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1. Introduction

Let G = (V, E) be a simple graph with the vertex set V and the edge set E.
The complement G of G with order n is the graph with the vertex set V and the
edge set E(K,)—E. A path P, is a graph with the vertex set {a;,a2,..-,an} and
the edge set {alag,azag, wn—1 Gn}, and a1 and a, are called the end vertices
of P,. A fan F, is a graph with the vertex set {c,a1,a2,... a,,} and the edge
set {caj,caz, ...,can } U{a1a2, a2a3,...,an-1@n}. It is obvious that F, =P, UK.

A sum graph and an integral sum graph were introduced by Frank Harary
in [2] and [3]. G is a sum graph if there exists a labelling f of the vertices of G
into distinct positive integers such that wv € E if and only if f(w) = f(u)+ f(v)
for some vertex w € V. Such a labelling f is called a sum labelling of G. A sum
graph cannot be connected. There must always be at least one isolated vertex.
The sum number 0(G) of G is the smallest number of isolated vertices which
result in a sum graph when added to G. Similarly, an integral sum graph and
an integral sum number ((G) are also defined. The difference is that the labels
may be any distinct integers. Obviously {(G) < o(G).

A vertex w of G is working if its label corresponds to an edge uv of G. G is
exclusive if none of the vertices in V is working. For example, K, and Wa,,_;
are exclusive in [9].

To simplify the notations, we may assume that the vertices of G are identified
with their labels throughout this paper. And let V; and E; denote the set of
the vertices independent of a; and the set of the edges adjacent to a; in P,
respectively. Besides, some results have been obtained as follow.

Lemma 1([2]) o(Pn)=1and {(P,)=0forn =2
Lemma 2([1}[8]) ¢(K,) =0(Kp)=2n-3forn >4.
Lemma 3([8])) ¢(C.) =((Wn) =0 for n # 5.

Lemma 4([2]) Forn>3, o(Ca)= { g: by

+ 2, n even,

n
Lemma 5([10}[7]) Forn >3, o(W,) = { 721 n odd

In this paper, we_ will determine the sum numbers and the integral sum
numbers of P, and F,, for n > 1.

2. Main results

Let P, = (V,E) and S = V UC, where V = {a1,a2,..,ax} and C is
the isolated vertex set. It is clear that Pg = 2K, and P; = P, UK, and
P, = P;. By Lemma 1 and Lemma 2, {(B;) = o(P;) = 0 for i = 1,2,3 and
0 = ¢(P3) < 0(P;) = 1. In this section, we only consider n > 5.
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Lemma 2.1 P, is not an integral sum graph for n > 5.

Proof: Let |az| = max{|a|: a € V} and a; € V. Assume that a, > 0 (A
similar argument work for a; < 0). By contradiction. If P, is an integral sum
graph forn > 5 then 0 € V and a. +a; € V for all aga; € E. Then ay +a; >0
and a; < 0 according to the choice of a;. So we get at least n — 3 distinct
positive vertices a; + a; in V. Meanwhile, we also get at least n — 3 distinct
negative vertices a;. So 2(n — 3) +1 < n, that is, n < 5. Since n > 5, only
n=>5.

Assume that V(Bs) = {az, a1, 02,0z + a1,a, + az} with a¢; < 0 (i = 1,2).
By the choice of ay, (ar + ai)a, € E with i = 1,2 and V; = {a, + a1,a, + a2}
(see Figure 1). So (az + a1)(az + az) € E, that is, (a; + a1) + (ax + a2) €
{az,az + a1,az +az}. Thus, (ap +a;) + (az +az) = az, that is, a, +a; = —ag
and a; +az = —a;. So (ez +ay1)ag € E and (a; +a2)a; € E and a1a2 € E (sce
Figure 1), contracting the structure of Ps.

Thus, Lemma 2.1 holds. O

O<—a1 =ay +ay

al<(_)_ <0

Figure 1

Lemma 2.2 ((P;) =1.

Proof: By Lemma 2.1, ¢ (Bs) > 1. _Below we will give an integral sum
labelling of Ps U K (see Figure 2). So ((Ps) < 1. Thus, ((Ps) =1. O

Figure 2
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Lemma 2.3 o(P5) = 2.

Proof: It is clear that the sum number of a graph must be at least as large
as the minimum degree of the graph, so o(Ps) > 2. Figure 3 below shows that
o(Ps) < 2. Thus, o(Ps;)=2. O

11 10

Figure 3

Lemma 2.4 If a; € V with |a;| = max{|a| : a € V}, then there exists one
edge a;aj, € E such that a; + aj, € C for n 2 6.

