 (mod 6)
Ga HD 90, 92!4-1' [axd 6t T2
1D (12,3),(13,4),(15,6) (8,2),(11,5)
(16,7),(21,12),(22,13) (8,2),(11,5)
GD 7,12,13,15,24,60,78 8,11,14,17
v 3,4,6,7(mod 9) 5 (mod 6)
Gy HD 97, 9“N i G
D 112, 3) 13, 4) (18.8) 18,2),(11,8)
(16,7),(21,12),(10,4) (8,2),(11,5)
GD 6,7,10,12,13 8,11,14,17

Now, let us construct the desired designs in the tables.

4.1 A constructing method for )\ =

Let G be a connected graph, |[V(G)| = m and |E(G)| = e. Consider the
graph design G-GD.(v) = (X, B). Let n = 2[$] — 1, which is odd. The
vertex set X is denoted by Z, (odd v) or Z, U {co} (even v). The block
221 (odd v) or 7+ 2 (even v) blocks. Let us construct

set consists of n -
221 (for odd v) or —'1'— (for even v) base blocks as follows.

Step 1.

Define a bljectlon from Z, to {1,2,-

|E(G)| or 2|E(G)

21} e (2a), where
—1

()=t (ift < 251) or n— ¢t (if t > 2FL). Then, the integers 1,2,

are partitioned into equivalent classes, each of which forms a cycle The
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cycle containing integer a (1 < a < "—;—1—) and its length is denoted by (a)
and [(a) respectively. The length s = l(a) is the minimal positive integer
satisfying a - 2° = %a (mod n). Obviously, I(a) < l(1) for 1 < a < 23, All
the cycles form a graph H,, which is 2-regular.

Step 2. For any a € [1, 232] and l(a) > 3, take an injection f from V(G)
to M = {ma: —25! <'m < 231} such that the integer (f(z) - f(y)) is in
the cycle (a) for any edge zy € E(G). Note that f is an injection if and
only if f(z) # f(y) for any z # y € V(G). When |V(G)| < 7, the set M
may be restricted to the 7-set: {—2a, —a,0,a,2a} T, where T = {3a,4a},
or {—3a,—4a}, or {3a,—3a}, or {4a,—4a}. Then, for z # y € V(G), the
equation f(z) = f(y) holds only to the following cases:

1° 0=+43a, +a=*4a, ta=F2e, *2a=F4a, 3a=-3a,

= n = 3a, l(a) =1 and (a) is the unique 1-cycle;
2° +a=F4a, *2a=7F3a,
= n =5a, l(a) =2 and (a, 2a) is the unique 2-cycle.
Furthermore, there is another related case

3° 7 = 15a, there is the unique 1-cycle (5a) and the unique 2-cycle
(3a,6a).

Therefore, we only need to discuss the four cases:

Case 1 gcd(n,15) = 1, and the length {(a) > 3 for any cycle (a) in
H,. The injection f here gives a base block B,. But the base blocks
A= {B;: 1< a< 23} will cover all differences in Z, e times. In
fact, let the cycle (a) be (a,2a,4a,--+,2°"'a) and each 27a, as edge-value
(f(z)— f(v)), appear ; times in the base block B,, where 0 < j < s—1 and
s=1
Y ij = e. Then, the all edges in B,, Bzg, -+, Bs.-1, will take edge-values
j=0
::s follows.

Table 4: Edge-values

a 2a 2%a ... 2% 2° la
Ba 'iO il i2 ot 'is—2 z'a—l
Baa 1s—1 %0 131 te 15-3 152
Bys-1, 13 i2 i3 K 1s5—1 10

Thus, the base blocks B,, Bag, ***, Bas-1, corresponding a, 2a, - -, 28-1qg
in the cycle (a) cover the differences a, 2a, - -+, 28-1g ¢ times.
Case 2 n =3band b# 0 (mod 5), there is the unique 1-cycle (b).
Case 3 n =>5band b# 0 (mod 3), there is the unique 2-cycle (b, 2b).
Case4 n = 15b, there are the unique l-cycle (5b) and the unique
2-cycle (3b, 6b).
Step 3. For the Cases 2, 3 and 4, the method stated in step 2 can not be

496



used for 1-cycle or 2-cycle because, replacing a by b, 2b, 3b, 5b or 6b, the
number of the available integers in the set M are less than six. We may
change a few base blocks in .A corresponding to cycle (1) (or b when n = 15b)
and add some base blocks relating to the elements b, 2b, 3b, 5b, 6b. Note
that the edges in these changed and added base blocks belong not yet to
one cycle (but two or three cycles).

Step 4. For odd order v, the graph design G-G D, (v) will be obtained after
Steps 2 and 3. For even order v = n + 1, we need to add one vertex oo to
the vertex set Z,, to change some base blocks in A corresponding to cycle
(1), and to add some base blocks containing oco.

Remark: The method can be used to construct G-GDse(v), too.

Lemma 12. There ezists a Gg-GDg(v) for v=2,5,8 (mod 9).

Proof. Using the method mentioned above, we list Table 5. First, the base
block B, for odd v and I(a) > 3, i.e., case 1 (odd), is given in the first row.
The given vertex-values f(z) are obviously in {0, +a,+2a} |JT pointed in
Step 2. We denote A = {B, : 1 < a < 27!} for the B, listed in the
first row, then the base blocks for other cases will be uniformly denoted
as (A\C)UC'UD, where C is a few base blocks in A like B;, Ba, By or
By, Byy, - - -, which is changed to C' (denoted by —), and D is a few added
base blocks. We need not consider case 2 because v # 0 (mod 3) and
v —1# 0 (mod 3) for v = 2,5,8 (mod 9).

Table 5: Constructions for Gg

odd v(case 1) A (a, 2a,3a, —a,0, 4a)
odd v(case 3) c’ By:4—b,By:8 —2b
n = 5b D (1,26+1,b4+1,-b+1,-2b+1,-2b-3) x 2
odd v(case 4) c Byt : 2°4b — 5b,t = 0,1,2,3
n=15b D | (3b,6b,9b, 12b,0,5b) x 2, (5b, —5b, 2b, 4b, 0, 5b)
even v c! By:-1-00,By:-2— o0
(case 1) D (4,-4,00,2,0,1)
even v(case 3) lud By:4—2b
n = 5b D (1,2b+1,b4+1,00,-2b+1,-b+1)
(1,26 +1,b+4 1,00, —2b + 1, -2b — 3)
(2,—b+2,2b+2,00,b+2,3b +2)
even v(case 4),n = 15b even v(case 1)+odd v(case 4)

Lemma 13. There ezists a G7-GDg(v) for v = 26, 56.

Proof. There exists a G7-HD3(6™) for m = 4,9 by Lemma 8. There
exists a G7-1D3(6+2,2) by the construction in §4.3 below. So, there exists
a G7-GDg(v) for v = 26,56 by Lemma 2. n
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Below, we list all the other desired G1-GDys(v) and G;-GDg(v) for
i=314,57,8,0.

