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Abstract: A simple graph G is induced matching extendable, shortly
IM-extendable, if every induced matching of G is included in a perfect
matching of G. The cyclic graph Ca,(1,k) is the graph with 2n vertices
Zo,Z1,"** ,T2n-1, Such that z;z; is an edge of Cy,(1, k) if either i — j =
*1 (mod 2n) or i — j = +k (mod 2n). We show in this paper that the only
IM-extendable graphs in Cy,(1,k) are Can(1,3) for n > 4; Can(l,n—1)
for n > 3; Cg,,(l n) for n > 2; Con(1,%) for n > 4; Can(1,2272) for
n > 5; Czn(l 2ntl) for n > 4; Con(1,4) for3<n<80rn—10 11;
Can(l, —i'—) for n < 14; Cg,,(l 2n=2) for n < 16; Con(1,2) for n < 4;
Czo(l 8), 030(1 6), 040(1 8), Cao(l 12) and 032(1 10)

Keywords: induced matching, perfect matching, IM-extendable, cyclic
graph.

1 Introduction

Graphs considered in this paper are finite and simple. For a graph G,
its vertex set and edge set are denoted by V(G) and E(G), respectively.
For any vertex v € V(G), the neighbor set N(v) of v is defined by

N(v) = {u € V(G) \ {v} : there is an edge uv € E(G)}.
For M C E(G), set
V(M) = {u€ V(G): there is a vertex v € V(G) such that uv € M}.
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A set of edges M C E(G) is called a matching of G if no two of them
share a common endpoint. A matching is perfect if it covers all vertices
of G. A matching M is induced [2] if E(V(M)) = M. A graph G is
induced matching extendable [11], shortly IM-extendable, if every induced
matching M of G is included in a perfect matching of G. Researches on
IM-extendable graphs can be found, for example, in [3-13].

We will denote by Ca.(1, k) the cyclic graph with 2n vertices zo, 21, -,
Zgn—1 such that z;z; is an edge of Caa(1, k) if either i — j = £1 (mod 2n)
or i —j = £k (mod 2n). For two graphs G and H, G x H is used to denote
the product [1] of G and H.

Up to now, there are only few families of IM-extendable graphs have
been characterized. By [11], the only 3-regular connected IM-extendable
graphs are C,, x K for n > 3, and Ca,(1,7) for n > 2. By [8], a connected
K, minor free graph G is IM-extendable if and only if G is isomorphic to
T x K, where T is a tree, and the only connected IM-extendable outer
planar graphs are ladders (i.e., P, x K2). By [6], the only 4-regular claw-free
connected IM-extendable graphs are Cz, C2 and T}, where T;. is the graph
with 4r vertices u;, vi, T;, ¥, 1 <4 < 7, such that for each i with1 <i <,
{ui, vi, 7i, yi} is & clique of T, and z;uiy1, ¥ivit1 € E(T;) (mod r).

In this paper we investigate the IM-extendability of cyclic graphs Can(1, k).
The main result of this paper is that: The only IM-extendable graphs in
Can(1,k) are Can(1,3) for n > 4; Con(l,n — 1) for n 2 3; Can(1,n) for
n > 2; Con(1,2) for n > 4; Caa(1, 2572) for n 2 5; Caa(1, 2ntl) for n > 4;
Can(1,4) for 3 < n < 8orn =10,11; Can(l, 2—-"5"—2) for n < 14; Capn(1, 2—"3?—2)
for n < 16; Can(1,2) for n < 4; Ca0(1,8); Ca0(1,6); Cao(1,8); Cao(1,12)
and C32(1,10).

