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ABSTRACT. Combining integration method with series rearrangement,
we establish several closed formulae for Gauss hypergeometric series
with four {ree parameters, which extend essentially the related results
found recently by Elsner (2005).

1. INTRODUCTION

For a complex number a and a nonnegative integer n, the shifted factorial
is defined by

(@o:=1 and (a)p:=a(a+1)---(a+n—-1) for n>0.
Then we have the Gauss hypergeometric series

a b = (a)ﬂ (b)n n
Fla,b;¢;2) := oy [ ) . ’z} = Z WZ , (1.1)
n=0
where it is assumed that c is not a negative integer. When z = 1, the series
is convergent provided that Re(c —a —b) > 0 and evaluated by the well
known Gauss summation formula:

a, b _T(e)l(c—a-1b)
A" 2 - Ry (-2

If |z] < 1, the Gauss hypergeometric series converges for arbitrary complex
numbers a, b and ¢, but there does not exist closed formula in gencral.
By applying Zeilberger’s algorithm and Maple programs, Elsner [6] found
recently the recurrence formulac of several classes of infinity sums. For
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example, with m and n being positive integers subject to m > 2n, the
Gauss hypergeometric series of the following types

1, 1 1 n, n+4l 1
21 [ 12| *z] and 2F [ m 12| iZ]
has been considered by Elsner [6]. By means of series rearrangement and in-
tegration method, this note will establish several closed formulae for Gauss

hypergeometric series with four free parameters, which extend essentially
the related results due to Elsner [6].

2. THE MAIN THEOREMS

Theorem 2.1. Let n, € and m be nonnegative integers with m > n + £.
For any real number a > 1, we then have

2y [n +1, 41 ] pi(a) + q1(a)vVa — 1 arccotva — 1, (2.1)

m+1/2
where
nia) = 2+ 10 (] ){gz;( 1)t %
T ()
06 = (e (0 B 35 (9) (4 e

k=0

Proof. By means of Euler’s integral representation [1, §1.5, Eq. (1)]

1
=f [a’ bl”]:%/o 71— )= (1 - 2t) 7o, (2.2)

[

we get the integral representation:

n+1,+1)1 n+11'~ (m+ l) t‘(l m-—t—-—
E ) de.

2F‘[ m+1/2 T T+ )T(m-t-} (a—t )+l
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Performing the replacement ¢ = 1 — u? in the above integral, we have

n+1,f+1)1 _ ngr M- (l_u t’ y2m—20-2
2F1[ m+1/2 a] =2(l+1)a F—i-l (@1t du

=2(0+ 1) "“( )Z( 1)~ ‘( )/ (—Jﬂ;—:;;)ﬂdu (2.3)

For positive integers r and n, let

1 ulr
1(1‘, n) = A m du

Through integration by parts, we get the following recurrence relation:

21 2
T d
n—l)/ (a =1+ u2)" v
1 2r—1

B " 2(n — 1)an-1 + 2(n—1) Ir=1,n-1).

_,u2r-—l
2(n —1)(a—1+wu2)n-1|,

I(r,n) =

If r > n—1, iterating the last relation n — 1 times and then simplifying the
result, we obtain

. 3 —1 n—2 (r-t-%) r— 'l '
I(r,n) = T Za P + (n _i) Ir-n+1,1). (24)

With s being positive integer, we can derive another recurrence relation:

o1 ] 1 u2s—2
I(S, l) = /0 uzb_zdu b (a - 1)-/0v m du

1
2s—1

—(e-1)I(s-1,1).
Iterating this relation s times, we find

(1-ay
2s—2j—1

s—1
I(s,1) =

7=0

+(1-a)*1(0, 1), (2.5)

where

10 1)_/1 du __arccotv/a — 1
N Jo a=14w? T Va—1
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When m > n 4+ ¢, the combination of (2.4), (2.5) and I(0, 1) leads us to the
following identity

n—-1 m—k—;_,- _L._3
I(m—k—l,n+1)=—-}—z( ) (m : g)I(m—n—k—l,l)

=)

n-1 (m—k—32 m—n—k—2 ;
1 () ey (1-ay
2nzan— ("'1)+( n ) Z 2m—-2n—-2k—-25-3

=0

_n_3 __ aym—n—k-1
+ (m : 2)9——\0}7 arccotva — 1.