Table 6: Constructions for G; and Gj

v G, Gs
11,17,23,41,47,53 | A | (2a,-24,0,-—a,a,3a) | (0,aq,2a,4a,3a,—a)
8,14,20,38,44,50 | C’ 2xB3:0— 00 By:1=00
Bi:—-4— 00 By:2— 00
D | (0,200, -8,—4,4), 0,4,3,00,1,2)
(6,10,00,0,2,4)

Table 7: Constructions for G4 and Gs

v G, Gs
11,17,23,41,47,53 | A | (—2a,2e,0,qa,3a,-a) | (a,2a,3a,—a,0,—3a)
8,14,20,38,44,50 | C’ By:=-1—00 By:-1—>o00
Bz:-2— o By : -2 — 00
D (-2,2,0,8, 00, -1) (0,4, -4,00,2,1)

Table 8: Constructions for G7,Gs and Gg

v G7 Gg GQ

11,17 A | (a,0,-2a,2a,3e,-a) | (a,0,—2a,—4a,—3a,—a) | (—2a,2¢,44,0a,0,—a)
23,59,77

8,14,20, | C’ By:1— 00 B:—4— 00 By:—4— 00
62,74,80 By:2—- 0 By:—-4—- By: -8 —cc
D (1,0,-2,2,4, 00), (4,0, —8,2, 0, 8) (0, 8,4,-8,0,2)

4.2 Constructions for GD

In this section, we construct all the left Gx-GDy(v)s listed in Tables 2 and
3,1 < k < 9. For the block B, B x n means n times of the block B. The
vertex set is taken as—

Z, for v=17,11,13, 186, 25;

Zy—1J{z} for v =6,8,12, 14,18, 24, 36, 60, 78;

Z3 x Z3 for v=19; Zs x I for v = 10;

(Z7 x I2) | J{z} for v = 15.
G1-GD5(10): (21,01,00,31,10,11), (31,41, 0o, 20, 40,01), mod (5, —).
G1-GD,(18): (0,7,1,,3,8),(0,5,1,9,3,7), mod 17.
G1-GD3(36): (0,14,2,22,19,29),(0,21,9,16,1,z),
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GI-GD3(7) :
G 1-GD3(13):
G1-GDs(15):

G1-GDg(6) :
G 1-GD5(12):
G1-GDg(16):
G2'GD3 (7) :
G5-GDs(9) :

Gz-GD3(12)Z
G2-GDs(13):
Go-GDs(15):

GQ-GDQ(S) H
G2-GDo(11):

Ga-GDy(14):

G3-GDs(6) :
G3-GD3 (7) H
G3-GDs(9) :

Gg-GD3(12):
Gs-GD3(13):
G3-GD5(18):
G4-GD3(6) :
Gq-GD3(7) .
G4-GD3(12):
G4-GD3(13):
Gs-GD4(6) :
Gs-GDs(7) :
Gs-GDs5(12):
Gs-GDs(13):
Gs-GD3(6) .
Ge-GDs(7) :
Ge-GDs(12):
Ge-GD3(13):
G7-GD5(6) :

(0,1,3,22,13,5), (0,17,4,15,11,5), mod 35.
(0,6,1,5,2,4) mod 7.

(5,3,0,4,6,9),(3,4,0,12,5,11), mod 13.

(607 21100, 207 01:31),(10)6].:501 511 30’00)3
(10,13,01,31,11,20),(30,$,01,31,21,00),

(40,:1:, 21,60,01, 1]), mod (7, —).
(=,3,0,2,4,1),(0,1,2,3,4,z), mod 5.
(4,7,2,0,z,6),(0,5,1,7,3,4), (0,5,1,6,3,4) x 2, mod 11.
(0,7,6,8,1,3),(12,6,1,0,3,9),(0,5,1,9,3,7) x 2, mod 16.
(0,6,5,2,4,1) mod 7.

(00,12,21,22, 11,01) mod (3,3),

(00,11, 01, 12,02, 19) mod (3,-).
(z,4,0,5,2,9),(7,3,0,1,2,5), mod 11.

(0,1,4,8,10,6), (0,1,3,6,2,8), mod 13.

(IL', 001 10; 30, 607 20): (Z, 011 21,31’61’41)v (00: 11’20) 31, 6o, 01),
(0o, 20, 40,01, 50, 21), (01, 31, 61,00,4;, 10), mod (7,-).
(z,0,3,6,5,2), (,0,3,6,5,4),
(z,0,3,6,5,1),(0,1,3,4,6,5), mod 7.
(0,1,2,3,6,4),(0,1,3,2,5,8),(0,1,7,2,3,6),
(0,4,8,1,6,2), (0,7,3,8,4,6), mod 11.
(.'z:, 1,5,0,6,12), (z,5,4,0,9, 11, (z, 0,2, 6, 10, 5),
3,6,4),(0,1,3,2,5,8), (0,1,7,2,3,6),
7,3,8,4,6), mod 13.

(2,4,0,3,2,1) mod 5.

(0,2,5,6,1,3) mod 7.

(001 12, 22’ 21’ 1, 20) mod (3: 3)7

(003011 12,13, 1o, 02) mod (3’ —)'
(z,4,0,3,1,5),(6,0,1,3,9,4), mod 11.
(9,3,1,4,0,5),(1,3,9,2,5,0), mod 13.
(2.0.7,9.6,4).(0,8,1,6,15,13),(0,1,7,6,3,8), mod 17.

-

(1,0,2,4,3,z) mod 5.

(1,5,0,4,6,2) mod 7.
(2,5,8,z,1,0),(0,2,1,3,9,4), mod 11.
(3,2,5,0,4,12), (1,4,0,12,9,7), mod 13.
(0,4,2,3,z,1) mod 5.

(0,4,1,2,6,5) mod 7.
(0,z,4,5,3,6),(0,3,1,5,2,4), mod 11.
(0,3,8,6,2,10), (0,4,1,7,5,9), mod 13.
(2,:1: ,3,0,4) mod 5.

499



G7-GDs(7) : (5,0,3,1,2,6) mod 7.

Gr-GDs(12): (1,0,5,9,7,2),(8,0,1,6,10,7), mod 11.

Gr-GDs(13): (10,4,1,0,5,6), (5,0,2,8, 10,6), mod 13.

Gs-GD3(7): (6,0, 2,4,1,5) mod 7.

Gs-GDa(12): (z,0,4,5,2,3),(10,0,2,5,1,4), mod 11.

Cs-GDs(13): (3,6,12,8,4,0),(1,5,7,8,6,0), mod 13.

GS'GD3(15): (00’ 29, z, 41561)31)1 (10a 30,04, 64, 11100)1 (001 10,40, 51, 31, 61),
(00,303 20)31’41)51)7(2051‘, 31, 60r01’ OO)y mod (7s _)-

Gs-GD3(24): (z,0,5,4,2,3),(11,0,7,6,2,10),
(7,0,11,9,1,2), (9,0,4,11,1,7), mod 23.

Gs-GD3(60): (29,0,31,28,1,27), (29,0, 24,22, 2, 26), (13,0,25,20,2,12),

(17,0, 20, 18, 16), (14, 0, 16, 15, 3, 10), (14,0, 16, 15,1, 9),
(8,0,10,9,1,6),(=,0,6,4,3,2), (24,0, 26, 25,3, 21),
(19,0,25,21,2,7), mod 59.

