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Abstract

For each of the parameter sets (30, 7, 15) and (26, 12,
55), a simple 3-design is given. They have PSL(2,29) and
PSL(2,25) as their automorphism group, respectively. Each
of the two simple 3-designs is the first one ever known with
the parameter set given and A in each of the the two param-
eter sets is minimal for the given v and k.
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1 Introduction

A 3-(v,k,\) design is a pair (X, B) where X is a v-element set of
points and B is a collection of k-element subsets of X (blocks) with
the property that every 3-element subset of X is contained in exactly
A blocks. A 3-(v, k, ) design is simple if no two blocks are identical.

Let G denote a subgroup of Sym(X), the full symmetric group
on X. G acts on the subsets of X in a natural way: If g€ Gand S C
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X, then g(S) = {g(z) : € S}. G is called an automorphism group
of the 3-design (X,B) if g(S) € Bfor all g € G and S € B. For
SC X, let

G(S) ={9(5): 9 € G}

Gs={g€G:g(S) =S5},

G(S) is called the orbit of S and Gs is called the stabilizer of S.
It is well known that |G| = |Gs||G(S)|(see [2]). It follows that G is
an automorphism group of the 3-design (X, B) if and only if B is a
union of orbits of k-subsets of X under G(see [1]).

Let g be a prime power and X = GF(q) U{oo}. We define

a/0 = 0o,a/00 = 0,00 + a = @ + 00 = 00,a00 = 00a = 00

d
o aco+b

coo+d

)

Qe

where a, b, ¢, d € GF(q) and ' @’ I £ 0. X is called the

projective line. For any a,b,c,d € GF(q), if ad — bc # 0, we define
a function f: X — X where

ar+b

f(z) = =t d

f is called a linear fraction. The determinant of f is

= ad — be.

a, o

det f =

a
C

The set of all linear fractions whose determinants are non-zero squares
forms a group, called the linear fractional group LF(2,q), which is
isomorphic to the projective special linear group PSL(2, g)(see [2]).
Let G denote PSL(2, q) with ¢ = p™ = 1(mod 4) in this paper. It is
well known that

6] = (¢ + 1)a(g — 1)/2.

In the next section of this paper, two simple 3-designs with PSL(2, 29)
and PSL(2,25) as their automorphism group, respectively, will be
given. Each of these 3-designs is the first one ever known with that
parameter set according to [3] and [5].
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2 Two simple 3-designs

In this section, we give two simple 3-designs mentioned above. The
following two lemmas show some of the fundamental properties of the
elements contained in G. Let x(g) denote the number of elements of
X fixed by g € G in both lemmas.

Lemma 2.1. [4] Suppose g € G and |g| =m > 1. Then x(g) =1
if m =p, x(9) = 2 if m|23%, x(g) = 0 if m| L2,

Lemma 2.2. [6] If g € G of order m > 1, then g hasa = x(g) < 2
fixed points and b = (g + 1 — a)/m m-cycles.

Remark of Lemma 2.2: We can see from Lemma 2.2, that
a k-subset S can be fixed by an element ¢ € G with order m if
and only if S consists of ¢ m-cycles and r fixed points-of g, where
k=mg+r,0<r<m.

Lemma 2.3. 7] There are exactly two orbits of triples,

A1 = g({0, 11 00}) and A2 = g({O, 7> OO}),

each of which contains half of the triples, where + is a primitive root
in GF(q).

We denote the number of k-subsets of an orbit I' that contains a
special triple of A; by Mi(i =1,2) .

Lemma 2.4 [7] Let v be a primitive root in GF(g). If I is any
orbit of subsets of X, then 4T is also an orbit.

Lemma 2.5 Let I' = G(B) be an orbit of k-subsets. Then Al =

M2p, Alp = A2 and (X,4TUT) is a 3-(¢ + 1,k, A) design with
k(k — 1)(k — 2)
(4] ’

A=M+Mr=M+xr=

where 7 is a primitive root of GF(q).
Proof. Firstly, we prove that AL = z\f‘;r. If there exists a k-subset

A €T such that {0,1,00} C A, then
{0: ) OO} = 7{0’ 1, OO} CyA el

Conversely, suppose there exists 7A € yI" containing {0, 7, 0}, where
A €T, then
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{0,1,00} = 471{0,7,00} Sy} (yA) = A€T.
So A]]:'- = )\31‘\.
Secondly, we prove that Al = M. If there exists A € 4T con-
taining {0, 1,00}, then
{0,7,00} =7{0,1,00} SYA€+’T =T,

since 42 is a square. Conversely, suppose there exists A € T contain-
ing {0,~, 00}, then

{0,1,00} =77 1{0,7,00} C7 A €77 IT =470 = 424" =T,

By the above arguments, we have AL+ Alp = M3 +A2p. So (X, 4TV
T') is a 3-(g + 1,k, A) design with

A=A+ Al =23+ 02

Since the total number of blocks is

b=2ir| = 216(B) = 2,1
SO
o ke =1)(k=2)
G5l '

Theorem 2.1. Let By = {1, 4}, 73,---,7#*} be the subgroup
of GF*(29) with order 7, where 7; is a primitive root of GF(29).
Let X; = GF(29) U {0}, G1 =PSL(2, 29) and I'1 = G;(B;). Then
(X1,mT1UT) is a simple 3-(30, 7, 15) design.

Proof. By Lemma 2.5, (X;,I'1 UT}) is a 3-(30,7, A1) design
with

A = 7x6x5 1)

! 'ngll .
Since 3|%"—1 and 5|39—;—1, by Lemma 2.1, an element contained in G;
with order 3 or 5 has no fixed points. So an element of order 3 or 5 can
not be contained in the stabilizer of a 7-subset by Remark of Lemma.

2.2. So 3/ |GiB,| and 5/ |Gip,|- Then |Gip,| |14 by (1). Obviously,
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fi(z) = iz € Gip,, h(z) = L € Gip, and (h(z), fi(z)) C GiB, is &
dihedron of order 14. So |Gip,| = 14, A = 15 and (X3,nI'1 UTY)
is a 3-(30,7,15) design. To prove (X;,m1I'1 UT) is simple, we need
only to show I'y # mI';. If I'y = Iy, then

M =M+ AL =22

must be an even number, which is a contradiction to A; = 15. So
(X1,7T1 UT) is a simple 3-(30,7,15) design.

Theorem 2.2. Let By = {1, 73, 73, --,74%} be the subgroup
of GF*(25) with order 12, where 7, is a primitive root of GF(25).
Let Xo = GF(25) U {00}, Go =PSL(2, 25) and I's = Ga(Bz2). Then
(Xa,Ta Uel's) is a simple 3-(26,12,55) design.

Proof. By Lemma 2.5, (X2,I'2 U 7I'y) is a 3-(26,12, A2) design

with L 12x11x10 @
2= IG232|

Since 11/ |Ga|, then 11} |G2p,| | |G2|- By Lemma 2.1, an element of
order 5 has exactly one fixed point, so Gop, contains no elements of
order 5 by Remark of Lemma 2.2. So 5/ |G2p,|. Then |Gap,| |24.
Obviously fa(z) = 73z € Gop,, h(z) = % € Gap, and (fa(z), h(z))
is a dihedron of order 24. So |Gap,| = 24 and (X2,I'2 U ¥I'y) is a
3-(26,12, 55) design. It is simple since 55 is odd.
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