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Abstract

A strongly connected digraph I' is said to be walk regular if for any
nonnegative integer ! and any vertex u of I', the number of circuits
of length I containing u depends only on I. This family of digraphs is
a directed version of walk regular graphs. In this paper, we discuss
some basic properties of walk regular digraphs.

1 Introduction

Let T’ = (V, E)) be a digraph with the vertex set V and the arc set E. If
(u,v) € E, we say that u dominates v. The set of vertices of I' dominated by
u is said to be the out-neighbors of u, denoted by T (u). The set of vertices
of I' dominating u is said to be the in-neighbors of u, denoted by I'_(u).
A digraph I' is said to be regular of valency k if [Ty (u)| = |T—(u)| = &k
for any vertex u of I'. A walk of length [ in I is a sequence (w0, u1y .oy ty)
of vertices such that (u;_1,u;) € E, i = 1,2,...,I. If u; dominates up, the
walk (uo, u1,...,u;) is said to be a circuit. The girth of T is the length of a
shortest circuit. If a digraph contains an edge, its girth is 2. The number
of arcs traversed in a shortest walk from u to v is called the distance from u
to v in I', denoted by &(u,v). The maximum value of the distance function
in T is called the diameter of T'. A digraph is said to be strongly connected
if, for any two distinct vertices » and v, there is a walk from u to v.

Definition 1.1 A digraph is said to be walk regular if for any given non-
negative integer l and any verter u of I, the number of circuits of length |
containing u depends only on l.
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Let T be a digraph with diameter D. For 0 < k < D, the distance-k
matriz Apg, is defined by

_J 1 ifo(u,v) =k,
(Ak)uo = { 0 otherwise.

In particular, Ao = I, and A, = A, which is the adjacency matrix of I'. If
AAT = AT A, then T is said to be normal. About normal matrices, there
are the following properties:

Proposition 1.1 ([1]) Let A be an n x n complez matriz with eigenvalues
A0s ALy .1 An-1. Then A is normal if and only if any of the following as-
sertions holds:

(a) U* AU = D for some matriz U such thatUU* = I,and D = diag(Xo, A1, -
(b) A* = p(A) for some polynomial p € Clz].

(c) tr(AA*) = Xr IMl2.

Let A be & normal matrix with d + 1 distinct eigenvalues Ao, A1, ..., Ad
with multiplicities mg,my, -+ ,mq and m(z) = (2= Ao)(z— A1) -+ (z = Ad)
is the minimal polynomial of A. Let A(T") be the adjacency algebra of I'. It
is known that {I, 4, - , A%} is a basis of A(T') and d > D since the powers
I,A A2, ..., AP are linearly independent. From Proposition 1.1(a), we
know that the eigenvectors of a normal n x n square matrix constitute an
orthogonal basis of the vector space C", with inner product (u,v) =uv.
For each polynomial p € C[z] we define p operates on the vector v € C"
by pv = p(A)v. For each \;, let U; be the matrix whose columns form
an orthonormal basis of the eigenspace V; := Ker(A — A\I). Then the
orthogonal projection onto V; is represented by the matrix E; =UU}, or
alternatively, E; = 317 H;=o (A — M), where ¢; = H;Lo,,- (i = 2g).
These matrices are called the principal idempotents of A and satisfy the
following properties: E;E; = 6;;E;, AE; = \E;. Also {Ey, By, - -- ,Ea} is
a basis of A(T).

Then we can give the orthogonal decomposition of the unitary vector
e, of C", represented vertex u as follow:

ey =20 +2zk +... 42, (1)

where z{, = E;e,,i=0,1,...,d.

From the decomposition (1), we call " spectrally regular if my(A;) :=
(E:)uu does not depend on u, where the notion mu();), is analogous to
that of u-local multiplicity of eigenvalue \;, introduced by Fiol, Garriga
and Yebra[7] for undirected graphs. It is easy to see that Youev Mul(Xi) =

mi,0 < i <dand 35 gmu(M) = 1.
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In this paper, we first discover the relationship between walk regular
digraphs and spectrally regular digraphs, then discuss some properties of
normal walk regular digraphs. Finally, we prove a special class of walk
regular digraphs is distance-regular.

2 Main Results
Lemma 2.1 If A is normal, then

mu(Xs) = ||z 1.
Proof. Since E} = (U;U})* = U;U! = E;, then

lzel? = (zh,2) = (z})*z
= (Eiey)*Eiey =elE!Ee,
= e,'fE,-eu = (E.')‘m. O

Let T’ be a walk regular digraph. Then for each nonnegative integer I,
(A")yy is the number of circuits of length ! containing u. The following
result is a natural extension of the corresponding result for walk-regular
graphs, given by Fiol and Garriga (5] and Delorme and Tillich [2].

Theorem 2.2 Let ' be a normal digraph. Then the following conditions
are equivalent:

(i) T is walk regular;

(ii) T is spectrally regular.

Proof. IfT is spectrally regular, suppose A' = agEp + a1 E; + - - + g Ey.
Then for any vertex u € V,

(AYuu = (@0 Fo+a1 B+ - +agEg)yy = a0 (Eo)uut01(Er)uu+: * - +2d(Ed)un.

For each k, (Ek)y. is independent of u, hence A%, does not depend on .
I’ is walk regular.