Gs-GD;(78): (37,0,38,36,1,39),(37,0, 36, 35, 2, 34), (32,0, 34, 33, 3, 29),
(11,0,18,12,2,8), (29, 0,33, 31,1, 25), (<, 0,12, 5,2, 1),
(18,0,20,19,3,9),(7,0,11, 10, 3,4), (26,0, 28, 27,2, 21),
(23,0,27,25,3,17), (23,0,31, 28,1, 16), (21,0, 23, 22, 2,13),
(18,0,14,15,1,13), mod 77.

Go-GD3(6) : (2,0,2,4,1,3) mod 5.

Gy-GD3(7) : (6,0,3,5,1,2) mod 7.

Gys-GD3(12): (z,0,4,5,3,1),(8,0,6,2,1,5), mod 11.

Gs-GD3(13): (3,0,1,4,6,12),(7,2,0,11,5,6), mod 13.

4.3 Constructions for ID

In this section, we construct all G-I Dy (v, w)s listed in Tables 2 and 3 for

1<k<09.

Gl-IDg(g, 3): Zs U{:Bl, T2, .’1:3}
(xly 21 17 57 0, 3), (xl, 0’ 2) z3, 47 1)9 (3:3: 3a 2) Z2, 51 1)1 (zla 5, 37 4’ 0) 1);
(:52: 3’4) x1, 5: 0)1 (3;'2, 2) 0) x3, 4) 1), ($2, 51 31 3, 1! 2)! (372, 1: 3) 29 4, O)a
(131,4,2, 1,3, 5)’ (1’3,0, 1,4,5, 2)) (323,4, 5, 2’033)

GI'ID3(23$ 5): (ZQ X I2) U{ml’x% ) 325}
(21,00, 01, Z2, 10, 21), (%2, 0o, 21, 3, 80, 61), (23, 00, 21, T4, 80, 61),
(z4,30,01,Zs, 40, 81), (%5, 30,01, 21,40, 81), (01,41, 11,51,31,81),
(00,40) 10, 50, 301 80)1 (01: 007 111 407 311 50)a
(00)01, 10, 41,305 51)’ mod (9’ _)'