2 Main results and proofs
The following two lemmas obtained in [11] will be used.
Lemma 1 [11): C2,(1,n) (n > 2) is IM-extendable.
Lemma 2 [11): For every graph G, G x K3 is IM-extendable.
Furthermore, the following trivial lemma can be observed.
Lemma 3: Ca,(1,2) is IM-extendable if and only if n < 4.
In the sequel, we always suppose that the 2n vertices of Ca,(1,k) are

Zo,T1, "+ ,Ton—1 and that z;z; is an edge of Con(1,k) if either i — j =
+1 (mod 2n) or i — j = xk (mod 2n). For the simplicity, G is used to
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denote the graph Ca,(1, k), and the vertex set and edge set of Caa(1, k) are
denoted by V and E, respectively. Furthermore, when we use the notation
%, we always assume that § is an integer, i.e., k¥ be divisible by r.

Lemma 4: C3,(1,3) is IM-extendable for n > 4.

Proof Let M be an arbitrary induced matching M of Cz,(1,3). With-
out loss of generality, we suppose that one of the two edges zoz; and zoz3
is in M. We divide the edges of M into four sets:

E1={zg$j€M:iiSOdd8ndj—i=l},
Ey={z;zje M:iisevenand j—i=1},
E3 ={z;z; € M :iis odd and j — i = 3},
E; ={z;z; € M :iisevenand j —i=3}.

For e € E, we define a subset S(z;z;) of V by setting

S(z2i-172:) = {z2i-1,%2:},

S(z2z2i41) = {Z2i-1, Tai, Tai+1, T2i42},

S(z2i-1Z2i42) = {T2i-1,Z2i) T2i41, T2i42},
S(T2i-2%2i+1) = {T2i-3, T2i~2, T2i-1, T2i) T2it1, Tai42}-

It can be observed that, for any edge z;z; € E, we have z;,z; € S(ziz;).
Furthermore, we can observe that S(e) have the following properties.

Property 1: (1) For any e € E; , G[S(e)] = K.

(2) For any e € Ez|J B3 , G[S(e)] = Cy.

(3) For an arbitrary edge e € Ey , G[S(e)] & K3 3, where K 5 is a graph
obtained by K3 3 deleted an arbitrary edge.

Property 2: For any e € E, G[S(e)] is IM-extendable.

Property 3:  For distinct edges e, f € M with e # f, we have
S)NS(f) = ¢.

Let S(M) = {J,car S(e). From the definition of S(e), we can see that
Z2i-1 € S(M) if and only if zo; € S(M).

Now, for each edge e € M, let F(e) be a perfect matching of G[S(e)]
which includes the edge e. By Property 2, F(e) must exist. Set

F(M)= | F(e).

eeM
From Property 3, we have V(F(M)) = S(M). Let

X = {221 : z2i-1 € S(M)},
N= {:1:2;_1:1:2; 1 Z2-1 € X}
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Then we can see that F(M)|JN is a perfect matching of C3,(1,3) and
M C F(M). Thus Ca,(1,3) is IM-extendable. a

Lemma 5: Cz,(1, %) is IM-extendable for n > 4.
Proof Since Can(1, #2!) is isomorphic to C2s(1,3), The result fol-
lows from Lemma 4. (]

Lemma 6: Cj,(1, 2’}'1) is IM-extendable for n > 5.
Proof Since Can(1, 251} is isomorphic to Caa(1,3), The result fol-

lows from Lemma 4. 0O

Lemma 7: Ca,(1,n — 1) is IM-extendable for n > 3.

Proof Since, for each i with 0 < i < n — 1, N(z;) = N(Zi4n), We
know that Cz,(1,n — 1) is isomorphic to the graph obtained by exchanging
the indices of its two vertices z; and Ti4n.

Let M be a given induced matching of G. If there is some vertex
zx € V(M) such that n < k < 2n — 1, then zx—, & V(M). By exchanging
the indices of the two vertices zx and zx—_n, we pull zx—, into V(M) and
push z; out of V(M). This exchanging does not change the structure of
the graph. Hence, we can repeatedly take this exchanging until V(M) C
{xO) T1yoeey zn—l}-

Without of generality, we can suppose that zoz; € M. Set

N1 = {Tk4n—1Tk+n : TkThs1 € M},
Np = {zxTrsn-1:0 <k <n—2,z, ¢ V(M)}.