Conversly suppose I is walk regular. Let Ey, = Bl + 81 A+ - - - + Bz A%.
Then

mu('\k) = (Ek)uu = (BOI"‘ﬂlA'*‘ * '+ﬂdAd)uu = ﬂO(I)uu+ﬁl(A)uu+‘ . '+ﬂd(Ad)uua

which implies that my(Ax) = Tk, as desired. O

Assume that A has d + 1 distinct eigenvalues Ao, Ay, ..., Ag with |Ag| >
[A1] 2 ... > |Ad|. By the Perron-Frobenius theorem, A is simple and has
a positive eigenvector v, if I is k-regular, then we may pick v = j, where j
denotes the all 1- vector, and Ao = k. '
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Proposition 2.3 Let I’ be a normal walk regular digraph. Then T’ is reg-
ular.

Proof By Lemma 2.1, my(Xo) = |25I2 = v2/||v||>. By Theorem 2.2
Vy = v, for any distinct u,v € V; and so v = #1(1,1,--- ,1)T. Hence I is
Ao- regular. O

For a given digraph T’ with adjacency matrix A4, we consider the follow-
ing scalar product in C[z] :

(P a) = tr(p(4)a(A)")

It is obvious that the product is well defined in the quotient ring C[z]/(m(z.
Notice that 1,z,z2,:-- , 2% are linear independent in C4[z], then by using
the Gram-Schmidt method and normalizing appropriately, it is immediate
to prove the existance and the uniqueness of an orthogonal system of poly-
nomials {px }o<k<a called predistance polynomials introduced by Fiol and
Garriga in [4), which, for any 0 < h, k < d, satisfy:

(1) deg(pr) = k;

(2) (ph’pk) =0,if h#k;

(3) Il 2x II*= Pr(Xo)-

Definition 2.1 (f1]) A digraph T of diameter D is weakly distance-regular
if, for each monnegative integer | < D, the number al, of walks of length
| from vertez u to vertez v only depends on their distance 8(u,v) =k, for
anyl=0,1,--- ,D. In this case we write al,, = a},0 < k,! < D.

Recall that, in a weakly distance-regular digraph, we have D = d([1],Theor
2.2) and such polynomials satisfy px(A) = Ak, 0 < k<d.

Theorem 2.4 Let ' be a normal digraph with predistance polynomials
D0,P1,° " yPd- Then the following statements are equivalent.

(i) T is walk regular;

(ii) The matrices pr(A), 1 < k < d, have null diagonals.
Proof. Suppose I' is walk regular . For 1 < k < d, let pi(z) = Zf=0 izt
Then pi(A) = S, 1:A4*. For each vertex u,

k k
(pk(A))lm = (Z'YiAi)uu = Z'Yia(i)-

i=0 i=0

For each 1 < k < d, we have

k k
0= (pr,po) = ~tr(pe(A4)) = ~-nY_woh = b
=0 i=0
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Hence px(A), 1 < k < d, have null diagonals.
Conversly, suppose p;(A) have null diagonals for each 1 < k < d. Let

! = Yo oupx. Then A = 3™ appe(A) and

3
(AVuu =Y 0tk (Pr(A))u = 10(P0(A)) s = 0.

k=0

Therefore A, = a9, which is independent of u and T is walk regular. O

Let I be a normal walk regular digraph with the adjacency matrix A.
Then by Proposition 1.1(b), AT = p(A) for some polynomial p € Clz], so
we may assume that AT = pol + A + -« + pgA?. Hence for any two
vertices v and v with (u,v) € E, the number of walks of length ! from v
to u is a constant. In particular, if the digraph I satisfies the very strong
condition (A): For any two vertices u,v € V with 8(u,v) =k, 0< k< D,
the number b} (u,v) of walks of length ! from v to u is independent of the
choice of u and v. The following Theorem tells us that a digraph satisfying
(A) is nothing but the distance-regular digraph.

A digraph T’ = (V, E) with girth g is called stable if partial(u,v) +
partial(v,u) = g for any pair of vertices u,v € V at distance 0 < partial(u,v) <
g.

Theorem 2.5 LetT be a strongly connected regular digraph with girth g >
3. Then T is distance-regular if and only if T' satisfies the condition (A).

Proof.  Firstly we conclude that if I" satisfying the condition (4),
then I' is stable . Let (u = ug,uy,-++-+- »Ug-1) be a circuit of length g.
It is obvious that for all 0 < t < g, partial(u,u;) = t. It follows that
bJ~* > 0. Now let u,v be two vertices with O(u,v) =t,0< t < g. Then
there exists a walk of length g — ¢ from v to u by b{’" > 0, which implies
that partial(v,u) < g — ¢; and so partial(v,u) = g—¢. By [3], D=g or
D=g-1,

For any two vertices u and v with partial(u,v) = k, 0 < k < D, we
consider the number a}, (u, v) of walks of length ! from v to u. Assume that
T satisfying the condition (A). If k = 0, A%, is just b} and if k = D = g,
ap(u,v) = b (u,v) = bh. If 0 < k < g, we have ak(u,v) = b _i(u,v) =
b_f,__,c since I is stable. It follows that the numbers a.fc, 0< k<D, are
constants. Hence I' is a stable weakly distance-regular digraph, which is a
distance-regular digraph by [1].

The converse is obvious. O
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