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Abstract

It is known that any reducible additive hereditary graph prop-
erty has infinitely many minimal forbidden graphs, however the proof
of this fact is not constructive. The purpose of this paper is to con-
struct infinite families of minimal forbidden graphs for some classes
of reducible properties. The well-known Hajés construction is gen-
eralized and some of its applications are presented.
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1 Introduction and preliminaries

A hereditary graph property P is any proper non-empty isomorphism closed
subclass of the class of all finite simple graphs Z, which is closed under sub-
graphs. Such a property is called additive if it is additionally closed with
respect to disjoint union of graphs. Additive and hereditary graph proper-
ties have been investigated mainly in the context of generalized colorings,
more details may be found in the surveys [3, 4]. In general we follow the no-
tation and definitions given in [7]. Some well-known and intensively studied
additive hereditary graph properties are listed below.

0 ={GeI: EG)=0},

O = {G € T: each component of G has at most k + 1 vertices},

Dy = {G € I: G is k-degenerate, i.e. every subgraph of G has a vertex

of degree at most k},

I = {G € I: G does not contain K2},

We denote the set {1,2,...,n} by [n]. Let P1,Pz,...,P, be additive
hereditary graph properties. A (Py,Pa,...,Py)-partition (coloring) of G
is a partition (Vi, V5, ..., V3) of the vertex set V(G) such that the subgraph
G[Vi] of G induced by V; has the property P;, for each i € [n]. A graph
G has the property Py o...0 P, (G is (Py,P2,. .., Pn)-partitionable (col-
orable)) if it has a (Py,Pa,...,Pn)-partition. For convenience, if P; =
P, =...=P, =P we call a (Py,Ps,...,Pn)-partition of G briefly
a (P,n)-partition (coloring) of G and we write G € P". Thus a proper
n-coloring of a graph G is just an (O,n)-coloring of G. A property R
which can be written in the foorm R = Py o...0P,, n > 2 is said to be
reducible and it is irreducible, otherwise. It is easy to see that if the graph
properties Py, Pa, . .., Pp are additive and hereditary, then R = Pyo...0P,
is an additive hereditary graph property, too.

Each hereditary graph property P is uniquely determined by the set
of its minimal forbidden graphs defined as follows:

F(P) ={G €T : G ¢ P but for each proper subgraph H of G; H € P}.

Obviously, a hereditary graph property P is additive if and only if F(P)
consists of connected graphs. We will call a property P 2-connected if
each minimal forbidden graph of P is vertex 2-connected. So that O, D,
7, are 2-connected, while D,k > 2 and Ok, k > 1 are not. If F(P) =
{H}, we write P as —H, so that e.g. O = —K3 and I, = —Kj4.2. For
a hereditary graph property P there is always a nonnegative integer k such
that Kiy1 € P but Kiyo ¢ P, which is called the completeness of P
and denoted by ¢(P). The property O, to be edgeless, is the only additive
hereditary graph property of completeness 0, ¢(Dx) = ¢(Ok) = c(Zx) = k.
Using the completeness of a hereditary graph property P, it is easy to
determine the smallest order of a forbidden graph for P, since it equals
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¢(P) + 2. Sometimes it is very difficult to find any minimal forbidden
graph of the smallest order even for a property P2. It is easy to prove
(see [3, 4]), that if R is the reducible property P; o Py o... 0 P,, then
c(ProPyo...0oPy,) =c(P1)+c(Pa)+...+¢(Pn) +n—1. This also implies
that the complete graph K(r)42 is the (only) minimal forbidden graph for
R of the smallest order if and only if K¢(p,)42 is the minimal forbidden
graph of the smallest order for some P;, € [n].

For the reducible graph property O, to be k-colorable, the minimal
forbidden graphs are also called (k + 1)-critical graphs and have been stud-
ied by many authors, see [7]. A constructive characterization of k-critical
graphs was obtained by G. Hajés in [6]. The famous Hajds construction
can be described in the following way:

Let G, and G be disjoint graphs with edges u;v; and uov2, respectively.
Remove u;v; and ugvq, identify vertices v; and up, and join u; and vy by
a new edge.

Many interesting results and problems related to the Hajés construction
may be found in [7]. Among others, if the graphs G, and G; are (k + 1)-
critical, i.e. G1,G2 € F(O¥) and ujv1, ugvs are their selected edges then
the graph H = HC[(G1, u1v1), (G2, u2v2)] obtained by the Hajés construc-
tion is (k + 1)-critical, too.