Then M |J Ny U N2 U{Z2n—2%2n—1} is & perfect matching of Can(1,n — 1)
including M. Thus Ca,(1,n — 1) is IM-extendable. a

Lemma 8: C2n(1,%) is IM-extendable for n > 4.
Proof Let M be an arbitrary induced matching M of Can(1, §). For
each edge e € E, we define a subset S(e) of V by setting

S(mixi+§) = {=;, Zi+3) Titn, zi+§n}:

S(ziziy1) = {wi:$£+la$i+-3-»xi+-’g‘+l:xi+m$i+n+1:mi+§mxi+§n+l}'
For each pair of edges z;Zi+1 and TitnTitn+1, We define

S(ZiTit1, TitnTitnt+1)
={$s', Tit1) Tit s Tit 41 Titns Titnt+1 Tit §no Titdn+1 },
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and for each pair of edges z;zi+1 and Ziyn41Tipny2, We define

S(TiTit1, Titn+1Ti4n+2)
={%i) Tit1, Tid g, Tir 341 Tickns Tiknt 1 Tig s
Zit3n+1> Tit2: Tit §+2s Titn+2, 3‘;+§n+2}-

It can be observed that, for any edge z;x; € E, we have z;,z; € S(ziz;),
and for every pair of edges e;,e; € E with S(e;,e;) having definition,
we have V({e, f}) € S(e, f). Furthermore, we can observe that S(e) and
S(e1, e2) have the following properties.

Property 1: (1) For each e € E , G[S(e)] = C; or Cy x K> is
IM-extendable.

(2) For each pair of edges z;z;+1 and iy Tipn41 in E,

G[S(Zi%it1, TitnTitn+1)] = Cy x Ky is IM-extendable.

(3) For each pair of edges z;z;4+1 and Ti4n41Zipne2 in E,

G[S (351!,‘4.1, $i+n+1$i+n+2)] & Cy x P3 = P3x Ky x Ky is IM-extendable.

Set

My = {(ZiZit1, TienTitn+1) : TiTidl, TignTitns1 € M},
M2 = {(Z:iZit1, Titn41Ti4n+2) * TiTitl, Titnt1Titns2 € M},
M3z = {e € M : e does not appear in M; U Mz}.

Then the following property can be observed.

Property 2: (1) S(e)()S(f) = @ for any two distinct edges e, f €
Ms.
(2) S(e)NS(e1,e2) =0 for e € M3 and (e;,e2) € M; U M.
(3) S(e1,e2) N S(f1, f2) = O for any two distinct pairs (ey, e2), (f1, f2) €
M; UM,

Let

S(M) = UeeM; S(e) U U(ex,ea)GMguMaS(ely ez).

From the definition of S(e) and S(e;, e2), we have
Property 3: =z; € S(M) if and only if Tit g1 Titn) Tiy3n € S(M).
Since S(e) with e € M3 and S(e;, e2) with (e;, e2) € M; UM, are IM-
extendable, there is a perfect matching F in G[S(M)] such that M C F.
Set

X ={zi:z; ¢ S(M)},
N = {z,-:z:g.,.g,:v,-.,.,,m,-_,_%,, 1z; € X}

Then we can see that F'(JN is a perfect matching of Cpp,(1, 2). Thus
Can(1, %) is IM-extendable. : 0
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Lemma 9: an(1,4) is IM-extendable if and only if 3 < n < 8 or
n = 10,11

Proof For n < 11, the result can be verified by enumerating. For
n > 12, we consider the induced matching M of Cz4(1,4) of the form

M= {131-'55,277378,1!?10214,1016-’617,319-’323}-
Then C2n(1,4) — V(M) has a component G; with vertex set
V(G1) = {z9, 211, T12, 13, T15}-