G1-1D3(29, 11): (ZQ X I2) U{.‘Bl, Ty ", IL‘n}
(1,01, 00, z2, 10, 21), (z3, 31, 00, Z4, 30, 11), (11, 30, 01, Z1, 40, 81),
(x7,00,21,s, 80,61), (4, 71,30, Zs5, 01, 31), (6, 21, Lo, 7,01, 41),
(s, 30,01, Z9, 40, 81), (9, 00, 01, Z10, 10, 21), (10, 00, 21, Z11, 80, 61),
(zs, 51,00, Z6, 40, 41), (z2, 31, 1o, 73,01, 11),
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(oiy 1:,24,4;, 75, 3i)si =0,1, mod (9, —)'
G1-1D3(35, 17): (Zg X I2) U{xl, Zgo, ", $17}
(15, 60,81, 216,00, 11), (10, 21, 01, Z11, 11, 00), (%11, 40, Op, Z12, 30, 31),
(13,00, 21, %14, 80, 61), (14, 30, 01, Z15, 40, 81), (z7, 40, 00, T8, 30, 61),
($3, 40, 0o, Ty, 301 21)1 (zly 207 OOs z2, 1o, 11)’ ($2, 211 01,&'3, 1, 00)7
(231 411 01)“’97 313 70)) (397 201 00; Z10, 10) 5])9 (34, 411 011151 31; 10)’
(25,20, 00, z6, 10, 81), (6, 21,01, 27, 11, 40), (216, 20, 01, Z17, 30, 61),
(217, 50, 51, Z13, 00, 41), (%12, 41, 01, 71, 31, 40), mod (9, ).
G1-1Dg(10,4): (22 x I3) U{z1, z2, x3, 24}
(xl, 12,00,133, 01) 10)) (123,02, 00, 1o, 14, 12)) (221, 11301) 10; 12: 00)7
(:317 12,02, Z4, 0o, 01)9 (24: 003013$11 02’ 11)’ (xll 10s00)349 11, 12)a
(z2y 11,01, 24, 12,00), (z2,01,02, 24, 00, 12), (22, 19, 09, 24, 01, 12),
(z2,11,01,24,02,00), (3, 12,02, x4, 00, 11), (23, 09, 01, 12, 02, 1o),
(:33, 01) 12)3:2, 00, 11)7 mod (2, —)
G1-1Dg(14,5): Zg|J{z1,22, -+, 25}
(a:l, 1, 0, Z9, 2, 4), (zz, 0, 2, T3, 4, 1), (.’L‘3, 0, 3, T4, 6, 2),
(z4,0,3,zs5,6,2), (z5,3,0,21,4,8),(0,1,2,3,4,5), mod 9.
Gl-ID5(20, 2): le U{z1,x2}
(21,9,0,2,3,7), (22,8,0,71,3,7), (0,11,1,4,8,7), (0, 16,1, 4,3, 2),
(0,13,4,8,9,5), (0,12, 5, 16, 11,6), (0, 12,2, 10,8, 6), mod 18.
G1-1Ds(26,8): Z1gU{z1, %2, ", 28}
(25,0,1,6,2,3), (26,9, 0,27,2,5), (27,9,0,28, 2, 5), (2s,9,0,21,2,5),
(21,0, 4,72,8,12),(0,12,5,16,11,6) x 2, (z3,8,0, z4, 10, 2),
(24,8,0,25,10,2),(0,16,1,4, 3,2), (z2,0,4,23,8,12), mod 18.
G2-1D3(11,2): Zg|J{z1,22} (21,1,0,4,22,3),(3,1,0,4,7,5), mod 9.
G2-ID3(12, 3): (Za X 13) U{.’Bl,xg,z's}
(z1,20, 12,00, 23, 11), (1,21, 10, 01, 22, 02), (01, 11, Op, 21, Z3, 12),
(32, 0p,12,14,2,, 02)’ (.’32, 0o, 1o, 12,21, 20)7 (.'131, 02,01,22, z3, 20)s
(OOa Ola 111 101 12: OQ)a mod (3) —)‘
G2-1D3(13, 4): (Za X I3) U{.’El, xy, .'1:3,1:4}
($1, 20) 12s 001 3, 11)1 (zly 211 101 01,$2,02), (1'1,02: 01: 22)3:3) 20)’
(00,01,11, 1o, 12,02), (01, 11,21, 12, 22, 00), (4, 11, 0o, 21, 73, 12),
(z2,00,12, 11, 24,02), (z2, 0o, 1o, 12, Z4, 20), mod(3,—)
G2-ID3(14, 5): Zg U{:L'l, Io,*--, 1‘5}
(zll 1) 0’ 31 Z2, 2); ($3a 29 Os 4) T4, 3)) (15, 4’ O’ 57 27 1)) mod 9.
GQ-ID3(15, 6): (Za X 13) U{:l:l,xg, se ,.’l:s}
(z1,20, 12,00, 23, 11), (1, 21, 10, 01, %2, 02), (x4, 11, 00, 21, 73, 12),
(2,00, 12,11, 24,02), (z2, 0o, 10, 12, Z4, 20), (%5, 01, 11, 1¢, 12, 02),
(e, 11,21, 12,22,00), (x5, 00,04, 11, Zs, 12), (25, 1o, 0o, 01, z6, O2),
(zls 02’017 221 Z3, 20); mod (3’ -)
G2-1D3(16,7): (Z3 x I3) {1, 22, -, 27}
(xl’ 20, 12’ 00’ Ta, 11), (21, 21, 101 01, Z2, 02)1 (x47 11, 00’ 21, z3, 12)1
(z2,00, 12, 11, 4,02), (2, 0o, 10, 12, Z4, 20), (s, 01, 11, 1o, Z7, 02),
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(-'L'Ga 111 211 121 22300): ($5: 001 T7, 11) T6, 12); (351 10; 001 01’ T6, 02)7
(x'h 001 01! 211 029 12)1 (zli 0‘2, 01)22) 3, 20)7 mod (31 _)'
Gz-ID3(17, 8): Zg U{xl, T2,y xs}
(mla 1, 0; 3) T2, 2)y (.’B3, 2) 0; 41 T4, 3)1 (.’135, 3’ 0) 1’ Zs, 4)’
(z7,1,0,4,z5,2), mod 9.
Gs-IDs(ll, 2): Zg U{:z:l,:z:g} (.'cl, 4,0, 5, T2, 2), (0, 1,4, 5,2,3), mod 9.
G3-ID3(12, 3)! (Z3 X I3) U{:cl,:rg,:z::;}
(00131: 221 10)2:2’ 01)1 (Olsmla 10’ 11,532, 12)) (013553’ 10: 211003 02),
(20, 3, 11,00, 02, 12), (20, 23, 22, 12,01, 11), (10, 01, o, 12, 11, 22),
(02,21, 20,12, %2,01), mod (3, -).
G3—ID3(13,4): (Z3 X 13) U{x1,$2,$3,m4}
(0o, 1,02, 10, %2, 21), (11, %1, 02, 01, 22, Oo), (1o, Z3, 01, 0o, Z4, 12),
(11,23, 00,01, z4,02), (12, Z3, 20, 11,02, 21), (0o, 01, 02, 10, 22, 11),
(201$41 021 12’ 001 11)) (121 3313001 02)3:2, 01)1 mod (3’ —)'
G3-ID3(14, 5)1 Zg U{21,$2, e ,25}
(0,z,,5,2,22,1), (0, z3, 7, 3, 4, 2), (5, 5,0, 7, 3,4), mod 9.
Ga-ID3(15,6): (Z3 X Ia) U{xl,zg, rey :L‘e}
(10,21,02,00, x2, 11), (11, 21, 02, 01, z2, 00), (10, 73, 22, 00, 24, 21),
(11,173, 10’ 01’ Z4, 22)) (12a 3, 00: 22; T4, 01), (101 Ts, 00) 11’ g, 01)1
(12’ Ts, 02,00,-’136, 10)a (011 s, 21) 22;‘”6: 12): (00) 211 11) 101 02) 12);
(22,11, 00, 12,$2, 21), mod (3, —).
G3-1D3(16,7): (23 x I3) U{z1,22,"" -, z7}
(101 31:02, 00, 7, 11)’ (11$ 1, 027 Ola T2, 00): (10) 3, 22’ 007 Z4, 21)1
(11: 3, 10) 01,334, 22), (127 3, 00, 22, T4, 01)) (10s s, 00: 11,x69 01),
(12)3:5: 02,00936) 10)) (01) s, 211 22az6) 12), (00) Z7, 111 109 02a 12)1
(01,27, 00,21, T2, 22), (22, Z1, 0o, 12, %2, 21), mod (3, -).
G3-ID3(17, 8): Zg U{:L’l, T2y, xs}
(xla 21 Os la z2, 5)7 (1"3) 3? Oy 4, T, 2)1 (3:5’ 2; 0) 4a Iy, 5)1
(z7,2,0,4,z5,1), mod 9.
G3-ID3(8,2): (Z3 x I2) | U{z1,z2}
(101 011 20) 11’ 211 00)’ (lla T, 10’ OOy:L'Za 01)’
(OO: i, 011 11) z2, 10)a mod (3’ _)'
GS'IDS(Q, 3) {1, 2,-- 16} U{zh T2, 33}
(51 z2, 3: 1,z3, 6), (4’ z1,1, 2, T2, 3)7 (2, z1,9, 3, 2, 6)) (333, 1, 31 5, 61 4))
(ZL‘3, 2, 6$ 4) 1) 5)1 (x3, 31 51 2: 4, 6)3 (.'133, 41 11 3) 61 5)v (27 z1, 5, 41 T2, 6)1
(5,1‘1, 6: 1vz3a 2)1 (3,.’1:1, 1v 2v 22’4) x 2.
G3-I.D3(10, 4)2 {1, 2, Tty 6} U{xl,:z:g,:z:a, 24}
(3a$15 1) 2,$2,4)X2, (41 Ty, 1) 2» T2, 3): (21 1, 5v 3)321 6)a (2,1"1753 4,19, 6):
(51 Ty, 2; 4) x3, 6)1 (5a T2, 3’ 1$ z3, 6)1 (x‘h 31 1) 5, 41 6)’ (51 3, 17 37$41 2)7
(3, z3, 1) 6: T4, 5); (61 x3, 41 ls T4, 3)) (51 z3, 4, 6) Z4, 2)v ($4, 2: 67 47 1! 5)'
Gs-1D3(11,5): (23 x I) U{z1, %2, -+, 25}
(01,21, 10,00, %2, 11), (00, 1,01, 11, Z2, 10), (01, 4, 11, 00, z5, 10),
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(00, z3, 1o, 011 s, 11)1 (01,2?3, 0o, 10,$4, 11)) mod (3: _)~
G4-ID3(11, 2): Zg U{zl, 1‘2} (:Bl, 3, 0, 6, Zo, 4), (0, 1, 2, 7, 5, 3), mod 9.
G4-ID3(12,3): (Z3 X I3) U{xl,zg,ma}

(zla 20, 02| 12, 01) 11)7 (zla 12’ 11’ Oli 10>00)7 (1‘2, 22,00s 10733:01):

(172’ 209 Olv 11’ Z3, 02); (3:2; 00, 02’ 12) 3, 21)» (OUv 011 02, 11) 107 22)1

(zla 12, 01) 22) 00, 10), mod (31 —)'

G4-I.D3(13,4): (Z3 X Ig) U{zl,mg, ms,:L‘q}

(xla 20, 02, 12a x4, 11), (mly 12: 11,01s Z4, 00): (32’ 22’001 101 3, 01))

(321 20’ 01: 15,23, 02)7 (.’22, 0o, 02, 12’331 21)’ (007 011 02, 111 1o, 22))

(01,24, 1o, 0, 02,2;), (21, 12, 01, 22, 0o, 10), mod (3, -).
G4-ID3(14, 5): Zg U{l‘l, Ty ,.’B5}

(zl, 1,0,3, z, 2); ($3y 2,0,4, 24, 3): (.’L‘5, 5,0,4,2, 1), mod 9.
G4-ID3(15,6): (Za X I3) U{:z:l,xg, ey xs}

(00, I, 111 10a 1211:2)’ (001 $1,02, 10; 011 32)’ (113 z3, 221 021 10) 224),

(203 3, 011 221 02,$4), (20a Zz3, 02; 019 11: 3:4)9 (10’ Ts, 017 11: 12, xﬁ)a

(12’ s, 00, 22: Olv xﬁ)v (217 s, 02; 12: 10’ zﬁ), (20: 00, 10, 22’ Ola 21))

(01,1‘1, 12, 11, 20, fL‘z), mod (3, —).