This is based on the following well-known facts:

1. for each proper k-coloring of H — ujv, the vertices u; and vo belong
to the same color class, which implies H ¢ O,

2. for each edge e € E(H — ujv;) there is a proper k-coloring (V;,V3)
of H — {e,u1v2} with v; € V; and v € V,, which implies
HC[(Gl, ulvl), (GQ, UQvg)] —e€ Ok,

Some basic properties and results on minimal forbidden graphs with
respect to reducible hereditary properties can be found e.g. in (3, 4, 10).
It is known that F(O?2) consists of all odd cycles. However, for k > 2
there is no property P* other than ©? for which we know all the elements
of F(P*). This is to be expected, since A. Farrugia [5] proved that (Po Q)-
recognition is NP-hard if and only if Po Q@ # O2. A. Berger [1] proved that
if there are only finitely many non-isomorphic blocks contained in the min-
imal forbidden graphs of an additive hereditary graph property P, then P
is irreducible. This implies that each reducible additive hereditary graph
property R has infinitely many minimal forbidden graphs. On the other
hand, no general construction of an infinite family of minimal forbidden
graphs for a given reducible property R is known. References to papers
dealing with constructions of infinite families of minimal forbidden graphs
for given reducible graph properties can be found in [2, 3, 4, 7, 9, 11]. In
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this paper we present new constructions of such families, based on gener-
alizations of the Hajés construction.

First, let us apply the Hajés construction to r disjoint graphs. More
precisely let 7 > 2 be a positive integer, H; be disjoint graphs and e; =
u;jv; € E(Hj) for j € [r].

By a Kj-conjunction of the r pairs (a K§-conjunction of the pairs)
(H;,ujv;), ujv; € E(H;), j € [r] we mean the graph K7[H;, u;jv;] con-
structed in the following way: for each j € [r] remove the edge u;v; from
Hj; for j € [r — 1] identify vertices vj, u;j+1 and join v, and v, by a new
edge. This construction is illustrated in Figure 1.

e =1u v,

Uy,

Figure 1: Kp-conjunction of pairs (Hj,u;v;), H = Hj — u;vj, j € [r]

Obviously a Kj-conjunction of (k+ 1)-critical graphs is a (k+ 1)-critical
graph, since it is obtained through repeated the Hajés constructions.
A Kj-conjunction of arbitrary minimal forbidden graphs of a reducible
property R is not necessarily a minimal forbidden graph of R. It can also
happen if the only minimal forbidden graph of the smallest order for R
is complete. In several ceses (e.g. ZZ,k > 1), a Ko-conjunction of graphs
that do not have a property R can be a graph with the property R. In
some cases, the condition (2), on which criticality of the graphs obtained
by the Hajés construction is based, fails. Two examples, when we can
use Ko-conjunctions to construct infinitely many forbidden graphs of re-
ducible properties will be given in Section 2. After appropriate definitions
a more general construction of minimal forbidden graphs will be presented
in Section 3.

2 Kj-conjunctions

To produce infinitely many minimal forbidden graphs of a reducible prop-
erty R = Py oPzo0...0 P, it is useful to consider the structure of mini-
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mal forbidden graphs for R of the smallest order. The Hajés construction
of (k + 1)-critical graphs starts with the (k + 1)-critical graph Kj4;. All
3-critical graphs (i.e. odd cycles) arise from K3 — e as Kj-conjunctions
of its copies.

Let us start with a notion, based on the condition (2) for the Hajés
construction of critical graphs.

For given s € [n] and a graph H € F(P1o...0P,),anedge e = uv €
E(H) is called s-eligible if the following hold:

1. for each i € [s] there exists a (Pi,...,Py)-partition (V3,V5,...,V;)
of H —uv such that u,v € V; and for each ¢ € [n]\ [s] such a partition
does not exist;

2. for each edge ¢’ € E(H — uv) and for each pair distinct indices %, j €
s], there exists a (P, ..., Py)-partition (V4, V,,...,V,) of (H —uv)—
e satisfying u € V;,v € V.

An n-eligible edge is called eligible.

For example, in any (k+1)-critical graph F' each edge is eligible. More-
over, if F(P;) contains a complete graph for each i € [s], 2 < s < n
and F(P;) does not contain a complete graph for i € [n]\ [s], then each edge
of K=Ky n o(p)+nt+1 € F(Pio...0P,) is s-eligible. On the other hand,
the graph H K7 - 3K, is the only minimal forbidden graph for the prop-
erty (— Cy)? of the smallest order. Its 6 edges incident with the unique
vertex of degree 6 are not eligible.