Proof: Let |a;| = max{|a|: a € V} with a; € V. Assume that a; > 0 (A
similar argument works for a; < 0.). By contradiction. Suppose to the contrary
that a; + a; € V for all aze; € E. According to the choice of a;, az +a; >0
and a; < 0. Then there are at least n — 3 distinct positive vertices az + a; and
n — 3 distinct negative vertices adjacent to az. So (n —3)+ (n-3)+1 < n,
i.e., n <5, contradicting the fact n > 6.

Thus, Lemma 2.4 holds. O

Lemma 2.5 ((Ps) =3.

_Proof: Below we give an integral sum labelling of Ps (see Figure 4). So
¢(Ps) < 3. What we need to do is only to prove {(Fs) > 3.

-1

Figure 4
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Let |ay| = max{|a| : a € V} with a; € V. Assume that a, > 0 (A similar
argument works for a; < 0). By Lemma 2.2, there exists one edge azaj, € E;
such that a; +aj, € C. Firstly, we will show Claim 1 and Claim 2 and Claim 3.

Claim 1: There exists another edge aza; € E;—azaj, such that a,+a; € C.

By contradiction. Suppose to the contrary that a, +a; € V for all aga; €
E; — azaj,. By the choice of az, a; + a; > 0 and a; < 0. Since a, + aj, € C,
(az +ajy) + a1 = (az + @) + aj, € S. Then a; + a; € {aj,} UV, denoted (1).

If ar is an end vertex of Ps then |Ey| = 4. So there are four distinct
positive vertices and at least three distinct negative vertices in V. Son > 6, a
contraction. So a, is not an end vertex of Fy.

Let Vy = {az41,a,-1} and V = {ag, az41, 021, a5y, a1, , a1, } (see Figure 5).
Assume a;,a; are two end vertices of Ps. Then a;a; € Eand a; +a; € 5.

a. s
o x+ElJ0

<0

Figure 5
If Vj, € {a,,a1,} and a;a; € {az41a1,,85,a1,,a1,0,—1} then we may assume

that ai,aj, ¢ E (see Figure 6). By (1), az + ai, = aj, and a; + aj, = aj,, a
contraction. So Vj, C {ay,,az41}.

oax+aj0

Figure 6
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By (1) and a;, <0, {az + ai;,0z + a1, } = {@j5, 6241} and azy105, € E (see
Figure 7).

ax >0
e \\\ N
Ayy] . | o +a.b
|
|
3o a,<0
all <0

Figure 7

If a; + a), = az4+1 and az + ai, = aj, then a;, +aj; = az41 +a, € S. So
aj,a;, € E. Since az_; + aj, = az-1 + (az + a,) = 0z + (az-1 + a,) € S,
az-1 + ai, = a,, contracting a_1a;, € E.

If az +ai, = aj, and az +ai, = az41 then ay, +az41 = 650 +ar, € S. Uniting
ay, + az41 = aj, +a;, € S and az_1 +ay, = ay,, we have aj, + az-1 = @z41.
If a;, + az41 = a5, + a1, € V then a;, + az41 = aj, + @, = 0z-1. Since
az-1 = aj, + a1, = aj, + (az-1 + ay,), a5, +ai, = 0. Thus, (az + ajo) +ay, =
az+(aj, +ar,) = az € S, contracting a; +a;, € C. lfa, +az41 =aj,+a, €C
then az41 + ai, = (ajo + az—1) +a, = (ajo + a,) + az—1 € S, contracting
aj, +a;, €C.

Thus, Claim 1 holds.

Up to now, we may assume that a; + aj, € C and a; +a;, € C with
{azaj,,aza1,} C E:.

Claim 2: If a; is one end vertex of Fs then ((Fg) 23.
In fact, if a; is an end vertex of Ps then [V | = 1. Let V; = {az+1}. Assume
that aj,az—1 € E (see Figure 8) (if not, we can consider a;, az— € E).

ax

Ax] Ax—1 o a""'ajo
o ax +a l’

a
ag It

Figure 8
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_By contradiction. Suppose to the contrary that ((P;) < 2. By Claim 1,
¢(Ps) 2 2. So ((Ps) = 2. Let C = {az + ajo,az + a1, }. Then {az + az—1, az +
a,} C ({es}u Ve =) N ({a, U Vll)

According to the choice of az, a;_; < 0 and ai, < 0. So there is only one case
of {az+az-1,0:+as,} = {aj,,a;, } and Ps = a,az4105,a1,01, 0,1 (see Figure 9).

a >0

Figure 9

I

If ay + az—1 = @, and az + ar, = ay, then a4, + ai, = (az + ac—1) + ay
(@x +ay,) + az—1 € S, contracting a; + a), € C.