Substituting the last identity into (2.3) and simplifying the result, we obtain
the identity displayed in (2.1). 0O

Remark 2.2. By rewriting o Fi[n + 1,£+ 1;m + 1/2;1/a] as

(2m—1)!!i (k+Dn(k+1) (fl_)k
nlel &= (2 +1)(2k +3)--- (2k + 2m ~ 1) (3)

we may state formula (2.1) in terms of infinite series identity

- (k+ 1) (k +1)e 4k
kg() (2k + 1)(2k +3) -+ (2k + 2m — 1)(%) (a)
nl ol

= (—),,{Pl (a) + q1(a)vVa — larccotva — 1}, (2.6)

Its special cases for a = 4, 2, 4/3 may be displayed respectively as

i (k+1)n (k+1), f,r}

k=0 (2k+1)(2k+3)---(2k+2m—1) (21\',:)

- TP @+ a @Y

i 2% (k + 1)n (k + 1)e
£ (241 (2k+3)- (2k+2m—1) (3F) (2m

,,{P1(2 )+ a(2)7 }

i 8(k + 1)n (kK +1)e
=0 @kr1)(@krd)-2kram-1) (3F)

= (2m 1),,{p1( H+q(d )f”}

164



We point out that Elsner’s Theorem 4 (i) can be recovered from (2.6) by
lettingn=¢=0,a=4dand m - m+ 1

= 1
XZ: 2k +1)(2k + 3)--- (2k + 2m + 1) (%)

=2 —f{ (- T +Z1 )
T (2m -1 2 —dm-w-1)

Similarly, setting ¢ = n — 1, a = 4 in (2.6), we find Elsner’s Theorem 6
which does not give explicit formula.

Theorem 2.3. Let n, ¢ and m be nonnegative integers and m > n + €.
For any real number a > 1, we then have

n+1l, £€+1 I 1+v1Fa o
gFl[ m+1/2 —;}—pg(a)+q2(a)\/1+aln—ﬁ—, (2.7)
where
£ n-—-1 14 m—k—%)
= 2¢ 1 n+1( ){ £k1(~)( i
pa(a) = 2(e+ 1)am*! (7, gz; 2na i ()

+im—nz—k—2 (_1)7z+€—k+1(1+a)j (6) (’m—k—%)}
el 2m —2n -2k - 25 -3 \k n
1 [4
= np1 (M — 3 _1\H—k ¢ m—k-3§ men—h-2
g(a) =2(¢ + 1)a (Hl)g( 1) (k)( . )(l+a)

Proof. Similarly to the proof of Theorem 2.1, we have the following identity

n+lye+l 1 —_ n41 m_%
2F1[ m+1/2 "E]_2(e+1)a e+1

¢ 1=k ¢ 1 y2(m—k~1) d 58

For positive integers » and n, let
1 2r
u
J(r,n) = —_—d
( 7) A (1+a_u2)n u
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By applying integration by parts, we get the recurrence relation:

y2r-1 1 2% — 1 1 y2r—2
J(r,n) = - du
2n—-1)(1+a—-uw?)" 1|, 2n-1)Jy 1+a—u?)!
L 2r—1 Jr—-1,n-1).

= 2(n— 1”1 2(n-—1)

Supposing r > n— 1, iterating this relation n—1 times and then simplifying
the result, we have

n? i(r=3 _1
J(r,n)=Z2 (_1)(." ) - +(—1)"(;_5)J(r—n+1,1). (2.9)

= 2n- l)a""‘l("ig) 1

Again for a positive integer s, we have

1
J(s,1) = —%—_T+(1+0)J(S—1,1)
s—1 :
(1+ay s
= 2.10
=025_23.__14-(14-(1) J(,1) (2.10)
where
1
J(0,1)=/ du _ 1 lnl+\/1+a.
o 1+a—u? T+a Vi+ta

If m > n + ¢, we derive from (2.9), (2.10) and J(0,1) the following formula

L (=1 "‘") m—k—
Jm—k-1n+1)=Y ———~i L 4 (1) J(m—n-k-1,1)
,Zézan-t(,) () o

m-n—k—2

- "’I%k'ﬁ _qynr1[mk-d
- Z 2nan—i(n:l) +( 1) ( n ) Z

i=0 j=0
_r_3 m-n—k-—1
+(_1)n(m k 2)(1+a) ]n1+\/1+a.
n Vi+a Va

Replacing the integrals in (2.8) by the last expression and then simplifying
the result, we get identity (2.7). O

(1+a)
2m—-2n-2k-2j-3

Remark 2.4. Similarly, rewriting (2.7) in terms of infinite series identity

3 (k+ D (k + 1)e 4y
2 (2k+1)(2k+3) - - - (2k+2m—1) (%) ( a)

k=0
,,{pz(a ) +g2(a)V1l+aln 1+ v 1+a} (2.11)

n! e
(2m
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we may state its special cases a =4, 2, 4/ 3, 8 as follows:

oo .