G4-ID3(16, 7): (Z3 X .[3) U{xl, T, ,237}

(20a 1:1,01, 00, 22) 22)’ (OOy xy, 121 107 11) $2), (02) z3, 211 00, 101 xll)a

(001 T3, 02’ 011 111 $4), (117 z3, 12’ 021 20) $4), (20, T5, 01, 101 22; xﬁ)’

(00) Zs, 211 029 12: $L'7), (211 Z6, 123 021 0071:7)) (2173:57 22a 00) 10s $7),

(00: g, 01, 21,021 11)1 (011 x1722y00’ 10; 372), mod (37 _)'
G4'ID3(17v 8): ZQ U{zlaz2| Y $8}

(zly 1) 0, 8? z2, 2)1 ($3, 2s 07 71 4, 4)’ (275, 47 0, 3$ Zg, l)a

(z7,3,0,6,2g,4), mod 9.

G4-ID3(21, 12): (Z3 X I3) U{a:l,a:g, ey :1:12}

(Lo, 9,01, 20, 02, 212), (21, 211, 02, 01, 00, £12), (10, 1, 01, 20, 02, T2),

(10,77,00, 2,01, 73), (12, Z10, 10, 02, 11, 24), (O0, 9, 11, z3, 02, Z11),

(12, g, 001 Z3, 2].’ 02)1 (11, 011 02, 101 00: x4)) (107 s, 00: i, 01: 376),

(11, 2s,01, 21, 02, 76), (12, 5, 02, 21, 00, Z6), (12, T11, 10, 02, 11, Z12),

(117 Z7, 01, z2, 02) $8)) (12’ Z7, 02, T2, 00$ 938), (019 10, OOs z3, 129 274),

(21,:223,02, 01, 10,:!:10), mod (3, —).

G4-ID3(22, 13): (Z3 X Ia) U{:L'l,xg, e ,Sll]a}

(Lo, z11, 01, 20, 02, Z12), (21, 211, 02, 01, 0o, Z12), (11, 27, 01, Z2, 02, z8),

(12, 7,02, 22,00, zg), (11,01, 02, Lo, 0o, 24), (10, z1, 01, 29, 02, T2),

(217 3, 027 011 107 m13), (127 13, 10: 02$ lla 24)7 (103 Ts, 00! z, 01’ 36):

(11,%5,01, 71,02, 76), (12, T5, 02, %1, Oo, Z6), (10, z7, 0o, z2, 01, Tg),

(0o, z9, 11,23, 02, Z10), (01, Zo, 12, 23, 00, Z10), (01, Z13, Og, 02, 12, z4),

(12, zg, 00, 3, 21, Z10), (12, Z11, 10, 02, 11, Z12), mod (3, -).
G4-1D3(24,15): (Z3 x Is) U{z1, 22, - yZ15}

(10,%11,00, 3,01, Z12), (11, %11, 01, %3, 02, 212), (20, Z13, 11, 09, 02, Z14),

(11,713, 02, 21, 20, %14), (12, %13, 0o, 22, 21, Z14), (1o, 9, 0o, T2, 01, Z10),

(11, 29,01, 22, 02, Z10), (12, Ze, 02, Z2, 00, Z10), (1o, %15, 01, 20, 22, Z5),
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(2la T15, 021 121 00$ 135), (12) Z15, 00) 22: 0193:5)9 (005 T4, Ol,mﬁv 02: 10)1
(011 T4, 02, g, 00: 23), (12: o, 01, Te, 001 $2), (00’ X7, Olazlv 021 zs)a
(01) z7, 021 r, 00, $8)1 (02’ T7, 00, T, 01) $8)1 (121 Z11, 02, z3, 001 1712),
(0o, z6, 11,01, 22, 24), mod (3, -).

G4-1D3(25,16): (Z3 x I3) U{z1,z2, " ,Z16}

(10,11, 00, 73,01, Z12), (11, Z11, 01, %3, 02, Z12), (20, Z13, 11, 00, 02, Z14),
(11,713, 02, 21, 20, Z14), (12, Z13, 00, 22, 21, Z14), (L0, Z15, 01, 20, 22, Z16),
(21,15, 02, 12,00, Z16), (12, Z15, 00, 22, 01, Z16), (10, Z9, 0o, T2, 01, Z10),
(11,9, 01, T2, 02, Z10), (12, Z9, 02, Z2, 0o, Z10), (Qo, Z4, 01, Te, 02, T5),
(01:$47 021 e, 00;35)1 (121 x, Olyx6)00a$2)r (OOa x7, Olaxla 02: 28))

(013 Z7, 02a Ty, 001 xS)a (02, T7, 00$ xy, 019 18); (00,.’33, 11) 01: 22’ .'24),

(02, 25, 1o, 00, 21, Z6), (12, 11, 02, Z3, O, Z12), mod (3, ).

G4-ID3(20, 2): (Zg X I2) U{.’Bl,zz}

(80, 1,51, 00, 10, 22), (61, Z1, 30, 01,41, Z2), (11,01, 31, 10, 0o, 20),
(41101a L, 70a 40,00)1 (00’ 30, 21,01’61a40): (10100a 30: 11: 0y, 21)a
(41, 01, 40, 81, 20, Oo), mod (9, —).

Gy4-1D5(23,5): (Zo x I) U{z1,22,--,25} (50,%3,01,31,00,%4),
(70,3:1, 31y001 20) Zg), (31’ Z1, 001 30: Ol’ 32)’ (11,1‘3, 30: 01) 4la $4),
(00: Ts, Ola 21) 601 11)’ (407 Ts, 00! 507 71’ 21)1 (10’ 00: 30’ 117 01)21)t
(11s01331! 10) 00! 20), (40)00s 101 71’41: 01)’ mod (9’ —)'

G4-ID3(26, 8): (ZQ X Ig) U{:t]_, T, ", a:g}

(70,21, 31,00, 20, Z2), (31, Z1, 00, 30,01, 22), (11, 23, 30, 01, 41, T4),
(50, %3, 01,31, 00, 4), (00, 5, 01, 21, 60, 11), (10, 00, 30, 11,01, 21),
(40, s, 00, 50, 71,21), (11,01, 31, 10, 00, 8), (40, 00, 10, 71, 41, T8),
(20, T8, 11,00, 70, Z7), (31, Ts, 40, 01,41, T7), mod (9, ).

