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Abstract: Using lines in a two-dimensional vector space GF(g?) over GF(g),
we construct some classes of external difference families over GF(g?).
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1 Introduction

Let (G,+) be an Abelian group of order v. A (v,k,A) difference fam-
ily [(v,k, 2)-DF in short] over G is a collection of k—subsets of G, D =
{D1,Ds,--- ,Dy}, such that the multiset union

U{z-v:z,9 € Di,z # 9} = AG\ {0}).

=1

A (v,k,A)-DF D is called disjoint, denoted by (v, k, A)-DDF, if the base
blocks of D are mutually disjoint and Ui~, D; = G\ {0}.

Difference families are well studied and have applications in coding the-
ory and cryptography. Ogata et al[6] introduced a type of combinatorial
designs, external difference families, which related to difference families and
have applications in authentication codes and secret sharing.
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Let (G,+) be an Abelian group of order v. A (v,k,A,m) external
difference family [(v, k, A, m)-EDF in short] D over G is a collection of m
k—subsets of G, D = {D1, D2, + , Dm}, such that the multiset union

U (Di-Ds)=XG\{0})

1<i#j<m

where D; — D; is the multiset {x — y|z € Di,y € D;}.
It is easy to prove that if a (v, k, A,m)-EDF over G exists, then

AMv —1) = k’m(m —1) 1)

Note that in an EDF the blocks D;’s are required to be pairwise dis-
joint, while this is not the case in difference families. They are different
combinatorial designs, but are related.

A difference system of sets (DSS) with parameters (v, ko, k1,- - - , ki—1, é)
is a collection of ! disjoint subsets D; C {1,2,-:-,v}, |[Di| = ki, 0 < ¢ <
1 — 1, such that the multiset

{a — b(modv)|a € D;,b € D;,0 <i4,j <1 —1,i # j} (2

contains every number 4, 1 < i < n—1 at least J times. A DSS is perfect if
every number i, 1 <i<n-1,is contained exactly § times in the multiset
(2). A DSS is regular if all D; are of the same size. Hence a perfect and
regular DSS is an EDF over Z,. Therefore, EDFs are an extension of
perfect and regular DSSs.

Difference systems of sets were introduced by Levenshtein(3], and were
used to construct codes that allow for synchronization in the presence of
errors[4]. Tonchev [7][8][9], Mutoh and Tonchevl[5] presented further
constructions of DSSs and studied their applications in code synchroniza-
tion. Chang and Ding[2] using cyclotomy of order 4 and 6 presented some
constructions of EDFs and disjoint difference families.

A convenient way to study an external difference family is to use a
group ring. Let (G,+) be an additive Abelian group and Z be the ring of
all integers. Let Z[G] denote the ring of formal polynomials

Z|G = {}: agX9ag € z}

g€G

where X is an indeterminate. The ring Z[G] has operations given by

¢ agX9+dY bpX? =) (cag+bdg)X?
geG geG geG
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and

Q8 X)(Q_ b X%) = Y (D agbn-oX™)

9€G 9€G heG geG
for ¢,d € Z. The zero and unit of Z[G] are 3 ., 0X¢ and X° := 1,
respectively. If S C G is a subset of G, we will identify S with the group
ring element S(X) = 3° .5 X9. With the above notations, we can rephrase
the definition of a (v,k, A, u)-EDF D = {D;,D,,--- ,D,,} in G as

> DiX)Di(X') = —A+ AG(X). (3)
1<igj<m

The following proposition follows directly from (3).

Proposition 1 (2] Let (G,+) be an Abelian group of order v, and let
D = {D1,Dy,-,Dn} be a collection of pairwise disjoint k-subsets of G.
Then D is a (v, k, A\, m)-EDF in G if and only if

D(X)D(X™1) - iD;(X)Di(X'l) = =A+ AG(X) 4)
i=]
where D = 'CJI D;.

In the case that D is a partition of G\{0}, km = v — 1 and by (1) we
have A = k(m — 1) = v — k — 1. Whence m = (v —1)/k. A connection
between some DDF's and some EDFs is given in the following proposition.

Proposition 2 [2] Let (G,+) be an Abelian group of order v, and let
D = {Dy,D;, -+ ,Dp} be a collection of k-subsets of G. If D is a partition
of G\{0}, then D is a (v,k,v — k — 1, (v — 1)/k)-EDF over G if and only
if it is a (v, k,k — 1)-DDF over G.