If az + az—1 = a;, and a; + ai, = aj, then aj, + @), = (az + a,) + aj, =
(az +aj,) + ai, € S, contracting a, + aj, € C.

Thus, Claim 2 holds.

Claim 3: If a. is not an end vertex of Ps then ((Fs) > 3.

In fact, if a; is not an end vertex of Ps then [V;| = 2. Let V = {az41,a2-1}.
Then aza.41 € E and aza,) € E. Let aw(ﬂ,_e Ey — {azaj,,a:a1,}. Since
{a-'t + o, a5 + aln} cC ax+ a, € [({a'Jo} uV, ) n ({all } u Vll )] uc.

_By contradiction. Suppose to the contraly that ¢(P) < 2. By Claim 1,
¢(Ps) > 2. So ¢(Fs) = 2. Let C = {ag + @jyy @z + ag, }. Then ay +a, € V. So
a;, < 0 and it is impossible that both of a;, and a;, are adjacent to a;,. As-
sume a;a; € {az410j, G501, ,a1,al,,a,0z-1}. Then a, + a;, € {aj,,a,} with
ajoar, ¢ E (if aj,a;, € E then a; +ar, € ({2} UV;)N({a, JUV,,) = 0. Tt is
impossible.)(see Figure 10).

o +ab

odx +a I

Figure 10
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Similarly, aj, + @z-1 € {@z,8:41} U C; azq1 +ay, € {az,0:-1}UC; ag1 +
at, € {az,az41} UC; azq1 +aj, € {az,8:-1}UC; a4y + a1, € {@z-1,8241}UC.

(1.1) If ay+ai, = aj, and ajo+az—) = az then az+ay, = (aj,+az-1)+a;, =
ajo+(ag—1+ay) € S. So az_1+a;, = @z41, which implies a; +a;, = aj, +az41
and ajoez+1 € E. Since (az + aj,) + Gz41 = @z + (o + @z41) € S, @jp + azi1 €
{0.:...1} ucC.

(1.1.1) If ajo + az41 = az—1 then ay, + aj, = 0 (since az_1 + a1, = az41).-
So az + a;, = (aj, + az-1) — aj, = az—) € V, contracting a; +a;, € C.

(1.1.2) If az41 + aj, € C, (@241 + aj) + a1, = (@z41 +ay) + a5 € S.
Then az4+1 + ai, € C. So {az41 + ajo,az41 +a,} € C = {az +aj,,0: +ay, }, a
contraction.

(1.2) If az + a;, = aj, and aj, + az—1 = az41 then az4y +a, = (a5, +
az-1) +ay, = aj, +(az—1+a,) €S. So az—) + a;, = az. Since az41 +a;, =
(ajotaz—1)+ay, = (aj,+a,)+az_1 € S, aj,+ay, = az—;. Uniting az+ai, = aj,
and aj, + a1, = az—1, we have a; + 2a;, = a1, contracting the choice of a;.

(1.3) If ax + a;, = aj, and aj, + az—1 € C then a, + (aj, + az-1) =
(@, + ajo) + az—1 € S. So ay, + aj, = az—1 ( If not, then a;, + aj, € C, but
a, +aj, € C = {az +aj,, 0z +ay, }, a contraction.). Then (az4+1 +ar,) + aj, =
azy1+(ay, +aj,) = @zy1+az-1 € S. S0 az41 +ar, = az, contracting the choice
of az.

(2) If az+ai, = a;, then ay, +az4) = (az+a1,)+az41 = @z +(a1,+0x41) € S.
So ai, + az4+1 = aj, and az + aj, = az + (@1, + @z41) = (@z +ap,) + azy1 =
a, +az+1 € C. Since ajy+az—1 = (a1, +0z41)+az—1 = a1, +(az41+a:-1) €S
and (ar, + @z+1) + @z—1 = a1, + (Gz41 +0z-1) € S, @zq1 + @z1 € {ay;, a1}

(2.1) If az4y + az—1 = ay, then aj, + az—1 = a;, +a;, € S. Soaja, € E
and aj, + Gz—1 = a1, + Gy, = g4 (Since aj, + @zmy = 0 + @y =0z EC =
{a,,. + @jy, Gz + ay, })

Since aj, + az—1 = (ai, + @z41) + Gz—1 = Gz41, @1, + az—1 = 0. Uniting
ay, = ag + ay,, we have a;, + az_1 = az.