A sufficient condition for a K-conjunction of graphs from F(O¥) with
selected edges to be in F(O¥) is presented in [2]. In the next example we
use Kj-conjunction to construct infinitely many minimal forbidden graphs
for the property 02,k > 1.

Theorem 1 Letr > 2, k > 1. Fori € [r], let W* be a copy of the wheel
Cr(k+2)+1 + K1 and let &' be any edge on the rim of W. Then the graph
H obtained by the Kp-conjunction of the r pairs (Wi, e') is a minimal
forbidden graph of O3.

Proof. For i € [r], let v* be the central vertex and uhul - Uhyg)
the vertices of the rim of the wheel W*. Assume &' = ujuj.

Let us show that H ¢ O%. Suppose, to the contrary, that (V,V;)
is an (O, 2)-partition of H, a.nd let V? =V;nV(Wi),je[2,ice€lr]
Assume, without loss of generahty, that v! € V1. In that case at most
k vertices out of u},ul,.. ,uk(,c +2) could be in V, and others have to be
in Vil. The only possibility is that u},u} € Vi. By the construction
of H, {v',i € [r]} C V; and vertices uf,,ul are conta.med in V¢, i € [r],.
Denote by a* (b') the number of vertices in the component of the subgraph
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H[V}] including the vertex u} (u}). Because H[V1] € O the inequalities
bi+a*tl—1<k+1forie[r—1],a'+b" < k+1hold Moreover
one can observe that a + b* > k + 2 for each ¢ € [r]. Hence r(k +2) <
i@t + 3io, b < r(k +2) — 1, which is a contradiction.

Now, it is enough to show that H — f € O for an arbitrary edge f
of H. Let us construct the appropriate (O, 2)-partition (V1,V2) of H — f.
We consider two cases:

1. f=uful.
Then we take Vi = Ui, {{”i} ulUia {“;(k+2)}}’
Vo = V(H) - Vi.

2. f € EW? —ulul),q € [r].
Because in this case uud is an eligible edge in W? € F(O%) there
is an (Ox, 2)-partition (V{, V}!) of W7 — uduf — f such that uf € V{
and u{ € VJ.
For i < g, V§ = {v'}uUl, {wjwsn}, Vi = V(W) - V4.
For i > g, V{ = {v'} PU§=1 {uj(k+2)-k}, Vi=V(W) -V}
Finally, Vi = Ui, W, o = Ui, V3

In both cases (W, V2) is an (Ok, 2)-partition of H — f. [ ]

It is easy to see that the K2-conjunction of r disjoint copies of the mini-
mal forbidden graph Ka,41 for the property D} gives a minimal forbidden
graph for D} (see [3]). This can be generalized as follows:

Theorem 2 Let r,n 2 2, p1,...,Pn 2 0 be integers and let m=n+ 1+
Shapi. Fori=12,...,r let K;, be a copy of the complete graph K,
and let €' be any edge in K},. Then the Ky-conjunction of the r pairs

(Kt ,e') gives a minimal forbidden graph of Dy, 0Dp, 0...0Dp,.
p1 © Pp P

Proof. Let ¢! = uv;, i € [r], and let H = Kj[K§,, uvi].

First we shall prove that H ¢ Dp, 0 Dp, o...0 Dy, . Suppose, to
the contrary, that (V1,Vz,...,V,) isa (Dp,,. .. s Dp, )-partition of H and let
Vi=V(Kp)NV;i€lr],je [n]. Then (V§,...V}}) is a (Dp,,...,Dp,)-
partition of K}, — u;u;. Since a complete graph K; € Dy if and only if
j <p+1and because m =n+1+ Y[, p:, the vertices u;, v; have to be
in the same partite set of K%, — wv;, say Vi, t € [n] and |Vjf| = p; + 2.
Thus by the construction of H we obtain that H[V;] is a Kz-conjunction
of r pairs (Kp,+2,€*), with €* being an arbitrary edge of Kp, +2. It follows
that 6(H[V;]) = p: + 1. The last equality means that H[V;| ¢ D, , a con-
tradiction.

To show that for any f € E(H),H — f € Dy, ©...0 D, we consider two
cases:
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1. f=wuv,. Let (14,...,V,) be a partition of H — f satisfying the fol-
lowing conditions:

e precisely pg + 1 vertices of K%, — u;v; other than u;,v; are con-
tained in Vg, ¢ > 2, i € [r],

e precisely p; + 2 vertices of K, — u;v;, including u, v; are con-
tained in V3, i € [r].