2 Construction

In the following, let g be an odd prime power and GF(g?) be the finite
field of order ¢%. G is the additive group of GF(g?). For convenience, we
select and fix a primitive element g of GF(g?). If we view GF(g®) as a two-
dimensional vector space over GF(g), then the one-dimensional subspaces
of GF(¢®) over GF(q) are S; = {gl#*V+|t = 0,1,2,..- (g - 2)} U {0},
|Sj| =q,0<j<q. Let L; = S;\{0}, |Lj| =¢-1,0<j<gq. These Ljs
will be called lines in the rest of this paper. Actually, These L;s are also
called the cyclotomy classes of order ¢ + 1 over G. Let e be a divisor of
g +1, the cyclotomic numbers of order e over GF(q?) are uniform[1}. We
will construct some classes of external difference families by lines.
At first, we have

21



Lemma 1

5i(X)8;(X) ={ qgi(%) i)fth:;iie

Proof: Let si,,8,, € Si, 8y,85, € Sj- 8y = ghlath+i 5. =
gtz(q+1)+t, 8j, = ges(q+1)+a’ 8js = gta(q+1)+1’ and t; # to, t3 # t4.
If

8i, + 85, = Si; T 8js» (5)
then
Siy — 8ip = 853 — 85,
We have
gi(gt1(4+1) - gtz(9+1)) = g.‘i (gtn(q+1) _ gts(q+1)),
(gh(a+)) — gta(atl)y(gte(a+D) ghelath))—1 = gi=i, (6)

Because of (g9+1)9~1 = 1, g9*! € GF(g). The left side of (6) is an
element of GF(g). Since0<i<j<gq 1<j-i<gq ¢ ¢ GF(q).
There is a contradiction. Therefore, the assumption (5) is impossible. O

Let m,n € Z and m|(g+ 1), g+ 1 = mn. Let D = {Dy,Dy,-++ ,Dm}
over G be a collection of n(g—1)-subsets of G, each D; = L;, UL;;U- - -UL;,
is a union of n different lines, 1 < i < m. D;ND; =0, i # j. Then
Dy, Dy, , Dy form a partition of G\{0}.

Theorem 1 D = {Dy,Da, -+ , Dm} is a (¢?,n(g—1),¢* ~ng+n—1,m)-
EDF over G = (GF(g%,+)).

Proof: Since —1 = g7 (@+1) ¢ Ly, we see that Lj(X~!) = L;j(X),
0 < j < q. Now it suffices to check that D = {D1,Dg,--+ , Dy} satisfies
the difference family equation (3) or (4) in Z[G].

g DiX)Di(X~7) = ii::l(é:l L, (X))?

= ;(;::1 Si,(X) - n)?

- B s 0r-mE s,mm
ig(,é(q — 21)5,(X) + n(n — 1)G(X) +n?)
PIPACERLOLY (X) + mn(n — 1)G(X) + mn?

(q - 2n)G(X) + a(g — 2n) + mn(n — 1)G(X) +my
(ng —n = 1)G(X) +(¢* ~ng +n)
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D(X)D(X™) = (GX\{1})? = (¢® - 2)G(X)\{1} + (¢° - 1)
Therefore

>, DuX)D;j(X-)

1<Si#j<m

D(X)D(X"Y) - g Dy(X)Dy(X 1)
= —(¢-ng+n—1)+ (¢ - ng+n—-1)G(X)

This completes the proof. a

From the proof of Theorem 1, we have

Corollary 2 D = {Dy, Dy, -+ ,Dn} is a (¢%,n(¢g—1),ng—n—1)-DDF
in G = (GF(¢* +)).

Remark : If n # q+1, then D = {Dy, Dy, -+ , D,,} is an EDF of type
(v,k,v = k—1,(v — 1)/k) mentioned in [2]. If n = g + 1, then D = G\{0}
is a (¢°,¢% — 1, ¢% — 2) difference set.

Example: Let ¢ = 5 and g be a root of 22 — 2z — 2 = 0 € GF(5)[z].
Then g is a primitive element of the finite field GF(25). The cyclotomic
classes of order g+1=6 =2 x 3 are

Ly= {1,2,3)4}7 L= {9729339’49},
Ly={2+9,1+3¢,3+49,4+2g}, Ls= {2+ 49,1+ 29,3+ g,4 +3g}.

casel: Let D; = L;_1,i=1, 2,3,4,5,6,then D = {DI,DQ, D, Dy, D, Ds}
is a (25, 4,18, 6) external difference family mentioned in [2].

case 2: Let Dy = LoUL,,D; = Ly UL3, D3 = LyU Lg, then D =
{D1, Dz, D3} is a (25,8, 16, 3) external difference family mentioned in [2].

case 3: Let Dy = LyU L3, Dy = I ULy, D3 = LyULs, then D =
{D1,Ds, D3} is also a (25,8,16,3) external difference family, but a new
kind.
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