( l)k(l" =+ l)n (I" + 1)! _
g (2t 1) (264 3)— (2 2 1)(%) = 1)1|{P2(4) +¢2(4)V/5 In L }
= (=2 +Da(k+1) _  nler 1+V3
g (2k+1)(2k+3)- (2k+2m—1) (F) ~ (2m - 1)!!{7)2(2) te@)V3iniy }
,; (2h+1)(26+3)--(26+2m—1) (3) T~ (2m {p2(3)+q2(3) s 5 }’

o0
(=1)*(k + 1) (k + 1) nl ¢! 3

= p2(8) + = ¢2(8) In2}.
,;;(2k+1)(2k+3)"'(2k+2m—l)(2:)2" (2m - 1)1 {pz( ) 2Q2( ) }

We note also that Elsner’s Theorem 4 (iii) is in fact the case n = £ = 0,
a=4,and m - m+1 of (2.11):

- (—l)k 4 m—4 = 5Y
> T S

2Ky T 2m-2v—1
0 (R+1)(2k+3) (2k+2m+1) (5)  @m—1 =

In addition, putting £ = n ~ 1 and a = 4 in the formula (2.6), we prove
Elsner’s Theorem 6 which does not give explicit formula.

Theorem 2.5. Let n, £ and m be nonnegative integers and m > £ > n,
For any real number a > 1, we then have

A ] =@ w@van SR, e

where

1
. = (_1ym—¢ _ nyl (M= 3
pa(a) = (-1) 2(m —¥{)a ('m. _ f)

m—€—1n—1 —=1\ fm—k-3
k+t+l (m )( i 2)
{ Z Z 2n(a - 1)7=i("71)

k=0 i=0 *
4 mfl m_nX_:k -2 (—l)n—k o’ . m-€—1 m—k—3 ’
pard = 2m —2n—-2k—-25-3 k n

r=um () B e (L) (e
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Proof. According to (2.2), we have

de.

P [n+1,€+1/2|1] a™h(m+ 1)  [lit-2(1 —¢)m-t-?
U m41/2 e T+ HMm—-20)Jo (a—t)nH!

Performing the replacement ¢ = »2 in the above integral and then simplify
the result, we see that the above equation becomes

n+1,€+ 1/2 1 n+l _2,, 1 2((1 _u2)m—€—l

— 1\ ™! 1 ,2(m—k=1)
— - ntl (T — 3 _q1ym—E—k-1 m—¢-1 u
=2(m — f)a (m—e> ;( 1) ( . )/0 Ty
(2.13)

Following the computation of J(m — k — 1,n + 1), we can establish, for
m > { > n, the following expression

1, 2(m—k-1) — k-3 1
u _ k2 m +va
|| Gy e = (e \/‘_‘( e

va-1
n—1 i (m—k—3 m—-n—-k-2 ;
NG " (m) o
-1 .
+ ; 2n(a — l)n-i(";l) +(-1) n j%; 2m—2n—2k—2;j-3

Substituting it into (2.13) and then simplifying the result, we get the iden-
tity (2.12). O

Remark 2.6. Noting that formula (2.12) is equivalent to

— {2e-1)n {pa(a)+q3(a)\/aln %})

oo (n-':k)
g(2k+2e+1)(2k+2£+3)--~(2k+2m-—l)ak (2m-1)t
(2.14)

we may display its particular a = 4, 9, 5 respectively as follows:

= "5 _ (2e-1)!

(2k+20+1)(2k+26+3)--(2k+2m—-1)22*  (2m — 1)!!

{Pa(4) + as(4) m3},

k=0
k = -  g3(9
?_-E (2k+20+1)(2k+2E43)--(2k+2m—1)32*  (2m — 1)Ul {p 3(9) + 2 93(9) In 2} !

oo n+k
> o) - {P3(5)+¢13(5 \/_lni}
k=l

0(2k+28+l)(2k+2£+3)---(2k+2m—1)5" (2m 1)"
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When n = 0, identity (2.14) becomes

1

B (_l)m__e mzelmiz l)kaj'“ et
T am=t=1(mpm — ¢ — 1) 2m -2k -2 -3\ k

S (P e L

Its further specialization to the case € = 0 reads as follows:

= 1
LZ 2k +1)(2k + 3)---(2k + 2m — 1)a*

—-2m—k-2
( m m aJ+1 m—1
= om- 1(m —1)! Z Z 27n 2k 25 — k

7=0

Theorem 2.7. Let n, ¢ and m be nonnegative integers and m > € > n,
For any real number a > 1, we then have