Note that H{V,], g > 2 is a disjoint union of r copies of Kp,4+1, which
implies that H[V;] € D,,. Moreover H[V}] is a graph obtained from
7 labeled copies G; — ¢;d; of a complete graph of order p; + 2 without
one edge, by identifying vertices d;, c;;1 for ¢ € [r — 1]. Because each
subgraph of H[V]] has a vertex of degree at most p; we conclude that
V,...,Va) is a (Dp,, ..., Dy, )-partition of H — f.

2. for f = ab € E(KJ, — ujv;), j € [r], construct a (Dp,,...,Dp,)-
partition (V4,...,V;) of H — f in the following way:

o {u1,v1 = up,vp = u3,...,Uj-1,%-1 =u;,a,b} C W,

o {vj = Uity VUjgly oo ,’Uq-,'l)r} cV,,

o precisely p, + 1 vertices of K}, — u;v; are contained in V¢ > 2,
i €r],

e precisely p; + 2 vertices of K, — u;v; are contained in V; for
i € [5], and p; + 1 otherwise, i.e. for j < i,

e precisely ps + 1 vertices of K}, ~ u;v; are contained in V; for
i€[jlandpg+2forr>i>j,

This finishes the proof. [ |

3 A generalization of the Hajés construction

Let G be a graph of order m and T be any spanning tree of G, i.e.
V(T) = V(G) and E(T) € E(G), with the edges E(T) = {e; = z1y1,e2 =
Z2Y2y+++y€m—1 = Tm-1Ym—-1} . For given positive integers r,...,7m_1,
73 2 2, by a GT-congjunction of the pairs (H; j, u; i ;),i € [m — 1), 5 € [ry]
we mean the graph H = GT[H; ;, u; jv; ;] obtained as an issue of the fol-
lowing operations. For each ¢ € [m — 1], construct the graph H; from
the graphs H;,..., H;,, by removing the edge u;jv; ;, for each j € [ry],
and identifying the vertex v; ; with the vertex u; ;4 for each j € [r; — 1].
Then combine the graphs G, Hy, ..., Hy—1 to form the graph H by identi-
fying the vertex z; of G with u;; and the vertex y; of G with v;,r, for each
i€ [m-1).
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Let us remark that if G = K, then a GT-conjunction is just a Ko-
conjunction. By an r — cyclic property, r > 2, we mean such a hereditary
property P that for each F € F(P), F does not contain an induced cycle
of length greater than r. It is worth noting that e.g. the property Dp,p > 1,
is not r-cyclic for » > 2. On the other hand, let F be a 2-connected graph
of order r, then obviously the additive hereditary graph property —F' is 2-
connected and r-cyclic simultaneously.

Theorem 3 Let P1,P2,...,Pn, n = 2, be 2-connected, r-cyclic additive
hereditary graph properties, r > 2. Moreover, let G € F(P1U...UP,),2 <
s < n, be a graph of order m and let T be a spanning tree of G, such that
for any edge e € E(T) there ezist integers i,5,1 < i < j < s, satisfying
G|V(T1)] € P:, G|V (T2)] € P; where T1,T2 are the components of T-e. Let
71,...,Tm—1 be integers all greater than 5% and let H; j € F(Pyo...0P,)
be graphs with s-eligible edges u; jv; j, i € [m - 1},7 € [ri), respectwely

Then a GT -conjunction of the pairs (H; j, uijvi;), i € [m—1],7 € [ri],
is a minimal forbidden graph of PyoPao...0Py.

Proof. Let H = GT[H; ;,u; ;v ;] be the GT-conjunction described
above. Suppose, contrary to our claim, that H ¢ F(P;o...0P,). This
implies that H € P; 0...0 Py, or there exists an edge f € E(H), satisfying
H—f¢Pio...oP,.

1. Assumethat (W;,...,V,)isa (Py,...,Py)-coloring of H. Since u;,;v;,;
are s-eligible edges of H; ;, we have that there exists g € [s] such that
for all i € [m -1),j€ [r,],'u,,'v,,J € V,. This gives G € P, contrary
toGgP1U...UP,.

2. It remains to prove that for any edge f € E(H) the graph H — f €
P, 0...0P,. Consider two cases:

(a) f € E(G).