Gs-ID3(12, 3): (Zs X I3) U{xl,zg,xs}

(00, 31922’3:2, 1y, 10)) (01) z, 101 T2, 22’ 11)! (00):1"31 12, 11701’22)$
(01,$3’ 10: 003 12: 20): (02’:”3: 117 12, 007 21)1 (00921101722102a 10)$
(0‘2,“’1:01,“"2’001 12)a mod (37 _)'

G5-ID3(13, 4)2 (Z3 X Ig) U{zl,zg,xa,m}

(00) ), 22,22, 211 10)a (Ol,xla 1o, z2, 22, ll)a (00,1:3, 1, llsol) 22)a
(01,23, Lo, 0o, 12, 20), (02, 3, 11, %4, 0o, 21), (O, T4, 01, 22, 02, 1o),
(111 Iy, 00: 12s 2‘2, 01)) (0293:1’01» T2, 00) 12)) mod (33 _)~

Gs-1D3(15,6): (Za x I3) U{:cl, To,**,T6}

(00’ Iy, 1, 2o, lly 10): (Olyml,OOa T2, 027 ll)a (00’173) 02,:341 21: 10)’
(01,3, 1o, T4, 22, 11), (02, Z3, 21, Z4, Oo, 12), (02, 75, 11, Z6, Lo, 12),
(01, s, 20, T6, 02, 12), (02, Zs, 01, Z6, 20, 10), (00, 21, 11, 1o, 12, 01),
(02,171,21,:62, 10, 12), mod (3, —).

G5-1D3(16, 7): (Z3 X I3) U{a:l,azg, ey 937}

(0o, Z1, 12, T2, 11, 10), (01, Z1, 0o, 2, 02, 11), (0o, 73, 02, Z4, 21, 1o),
(01) T3, 103 Ty, 22, 11)3 (02) I3, 21: Z4, 00: 12)) (02, Ts, llaxﬁs 10, 12),
(01, Zs, 20, Tg, 02, 22), (02, Z5, 01, Z7, 20, Lo), (Oo, 6, 11,27, 12,01),
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(00,.’37, 01, 21, 02, 10), (02, Ty, 21,232, 10, 12), mod (3, —).
G5-1D3(21, 12): (Z3 X I3) U{.'L‘l, o, ", :clz}
(OOazlr 10:$2a Ol,xll), (011 1, 11’ T2, 02’ 311), (00’ 3, 10)34) 011 zlﬁ)a
(01,3, 11,24, 02, 712), (02, T3, 12, T4, 00, Z12), (0o, T5, 1o, Z6, 01, Z11),
(01, 25, 11, 6, 02, 211), (02, T5, 12, T6, Lo, Z11), (22, Z9, 01, Z10, Lo, o),
(11,-'397 00, Z10, 227 02)1 (001 g, 12,.’610, 21’ 22), (llsm7s 00: xs, 22’ 20)’
(123 x7, 01;938, 10, $12)1 (00!$7, 12,:58’ lla z12)’ (21a Z11, 00)1'12) 1231:12),
(02azh 1213:2’00’2:11)’ mod (3s _')'
G5-ID3(22, 13): (Z3 X I3) U{:L’l, o T 3313}
(0o, 1, 1o, %2, 01, Z11), (01, %1, 11, Z2, 02, 711), (Qo, 23, 1o, T4, 01, Z12),
(01,73, 13,24, 02, 212), (02, Z3, 12, Z4, 0o, Z12), (0o, 5, 1o, T, 01, Z13),
(01,5, 11, T, 02, Z13), (02, Zs, 12, s, 10, Z13), (11, Z7, 0o, T8, 22, 713),
(12, 27,01, 28, 1o, Z13), (0o, %7, 12, s, 11, Z13), (22, %9, 01, Z10, 10, Oo),
(11,9, 00, Z10, 22, 20), (00, T, 12, Z10, 21, Z13), (21, %11, 00, T12, 12, Z13),
(2273"11’011 T12, 00, 1"13); (021 zi, 12, x2, 001 wll)a mod (3: —')~
Gs-ID3(8,2): (Z3 X Iz) U{.’El,l‘z}
(00,1‘1, 10,$2, 21) 11)’ (2ls Z2, 00: 101 01120)a
(ll,zlr 01700, 10, 21); mOd(37 -)'
Gs-1D3(11,5): (23 x L) U{z1,z2,- -+, 25}
(10: I, 001 01) 113 21)’ (101 T2, 003 x3, Ol$ 21)1 (01’ 3, 11)3:4) 009 22),
(00,.'174, 1o, zs, 11:3'2)’ (017 Ts, 1,2, 101372)) mod (3a _)'
Gs-ID3(12, 3): (Za X Ia) U{zl,xz,:ts}
(001 1, 22a T2, ll,ol)a (Olszls 10,$2, 22) 00)’ (0033:3: 12, 11’ Oly 20):
(01,23, 10, 0, 12, 02), (02, 21, 01, Z2, 0o, 1o), (02, Z3, 11, 12, 0o, 10),
(00, 21,01, 22, 02, 21), mod (3, —).
Ge-ID3(13,4)Z (Zs X Ia) U{xl,a:g,za,m}
(OOy xy, 22, T2, 211 01)) (0173:1; 10: T2, 22) 02)1 (021 31,017 z2, 00, 12))
(02, 23,12, 11,01,21), (01, %3, 12, 00, 1o, 21), (02, z3, 11, T4, 0o, 10),
(00,1‘4,01, 22,02, 21), (11, :1:4,00, 12, 22,00), mod (3, —).
Ge-ID5(15,6): (Z3 x I3) | J{z1,22," ", z¢}
(001 T, 12a T2, ll’ol)a (01) 21700,:32) 02) 12), (021$1a 211 2, 10)00)¢
(007 z3, 02» 4, 21v 01)) (01, 3, 10, T4, 22» 02), (02) Z3, 217 Ty, 00; 22)»
(02, 5,11, 26, 10, 00), (01, z5, 20, Z6, 02, 21), (02, 25, 01, Zs, 20, 21),
(001 211 lls 101 12’ 02), mod (3’ —)'
Ge-1D3(16,7): (Z3 x Is) U{z1, 22, "+, z7}
(001311 1273% 1, 01)’ (01,.’61, 0o, Z2, 02, 12)) (02: 21,2, 2, lo, 00)»
(00’ .'113,02, T4, 211 01)) (01; z3, 10, T4, 227 02)) (02133’ 21a$4: 00) 10):
(02, Zs5, 11, Z6, 101 00)7 (011 s, 20) Ze, 02, 12)1 (02> Ts, 01) T, 20, 21):
(0o, z, 11, 7, 12, 20), (0o, Z7, 01, 21,02, 11), mod (3, -).
Gs-ID3(21, 12): (Z3 X I3) U{xl,zg, Ty 2:12}
(00, 1,10, 22,01, 211), (01, 21, 11, Z2, 02, 11), (02, 21, 12, Z2, 0o, Z11),
(00: I3, 10, T4, 01) 22), (011 T3, 11’ T4, 027 10)’ (021 Z3, 12; T4, 00) 21))
(0o, zs, 1o, Ts, 01, 212), (01, 5, 11, T, 02, Z12), (02, 5, 12, z6, 0o, Z12),
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(111 z7, 00, s, 22’ 312)1 (12’ Z7, 01? s, 109 $12), (001 T, 12) zg, 111 2.'12),
(11,79, 09, Z10, 22, T12), (22, %9, 01, Z10, 10, Z12), (00, Z9, 12, 211, 21, Z12),
(21, 211,00, Z10, 12, 20), mod (3,-).