Since C = {az + ajo,az + a1, } and the choice of a;, we have aj, + ai, € C.
So aj, + a1, = ag—1 (note that aj, + az—1 = Gz41)-

Assume that a;_; = z. By the above, a;, = 2z and az41 = 3z and a; = 5z.
Since az+1 + aj, = 5 = a, contracting az41a5, € E.

(2.2) If ag41 +az—1 = ay, then 2a;, = aj, + @z—) = az41 (f ajo+az_1 €C
then (aj, + az—1) + @z41 = G, + (821 + @z41) = a4, + a1, € S, a contraction).
Since aj, + a1, # @z41 = Qjy + Qz—1, Qjg + A, = Az—1 OF aj, +a, €C.

(2.2.1) If aj, +ai, = az—1 then —ay, = az_1 = aj, +a, = (at, +az41) +ay,-
So ay+1 = —3ay,, contracting az41 = 2ay,.

(2.2.2) If aj, +ai, € C = {az +aj,,az +ay, } then aj, +a, =az +a, =
az + (az + ar,) = 2a, + ay,. So aj, = 2a,, contracting the choice of a;.

Therefore, Claim 3 holds.

Thus, Lemma 2.5 holds. D
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Lemma 2.6 0(75(;) =4,

Proof: Let V = {ag,az41,0:-1,a1,01,,05} and a; = max{a :a€V}h
Then a,+a; € C for all aza; € E. Firstly, Figure 11 below shows that o(Fs) < 4.
What we need is to prove o(Ps) > 4.

19

o 21

24 7 o 26

o 3

17 2 o 36
12

Figure 11

If a, is an end vertex of P, then a(Y’E) > 4. Otherwise, it is clear that
o(Ps) > 3. Below we will prove that o(Ps) # 3.

By contradiction. Suppose to the contrary that o(Ps) = 3. Then C =
{az + ai,,a: + ay, 0 + aj,}. Assume that V; = {a;41,a,-1} and a;a; €
{a,,az_‘.l,alzah,ajoalz,ax_lajo}, where a; and a; are two end vertices of Py
(see Figure 12).

Figure 12

Since (az +aj)+ay, = az +(aj, +ay) € S, aj, +a, € {az,az+41,2:-1}UC.
Similarly, ax—; + a1, € {az,a:41}UC; az—1 +ay, € {az,0541}UC; agq1 +ap, €
{az,a:-1} U C; azy1 + a4, € {@r,a,1} UC.

(D) Ifaj, +ar, = a, then az+ag-1 = (aj,+a1,)+az-1 = (az-1+ay,) +aj, &
S, which implies @, +a;, € {a;} UV, UC. By the above, a1 +a;, € C. So
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(az-1+ay,)+ar, = a, +(az-1+a,) ¢ S, which implies az—1+a, € {az+1}UC.
Similarly, az—1 + az41 € {a;,} UV, UC with V}, C {ez41,01,}

(1) If az—y + @1, = az+1 then ay—y + az41 € {ar,} U C. Furthermore,
@z-1 +aryy € C. (If not, then ay—1 + az41 = a;;. Then az = aj, +a;, =
ajo+(ax-l+a1’+l) = (ajo+a,+1)+az_1 €S. So Qjotaz41 = all(= am—l+az+1)y
which implies aj, + a1, = 0z41, a contradiction with az— + ai, = @z41.). So
(az-1+8z41)+a, = az—1+(az41+ai,) € S. By the above, az41+ai, € {a;}UC.

(L1.1) If agz4y + a1, = ag then agp + ajp = (z41 + a1,) + aj, = (@zq1 +
aj,) + at, € S, which implies a1 + aj, € V. By the above, ar41 +aj, = az-1.
Uniting az41 = @x-1 + ai,, we have aj, + a;j, = 0, a contradiction.

(1.1.2) If agyr + ar, € C then (ag41 +ar) + ajp = (az41 +a50) + @1, € 5,
which implies az4+1 + aj, € {a;,} UV, UC. By the above, az41 + aj, € C.