Since G € F(P; U...U P,) there is an index ¢ € [s] such that
G - f € P,. Without loss of generality let ¢ = 1. Since
the edge u; ;v;,; is s-eligible in H; ;, the graph H;; — u;jv;;
has a (Py,..., Pn)-partition (V! ,J, V) satisfying u; j, v ; €
V. Let Vi = Uieim-1,jefrg Vi k e [n] We shall show that
(H = f)[Vi] € Py for each k € [nf with V(G) C V). Suppose, to
the contrary, that there exists k € [n] such that (H~f)[Vi] € Pk.
Then there is a graph F € F(Py) satisfying F C H[Vi]. Since F
is 2-connected, Py is r-cyclic and r; > =5+ for all permissible i, it
implies that V(F) C V’° for some ﬁxed p, 3, which contradicts
the assumption that ( s+ s Vo) 18 a (P1,...,Pn)-partition
of Hp,; — up,j¥p,;-
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(b) f € E(Hp,q — up,qUp,q) for some indices p, q.
Recall that there exist indices /;,ls € [s] such that the com-
ponents T}, T; of the graph T — u,1vp,r,, With u,; € V(Tl),
satlsfy GlV(Th)] € P, and G[V(T2)] € Py,. Let Jp, = {i €
=1]: w1, v, € V(Tw)}, w € [2]. Because u; ;jv; 5 is an s-
eligible edge in H;j, foreachi € J;, j € [r,] and for i = p,
J € [g — 1] there is a (P1,...Pa)-partition (V};,V,..., V%)
of H; ; — u;jv;; in which {u,,,,v,,,} c V’1 Again, as before,
for each i € J2, j € [ry] and for z = p, ] € [ri] \ [g] we can
find a (P,,...P,)-partition (V’J, v Vi) of Hyj —ugjug
in which {u,,,,v,,,} c V,f’ Also, followmg the deﬁnition of s-
eligibility we can find a (P, .. 'Pn)-pa,rtltlon( gy Vigs -1 Vo)
of (Hp,g — Up,qVp,g) — f in Which u, 4 € V1 and vy 4 € V Our
proof finishes with the observation that we can put together all
such (Pi,...Py)-partitions. Precisely, we construct the parti-
tion (V1,..., Vo) of V(H — f) such that Vi = Ueim—1},jepr) vk,
k € [n]. It is easy to verify that (V4,...V,) is a (Pi,...Py)-
partition of H — f.

This establishes the fact H € F(Pyo...0P,). [ |

A method, for finding a graph G € F(P; U...UP,), was presented in
[3): let X be a set of graphs. We write minc[X] for the set of graphs in
X that are minimal with respect to the partial order C (to be a subgraph)
on Z. Then, using this notation, F(P) = minc (T — P] for any hereditary
property P. Thus we can express F(P, U P;) = minc[{H € I : there
exists a pair of graphs G, € F(P;) and G2 € F(P:) such that G; C H
and G, C H}|. Let us remark that if P, P2 are additive hereditary graph
properties then P, U P, is a hereditary graph property but not necessarily
additive, since F(P; U P;) can contain disconnected graphs.

4 Concluding remarks

The condition *T be a spanning tree of G” in the construction of G7-
conjunction and in Theorem 3 can be weakened to "T be a tree satisfying
V(T') = V(G)". This new assumption does not change the proof and gives
the possibility to use in a GT-conjunction disconnected graphs from G €
F(P1U...UP,). In order to make the proof easier to follow, we presented
only the case where T is a spanning tree.

In the case that P, = P, = ... = Py = P we can simplify the construc-
tion given in Theorem 3 as follows:
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Corollary 4 Forr > 2 let P be a 2-connected r-cyclic additive hereditary
graph property, G € F(P) be a graph with m vertices and T' be an arbitrary
tree satisfying V(T) = V(G). Let ry,...,rm—1 be integers all greater than
=1 and H; ; be minimal forbidden graphs of P*,k > 2 with eligible edges
eijii €[m—1),5 € [ri]. Thena GT -conjunction of the pairs (H; j,e; ;);i €
[m —1),5 € [ri] is @ minimal forbidden graph of PE.

Corollary 4 may be applied for infinitely many reducible properties
of the type P* taking each H; ; to be the same minimal forbidden graph
for P* of the smallest order.

For example, let P be a property with F(P) = {Cp,,Cpy, .., Cpn },P1 <
P2 < ... < pm. We can verify, that the graph H = Cp, + P, -1 is a mini-
mal forbidden graph of P2 in which any edge e of the cycle Cp, is eligible.
Then a C,ﬁ”-conjunction based on the pairs (H, e) with r; > "‘2“1 is a min-
imal forbidden graph of P2.

We have succeeded in finding eligible edges in the minimal forbidden
graphs of several specific 2-connected reducible additive hereditary prop-
erties. However, it is an open problem whether the eligible edges required
by Corollary 4 exist in general.
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