That is G, is an odd component of Ca,(1,4) — V(M). Thus M cannot
be included in any perfect matching. We conclude that Csn(1,4) is not
IM-extendable for n > 12. O

Lemma 10: Can(1, $n) is IM-extendable if and only if n < 6.
Proof For n < 6, the result can be verified by enumerating. For n > 9,
we consider the induced matching M of Can(1, %n) of the form

M= {x§n+lz§n+2’z3x§n+3’x§n+4z§n+5}'

Then Can(1, -32-n) — V(M) has an isolated vertex £3,,3. Thus M cannot

be included in any perfect matching. We conclude that Can(1, %n) is not
IM-extendable for n > 9.

Lemma 11: Cy,(1, 2n) is IM-extendable if and only if n = 10, 15, 20.
Proof For n < 20, the result can be verified by enumerating. For
n > 25, we consider the induced matching M of Caa(1, 2n) of the form

M= {z§n+4$§n+5’x§n+7z§n+8!z§n+2x§n+3’z§n+9w§n+101
$§n+4$§n+5ax§n+7$§n+8a$6m§n+e}-
Then Can(1, #n) — V(M) has a component G with vertex set
V(Gy) = {$§n+s:z§n+4ax§n+5,$§n+sa-’”gn+7az§n+s:-"-’§n+s}-

That is G; is an odd component of Ca,(1, 2n) — V(M). Thus M cannot
be included in any perfect matching. Consequently, Ca,(1, %n) is not IM-
extendable for n > 25. a

Lemma 12: Caq(1, §n) is IM-extendable if and only if n < 15.
Proof For n < 15, the result can be verified by enumerating. For
n > 20, we consider the induced matching M of C2,(1, g-n) of the form

M = {240 43Tgn+4)T§n+6%Z§n+71 T3n+1%4n+2: T§ns8Tgn+9>

m§n+3x§n+41 Z§n+sm§n+7» $5$§n+5}'
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Then C34(1, n) — V(M) has a component G; with vertex set
V(G1) = {“’gn-}-s’x§n+3vz§n+4’x§n+5»z§n+6’$§n+71 x§n+5}°

That is such that G is an odd component of Cay(1, 5n) V(M). Thus M
can not be included in any perfect matching. Consequently, Ca,(1, 5n)
not IM-extendable for n > 20.

Lemma 13: Ca,(1, 22t2) js IM-extendable if and only if 7 < 14.
Proof For n < 14, the result can be verified by enumerating. For
n 2 17, we consider the induced matching M of Con(1, 252) of the form
M = {2iis1, TirsTirs, Tiy anga_oT;y anga 1, Ty angn 7T, anga g,
Tyydnga iy angd 4y, Ty dnka 45Ty anga g6}
Then Czn(1, 2%t2) — V(M) has a component G; with vertex set

{3i+2, Ti43y Tit4, xi+l'.'§‘h2 ’ 3,'.;.3_"5'&4.1’ xi-{-’—"a‘ﬂ-;-za xi+2_"51‘_2+31
Ty 2ni]:2+4, Ty an;a +5'Tit 3nFa+6, it 4n§[:4 +29 :Bi+4nF4+3xi+4nF4 +4}.
That is G, is an odd component of Czq(1, 28£2) — V(M). Thus M cannot

be included in any perfect matching. We conclude that Ca,(1, —-‘-"—) is not
IM-extendable for n > 17. O

Lemma 14: Ca,(1, 2272) is IM-extendable if and only if n < 16.
Proof For n < 16, the result can be verified by enumerating. For
n 2 19, we consider the induced matching M of Can(1, 2272) of the form

M = {z;%i41, Tit6Tive, T Ty anca o an=3_y, Ty anca o Ty anca g,

Tiydn=d :Ct+4u-4 +1,$t+4n—4 +5E1+4n—C +6}°

Then Czn(1, 2%72) — V(M) has a component G; with vertex set

{zi+29 Zi+3: Titd, xi+3"—3 sxi+3"-’+1: i+3n=2 .49, ‘+?L‘5‘_2.+37 ;’+3_"5—_2+4,
Tipanz2, 5T, 3n283,6,T;, n-4+2,.'l2i+dn—4+3.’l:l+ n-4+4}.