(I.1.2.1) If agzy1ai, € E then agyy +ai, € 8. S0 agq1 +ay, = (az-1+0a1,)+
a, = ai, + (ag-1 + ay,) € S, contradicting az— + a1, € C.

(1.1.2.2) If aj,ai, € E then aj, +a;, € S. Uniting az41 +as, = (@z-1+a1,)+
ar, = az~1+(ay, +ay,) € S and az +a, = (aj, +ay)+ay, = ajo+(al| +ai,) €5,
we have a;, + ai, = aj,. S0 (az +ay,) +ay, = az + (a1, +ay,) = ax + a5, €5,
contradicting az + a;, € C.

(L.1.2.3) If a,aj, € E then ay, +aj, € S. Since az +a;, = (aj, +ay,) +ap, =
(ajo + a1,) +ay, € S, aj, + a1, € {a1,,a:1}. Uniting (aj, + a1,) +az = (az +
ai,) +aj, € S, we have aj, +ar, = az-1. S0 gq1+ 8z = Gzy1 + (a5, ta,) =
(az+1 + a1,) + aj, € S, a contradiction.

(L1.2.4) If az-1aj, € E then az_1+aj, € S. Since az1+aj, = (ez-1+a,)+
ajo = (az-1+aj,)+ay, €8, az_1+aj, = ar,. S0 az+a1, = az+(az-1+aj) =
(az + ajo) + az—1 € S, contradicting a. + a;, € C.

(1.2) Ifaz—1+ay, € Cthenaz_y+azq1 € {a,}UV,,UC. Since az_1+ay, €
C, az_1 + 6z € {a,} UV, UC. So az—y + az41 € {ay,a,} UC. Since
Az41+ajy # @z = Qjo + Ay, Gzi1 +ajg € {az—1}UC. Since {az-1+ai,,az-1+
ai,} C C = {az + a,,0z + 1,8z + a5}, az-1 + a1, € {az + ai,, 6z + aj,} and
az-)+ay € {a'!c + aly, Qx + a'jo}‘

(1.2.1) If az—1 + @, = ag + (= (e, + a1,) + ar,) then az—1 = aj, + ay,
and az_1 + ai, = az +aj,. S0 2ay, = ay, +aj, = az. Since @zy1 +aj, # Gz-1 =
ajo+al,, Gz41+a4, € C. Uniting ax+ai, = az—1+ay, and a;+aj, = az_1+ay,,
we have az41 + ajo = @z +ai,. S0 6z41 = 2y, and az-y + ag4+1 € C, but
Gz-1+ a@z41 € {az + a1, ax + a1, 6z + a5, }, & contradiction.

(1.2.2) If az—1+ai, = az+aj,(= (aj+ay)+aj) thenaz 1 +a, = az+ay,
and az—1 = 2aj,. S0 @z41 +aj, € {az +ay,,0: +a,} CC.

(1.2.2.1) If azyr+aj, = az+ay, (= (ajo +ay,) +ar, = 201, +aj, = a, +0:-1)
then 2a;, = az41. If az41 + aj, = az—) then 2a; + aj, = az-1 = 2a5,. So
2a;, = aj,, contradicting az41 = 2ay,. S0 az41+aj, = az+ay, = @, +as-1 €C.
By the choice of ag, az4+1 + az—1 € C. Since azy1 + @z = 2a;, + 205, =
2(a, + aj,) = 2a, € S, contradicting the choice of a.

(1.2.2.2) If azq1 +aj, = az +a, (= (aj, +ar,) + ai,) then ay, + a1, = az41.
S0 az_1 + az41 € C, but, az_1 + az41 € {az + ai,, 0z + ap,az + a5} =
{az—1 + aiy, @z41 + ajy, 0z—1 + ay, }, 2 contradiction.
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(H) If aj, +ay, = azqq then a;4y + az—) = (ajo + az,) +az_) = (a]‘o +
ar-1) + a;, € S. Then az_1 + aj, = az. Since az + ai, = (az-1 + a5) +ay, =
(@z—1+ a,) + aj, €8, az-1+a, = az1(= aj, +a, ).

Uniting az_1 + aj, = az and az—) + a1, = a4, wWe have az + ay, = azy1 +
aj, € C.

Uniting a._1 + a;, = az and aj, + a1, = az41, We have az + a;, = az41 +
az-1 €C.

Uniting {az41 + aj,) + a1, = (Go41 + a1,) + ajo €5 and az_y + ay, = azq1,
we have a4 +ai, € C. Then azy1+ar, = az+aj,, that is, (az—1 +aj,)+aj, =
(az—1 + ay,) + ar,. So 2aj, = 2ay,, a contradiction.