R [n-l— 1, :z + 11//22 _ é] = pa(a) + qa(a)Vaarccot/a,  (2.15)
where
) -t m-t-1n—1 (-m—'l—l)(m—l'c-%)
— m—¢ M — n+1 k Ak i
(@) = (- 2m-0a+ (IS St ey

m—€—1m—-n—k-=2 " R
(—1)L+J+1 a’ m—£¢-1 m—k—3
* ,;] Jgo 2m —2n—2k-25 -3\ &k n )
1)"¢2 ¢ m— % ! m—£—1 m—k-3\ . 4
qa(e) = (=1)""" 2(m - )(m—f) > ( k )( n )a '

k=0
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Proof. Similar to the proof of Theorem 2.5, we get the following identity
by applying formula (2.2)

n+1,£+1/2 ni1fMm— 3
QF‘[ m+1/2 | - ]‘2’” D" \m—t

m—£-1 _ 1, 2(m~k-1)
—{-1 U
x 3 (-1 "*‘f-’“*(m )/ S _du. (216
= ( ) k 0 (a+u2)n+l ( )

In the same manner as the the computation of I(m — k —1,n+ 1), we can
find the following formula with m > ¢ > n

1, 2(m—k=1) -2
/ —u-—du=—(—a)’"'"‘k‘2(m ~* )\/_arccot\/_

o (a+ u2)ntl

m-n—k-2

n—1 k—-—
) m—k-§ (=a)’
Z 2n(a + 1)” it ) ( ) Z 2m —2n -2k —2j -3

i=0

Replacing the integrals in (2.16) by the last expression and then simplifying
the result, we establish identity (2.15). 0

Remark 2.8. The formula in (2.15) may also be written as

0 _1\k (n+k
S e L) = G (@) G arcotya).

prs (2k+20+1)(2k+20+3)--(2k+2m—1)ak
(2.17)

When a = 3, the last identity reads as:

0 _1\k (n+k _
> D" (%) _ @e-ut {p4(3)+q4( )\/gﬂ}-

< (2k420+1)(2k+20+3)-—(2k+2m—1)3* T (2m -1

Putting n = 0 in identity (2.17), we have

(-1)*
k2=0(2k+2e+ 1)(2k +2¢+3)--- (2k +2m — 1)a*

(1) " (met-1\ mein
= et 1(m — L= D)1 ;) L )@ a arccotv/a

m—{—1m—k-2 . .
(_1)7n+k+_7+1 adtl fm—-0—-1
+ 2 2 momoa o3\ K '

k=0 3=0
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It may be further specialized by letting ¢ = 0 to the following identity

Z (-1)*
< @k + )2k +3) - (2k+ Zm 1) oF

1 m-1 m—1 o
.—_m{Z( L )am k=1, /4 arccotv/a

k=0

+"‘Z27""‘ 2( 1 mtk+j+1 o5+1 m—1
prar il 2m -2k —-25-3 k '

Theorem 2.9. Let n, ¢ and m be nonnegative integers und m > €, For
any real number a > 1, we then have

m-1 &k
. n+1/2, €+1 1] : i i
(i) 25 [ 1 ;J =2(m — ( ) E E —1)%a
bt f4 m-—-€—1 a"'"‘l—a"(a—l)k'" a’—a
g ym—l—k+i-1
x (1~a) (i)(k—i) %k-ont1 219

m—1 k
. n+1/2, £+1 1 . f—i
(il) °F [ / mtl _Z] ( )}:Z 1)f-kqt

k=0 i=0
—tkaict (€N [m—t-1\ a"(1+a)*~ " VaFaZ—a*+!
1 m—l—~k+4+i-1 . 2.19
x (1+a) i)\ ki Sk—2n+1 (2.19)

Proof. We prove only part (i) for part (ii) can be done in the same method.
First note the following integral representation:

9 ntd 1 4801 _ jym—€-1
oI, {n+1/-,£’+1|1}_ a"t:il(m+1) tt(1 —1¢) dt

m+1 a| T TE+DI(m=20 J, (a — t)n+172

va ‘
‘)( g)an+ (";‘) / u—’zn(a - u2)£(1 _ a+u2)m—€—l du (2.20)

-1

where the replacement ¢ = a—u? has been made in the third representation.
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Then for m > ¢, both (a — u?)? and (1 — a + u2)™ ¢! can be expanded
through the binomial theorem:

(a — u2)8 (1 —a+4 u2)m—€—l

- g(_l)iat—i (f)u% m-zt_l(l — g)ymt=i-1 (m—;—l)u2j

j=0

- 'S i(_l)iae—z’(l _ g)mmt-kticl (f) ("I;-i-il)uzk

k=0 i=0

m—1 min{k,¢}

s (1Yat=i (1 - aymemrrint (B (7

k=0 i=k—m4-£0+1

Finally, substituting the last expression into (2.20) and then integrating the
result, we get identity (2.18), where the limits of the inner sum with respect
to ¢ have been simplified for the presence of zero binomial coefficients. O

Remark 2.10. Other infinite series identities may be derived from setting
a=2,4,5, 9in (2.18) and a = 4, 8 in formula (2.19). The details will not
be produced.
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