It can be seen that such that |V (G1)| is odd. Thus M can not be included in
any perfect matching. We conclude that Ca,(1, 22~ 2) is not IM-extendable
for n > 19. O

Lemma 15: C3,(1,k) is not IM-extendable, where 1 < k£ < n and

2 4 n2n-2 2n+2 2n—-1 2n+1
2’ 3 ' 3 3 3 °

k#23,4,n-1 n,zn,
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Proof We can essily see the following properties:

Property 1:
Property 2:
Property 3:
Property 4:
Property 5:
k=%
Property 6:
k= 51'1., gn
Property 7
k=n,ork=3%.
Property 8:
k=n,ork=%

Property 9:
k= 2n—-2 2

3
Property 10:

n-—2

k_

k= 22

Property 12:

b= 22

Property 13:

k=n-1.

Property 14:

k=n-1.

Property 15:

k= 2n—-1

Property 16:

k= 2n- l

Property 1T

k= __+_.

Property 18:

k= _:l'_

Property 19:

~3
Property 11:

the vertex z;41 is adjacent with z;_; if and only if k = 2.
the vertex z;.2 is adjacent with z;_ if and only if k = 4.
the vertex z;4) is adjacent with z;_2 if and only if k = 3.
the vertex z;, is adjacent with z;_; if and only if k = 3.
the vertex z;,) is adjacent with z;_, if and only if
the vertex z;,ok is adjacent with z;_o if and only if
the vertex z;ix is adjacent with z;_ox if and only if
the vertex z;.or is adjacent with z;_ if and only if
the vertex z;_ok is adjacent with z;.o if and only if
the vertex z;,or is adjacent with z;_2 if and only if
the vertex z;_o is adjacent with z;_o if and only if
the vertex z;,or is adjacent with z;,2 if and only if
the vertex z;_x is adjacent with z;yo if and only if
the vertex z;. is adjacent with z;_» if and only if
the vertex z;_ox is adjacent with z;;, if and only if
the vertex z;,ok is adjacent with z;_, if and only if
the vertex x;_ox is adjacent with x;_, if and only if

the vertex z;4ok is adjacent with z;.; if and only if

Zi—k and Tiy1, Ti—k and Ti—1, Tipk 80 Tigl, Tivk

and z;_1, Ti—k and T;_2, Ti+k and z;;2 can not be adjacent in any cases.

Suppose that

k+#2,3,4,n-1,n, gn,

gn én n2n—-2 2n+2 2n-1 2n+41
5°'5'2" 3 ' 38 ' 3 ' 8§ °

We consider the induced matching M of Ca,(1, k) of the form

M = {Ti1Tit2, Ti1Ti—2, Ti—kTi-2k: TitkTi+2k }-

370



From the discussions above, it can be observed that Cp,(1, k) — V(M) has
an isolated vertex ;. Hence, Cy,(1,k) is not IM-extendable. The result
follows. a

Summing the above lemmas up, we deduce the following main result of
this paper.

Theorem The only IM-extendable graphs in Csp(1,k) are C2n(1,3)
for n > 4; Con(1,n—1) for n > 3; C2n(1,n) for n > 2; Can(1, g)forn>¢;
Can(1,25572) for n > 5; Can(1, 28EL) for n > 4; Cyn(1,4) for 3<n < 8 or
n = 10,11; Can(1, 2%2) for n < 14; Can(1, 2272) for n < 16; Cyn(1,2) for

n< 4; Cgo(l,S); 030(1,6); 040(1,8); 030(1,12) and 032(1, 10).
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