GG°ID3(22, 13)2 (Z3 X I3) U{wl, T, ,:B13}
(0o, 71, 10, 2,01, Z11), (01, Z1, 11, T2, 02, 211), (02, %1, 12, Z2, 00, T11),
(0o, z3, 1o, T4, 01, Z12), (01, 3, 11, Z4, 02, Z12), (02, 23, 12, Z4, 00, Z12),
(0o, =5, 10, 6, 01, 13), (01, 5, 11, T6, 2, Z13), (02, T5, 12, T6, 0o, Z13),
(11,27, 00, T8, 22, 713), (12, Z7,01, 8, 0, Z13), (0o, %7, 12, T8, 11, T13),
(111:1:9) 001310) 22) 313)1 (221 g, 01) T10, 101 2:13), (00,39) 121 0, 21,3213),
(21, 211,00, Z12, 12, 20), (22, 711,01, 712, 00, 21), mod (3, -).

G7-ID3(9,3): {1,2,---,6}U{z1,z2, 73}
(1, 2: 3v 3'}1,4, 372)1 (13 2) 31 T2, 41 .'L‘1), (1) T2, 5> 3; x3, 6), (11 Z, 2: 5; Z3, 6))
(4) 5’ 67 2a 3, l)a (6) Z2, 37 57 z3, 2), (61 3) z3, 47 5, 1;‘1), (6: 47 x3, 1, 5) wﬁ)a
(3,2,4,5,z3,1), (3,z1,5,6,z3,4), (6,4, 1,3, 23, 2).

G?'ID3(101 4): {la 2.+, 6} U{zh T2,X3, $4}
(4, z3, 6, 2) T4, 5); (17 T4, 3a 65 z3, 4)3 (4a 5: z, 6; T2, 2); (11 2: 3axla 41 .'B2),
(1: 2,3,72,4, xl)a (19 2,3,z3,4, 224), (5, z1,6,2,4, 3)1 (.’E]_, 1,3,4,zs, 5)a
(m'b 5) 1) 39 31,6), (m3y 17 4, 6) T4, 5): (3a z2, la 6) 4’ 5)1
(1) 37 4) T4, 2! 273), (334, 6’ 2) 5: x3, 3)

Gr-1D3(11,2): Zg|J{z1,7z2} (21,0,1,3,5,4),(22,0,8,4,1,3), mod 9.

G7—ID3(12,3): (Z3 X I3) U{xl,mz,xs}
(.’L‘1,00, 01y02y 101 11)) (20: z1, 10) 02; 12’ ll)a (20,“"23 00)0131:1’ 12)1
(z2, 20, 10,01, 22, 02), (11,01, Z3, 21, T2, 22), (10, 3, 01, 12, 21, 0o),
(233, 02: 011 123 10, 20)) mod (3) —)'

G7-ID3(13, 4): (Z3 X 13) U{$1,$2,23,$4}
(011 00: 10: z1, 02v 2!2), (101 021 203 127 011$4): (22) 12) 00, T4, 21) 11)1
(02,09, 01, 3, 21, 1o), (00, 21, 22, 10, 12, Z3), (21,01, Z4, o, T3, 12),
(013021 Ia, 11’$11 22)3 (00’ 21: 201 T2, 027 331), mod (37 _)'

G7-ID3(15, 6): (Z3 X I:;) U{xl,mg, ey z‘s}
(00, 21, 20, %2, 02, 1), (01, 0o, 1o, £1, 02, Z2), (02, 0o, 01, z3, 21, Z6),
(00, 21, 22, 10, 12, Z3), (21, 01, 4, 10, 3, 12), (22, 12, 00, T4, 21, 11),
(10, 02’ 20) Ts5, 01': md)a (221 00, 10) T, 01;35)5 (00’ 22) Ts, 11; Te, 02)$
(01,02,:!:2,11,2:1,22), mod (3, —).

G7-ID3(16, 7): (Zs X I3) U{.’ltl, T2, -, :1:7}
(00,21, 20, 2, 02, 1), (01, 0o, 1o, £1, 02, £2), (02,00, 01, 3, 21, Ts),
(0o, 21, %7, 10, 12, 3), (21, 01, %4, Lo, Z3, 12), (22, 12, 0o, %4, 21, 11),
(10,02, 20, Z5, 01, Z4), (22, 00, 10, T6, 01, Z5), (Z7, 22, 75, 11, T6, 02),
(01,20, 12, 27,00, 02), (01, 02, 22, 11, 21, 22), mod (3,-).

G7-ID9(14, 5): Zg U{ml,l‘g, e ,.’II5}
(17 0’ z2, 2,41 2.‘1), (2, 07 z3, 4a 81 1‘2), (31 0, 4: 1, 1) .’133),
(1’ 0,I5v 3) 41 184), (Ov 1’ 2’ T4, 4) 3)7 (11 0: T4, 41 77 xS)s
(0, z2,5,2,21,4),(0,2,5,23,7,4),(0,1,5, 75, 8, 4), mod 9.

G7-ID9(17, 8): Zg U{xl,IBg, e ,.’Bs}
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(11 0,z2,2,4, .’Bl), (23 0, z3, 4)8,1"2)1 (3’0’4,3:1, 1,z3),
(13 0’ Ts, 3) 4, 3)4), (1: 0,24, 4, 7::1"5)3 (09 z2,5,2, T, 4)1
(4, 01 5) 7, 1: xS)) (0! z3, 5s 2, Tg, 1)7 (01 Z4, 7$ 41 Ty, 2)7
(0,z5,4,1,x8,5),(2,1,0, 29, 3, z¢), (2,0, 3, zg, 1, 27), mod 9.
Gs-ID3(8, 2): (Zs X Ig) U{:L'l,xg}
(OOaxls 1y, 1o, z2, 01)) (00’ 1o, Z1, %2, 11, Ol):
(00, 10, 20a 211 111 01)$ mod (3’ _)'
Gs-ID3(11, 5): (Z3 X Iz) U{ml,xz, v ,165}
(OOlei 10) 11732: 21)7 (001 I3, 01: 1071"4! 11), (7-"51 20, ), 22, ll,ol)v
(1:5, 10, 20, 11, 21,00), (Oo, 10,$3,.’E4, 11, 01), mod (3, —).
Gs-ID3(12, 3): (Z3 X I3) U{ml,zz,z3}
(101 Z1, 11) 1, 20’ 00)’ (zlr 00) 3, T2, 111 02)’ (00) z2,04, 12, 1, 22)’
(121 x3, 22a 019 00, 11)1 (3:37 001 01) 02, 12’ 21)1 (02: 01) lla 21’ 00) 12))
(10,11,02,3’.‘1,22,22), mod (3,—).
Gs-ID3(13, 4): (Z3 X Is) U{$1,22,$3,$4}
(0051"1: 02, 111 1z, 22)) (21a T3,2z, 11,04, 10)) (22: 4,1y, 02) 0o, 10)3
(zID 009 12) T4, 11: 22)) (322, 00’ 101 x, 11) 02): (583, 001 211321 12, 01)7
($4, 11, 227“:31 02: 00)7 (00» z3,02,11,0:, 10)7 mod (3a _)-
Gs-ID3(15, 6): (Z3 X I3) U{:L‘l, 23 PR ms}
(0o, 71, 10, 02, z2, 01), (01, z3, Og, 02, %4, 11), (11, 0o, 1o, 02, 01, 22),
(1'11 Ol, 1o, T2, 021 20)! (32, 001 11: 3, 12: Ol)) (1:3, 211 T4, 12; 00: 02),
(2:4, 13,z5,02, 22; 00)’ (25? 201:36: 0o, 1o, ll)v (xﬁy 11,31101, 22) 12)1
(0273551 011 1171:6; 00)’ mod (31 _)-
Ga-IDa(lG, 7): (Z3 X I3) U{:L'l, Zg, ", :B7}
(01, 71,00, 1o, T2, 02), (01, Z3, 00, O, Z4, 11), (02, 27, 10, 20, Op, 12),
(mly 10: 02,232, 12’ 21): (2:2’ 01, 00, 3, 221 11)1 ($3, 00) 2111"4: 12) 10))
(34’ 11,29, z5, 1, 00)1 (1"5,0070%:36: 10901)1 (3:6, 01, 0o, 27, 11$02)1
(7,24, 11,1, 12,00), (12, 5, 0o, 02, T6, 01 ), mod (3, —).
Gg-IDs(zl, 12): (Zg X I3) U{:z:l, 5 PR ,xm}
(Olt I, 001 02’ T2, ll)y (xls 21:‘32, 10: 02: 00), (m8, 21) T7,T12, 1, 02)1
(23) 11,.’34,2210, 2,, 01)7 (334, 00) z3, 111 021 01): (001 zg, 0, 12) Zsg, 01)1
(35’ 103 Zg, 12, 02, 01), (361 1135557 2y, 00’ 01)7 (Il,'g, 19, 71, 22,02, 00)3
(00,1'7, 109 01’ xg, 10)7 (3:7, 011 s, 29, 027 22)) (ml2) 20: Z11, 710, Ol) 02)1
(29, 10, Z10, 711, 22, 00), (Z11, 00, Z12, T3, 01, 12), (0o, z3, 19, 02, 24, 11 ),
(210,21, %9, 11,02, 0p), mod (3, —).
Gg-ID3(22, 13): (Z3 X I3) U{xl, Ty, ,.’313}
(00,31,01, 021 T2, 10)’ (32, 11,-'1:1):1:31 02’ 01)1 (xl$ 00)12, Ty, 12’ 01)’
(28,00, 7, 10, 22, 11), (212, 10, 01, Z13, 20, 02), (02, 3, 00, 01, 74, 12),
(23, 1o, z5, s, 11, 00), (%4, 11, Z5, 6, 10, 01), (25, 12, T6, Z7, 11, 02),
(msy 20, Zs5,T7, 12) 02)1 (3131 12’ 001 101 023 01)) (OOa T10y 011 02) Tn, 10))
(0o, zs, 12, 11, z9, 02), (%7, 11, Zs, Tg, 10, 01), (29, 01, 711, 12, 22, 0p),
(11,00, T12, 213, 22,01), (10, 01, Z12, %13, 11,02), mod (3, -).
GQ-ID3(8, 2)2 (Z3 X Iz) U{xl,:cg}
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(01 y 001 207 21’ 11) 10)7 (Ola r, 00: 1o, 20, :272),
(01, z2, 19,00, 11, Z1), mod (3, -).
Go-ID3(10,4): {1,2,---,6}U{A,B,C,D}
(1,4,2,3,4, B), (2,B,3,5,6, A), (1, C,2,3,5,D), (3,D,2,5,1, )]
4,C,1,8,6,D),(4,D,2,3,5,C),(8,2,C,1,6,D),(2,5,4,1,3, B),
(4,6,A4,B,5,C), (4,5,4,B,6,D),(6,1,D,3,2,C),
(l,A, 2,3,4,B),(1,B,2,3,4, A).
Go-ID3(11,5): (Z3 x I) U{z1, 2, -, 5}
(00) I, 11,21) 101 .’32), (109 T2, 111 217 01, xl)) (211 $4)011 101 001 35);
(20, Ts5, 10: 11101s$3)3 (01,.'1:3, 10: 11,00,1’4), mod (31 -)'
Go-1D3(12,3): (Z3 x I3) U{ml,zg,xg}
(02: 211 00) 10: 22! 12)’ (32, 0093:1: 3, 021 11), (211 10) Zy, 12) 011 11)3
(10a 121 111 2, 201 00)1 (00! 11,2}3, 10)221 01), (3731,00, T2,Z3, Ola 22),
(273, 111 7, T2, 12)00): mod (3, —)
Go-1D3(13,4): (23 x I3) U{z1, 22,73, 24}
(02,21, 23,00, 22, 12), (10, 0o, Z4, 20, 01, 22), (T4, 00, 21, T2, 22, 01),
(11,00, z1,02,21,01), (0o, 01, T2, 20, 02, 10), (z1, 00, 2, 3, 01, 02),
(1:2, 00’ z3,%4, 02’ 21)1 (1.'3, 211 T1,Z4, 12: 00)1 mod (3a -)'
Gg-ID3(15, 6)2 (Z3 X Ig) U{xl, T, ,:Be}
(10a001 x1)02a 017‘”4)1 (1()’001 $2;20:02a 11)! (zlsOOaz2az3a 01) 02),
(x5, 22, %6, %1, 00, 11), (Z6, 22, T1, Z2, 01, 10), (4, 00, Z5, 6, 11, 22),
($3, 21,.’124,325, 02, 20)a (127 00)25y21’ 22a02)s (.’L‘2, 02) $3,$4,00, 11),
(011 12,33’:36’ 211 11)’ mod (3’ _)'
Gg-ID3(16, 7): (Z3 x I3) U{x1,$2, (R ,:Z:7}
(11,20, 00, 21, 12, Z7), (27, 00, 2, 20, 02, 11), (12, 00, %5, 7, 22, 02),
(36, 121 z, %2, 011 10)) (IL‘3, 215 T4,%s, 027 00)’ (10’ 00) T3, %7, 011 $4),
($4) 00:$5)m67 11’ 12)1 (175, 22136,3:1)00’ 11)1 (331,00,(82,1’3,01,02),
(:521 02; z3,Z4, 00) 11)’ (01’ 12)1"3’ 6y 21: ll)v mod (3’ -)'
GQ'ID3(21, 12): (Z3 X I3) U{xl,:l:z, v ,1212}
(22,00, Z4, Ts, 11, T6), (%2, 11, £1, 23, 02, 12), (01, 0o, Z5, T9, 02, T7),
(zs,01, %4, %6, 11, 12), (6, 02, T5, T4, 12, 00), (%7, 20, T3, T9, 01, 10),
(28, 11, 27, T9, 02, 21), (%o, 12, Z7, T8, 00, 21), (02, Op, 71, T2, 01, 73),
(21,00, %2, Z3, 01, 12), (4, Oo, 5, Ts, 10, 22), (%10, 00, Z11, Z12, 10, 21),
(211,01, Z10, T12, 11, 21), (21, 00, Z11, Z10, 12, Z12), (T3, 22, T2, Z1, 0o, 10),
(212,02, Z10, Z11, 12, 20), mod (3, -).

4.4 Conclusion

Theorem 1. The necessary conditions for the ezistence of Gi-GDx(v)
are also sufficient for any G; (1 < i < 9) with the exceptions (v,i,)) €
{(10,2,1),(6,8,3)} U{(9,k, 1) : k = 4,5,6,8,9} L{(6,2,u) : 3|u,6 fu}.

Proof. Summarizing Lemmas 1, 2, 6—13 and the constructions in §4.1,

508



§4.2 and §4.3, the conclusions hold. [ ]
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