A similar argument works for aj, + ar, = azq.

(III) If aj, + ai, € C then aj, + ai, = az + ay,.

Since (aj, + @) + az—1 = (ay, +0z-1) +ujo € S, a, +az—1 € C. So
a, +az—y = Qg + Qj,.

Since aj, + a1, € C, (aj, +ay,) +azs1 = (ajo + azr1) + a1, €S, ajo +0zt1 =
ar +a € C.

Since aj, + az41 € C, (ajg + @z41) + @z = djy + (az41 +ac1) € S. So
Gr41+ Q) =0 +ay, = a5, +a, €C.

Uniting aj,+az41 = az+ay, and azq1+a:-1 = az+a;,, we have az_1+a;, =
aj, +ay,. Then ajay, € E.

Uniting @z41 +@z—1 = az +ay, and ay, + a5 = ez +a;,, we have a;, +a;, =
az41 +aj, € S. Then a;, a1, € E, a contradiction.

So o(Fs) # 3.

Thus, Lemma 2.6 holds. O

Lemma 2.7 Let |a;| = max{|a|: a € V} with az € V. Then a; +a, € C
for all a;ap € E withn = 7.

Proof: Let |a:] = max{|a| : a € V} with a; € V. Assumne that V = {aq,
Qr41, Gzo1, Qjg, 1, Al A1, } and a; > 0 (A similar argument works for a; < 0).
By Lemma 2.4, there exists one edge azaj, € E; such that az +aj, € C.
Since (ar + aj,) + a1 = (az + 1) +ajo € S, az + a1 € {a;,} UV;, UC for all
aza € Bz — azay,.

Claim There exists at least one edge a;za; € E; —aa;j, such that aza; € C.

In fact, if [V;| = 2 then |E;| = 5. Since |{aj,} UVj,| = 3, Claim 1 holds. If
[Vz| = 1 then suppose to the contrary that a, +a; € V for all aya; € Eg— azljq.
Then ¢; < 0 and a; + ¢y > 0. So there are at least eight distinct vertices,
contradicting n = 7.

Thus, Claim holds.

Assume that aya,4; € E and a, + a;, € C with azay, € E, — aza;,. Since
aca, € C, az + ai; € {ajo} UVj UC for all azay, € E; — {azaj,,aza1,} with
i=2,3. So a + i, € [({a,) U V) N ({a) UV UC

By contradiction. Suppose to the contrary that aza;, € V. By the above,
az +a;, € ({a;,} U V) N ({a, } UW,). There are at most two cases (I) (II) in
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all (see Figure 13,15). Let a; and a; be two end vertices of P7.
(1) If aia; € {az4+1aj0, GjoQLy , A1, Oty, By Oy, By Gz —1,8z—10z } then az +ai, €
{ajo, a1, } (see Figure 13).

I: Figure 13

(I.1) If az +ai, = aj, then aj, +a;, = (az+ai;)+a;, € S. Soaz+a,, €V.
Uniting az + aj, € C and az + a;, € C, we have a, + a;, = ay,, which implies
ay, + ay, = ay, + aj, and ay, < 0. Then ay a1, € E (see Figure 14).

S
135

A
B

I.1: Figure 14

Since aj, + az—1 = (az + a1,) + 6z—1 = az + (@, + az-1) € S, a1, + 21 €
{alnals}'

Since aj, + z41 = (az + ar,) + Gz41 = az + (ai, + az41) € S, al, + az+1 €
{az-1}uUC.

If a;, + az4+1 € C then (ai, + @z41) + @z—1 = (a1, + az-1) + G241 € S,
contradicting ai, + az—1 € {ai,,a,}. So a, + az41 = az—1.

Since a;; +az—1 = a1y +{az41+0a1,) = a1, + (a1 +0z41) € S and aj; + 041 €
{ajo, a1}, Q15 + @z41 = a,. Note that ai, + a1, = ai; +aj, € {az4+1,82-1} VU C,
then (ar, + a1, =)ai; + ajo € C. So (@i, + @jo) + @z41 = (s + Gz41) + ajo =
ar, + aj, € S, contradicting ar, +aj, € C.

(1.2) If az +ai, = ai, then az +ai; = aj,, which implies a), +ai, = a1, +aj,.
So az+ay, = aj, (If not, then az+a;, € C. So (az+ay,)+a, = (az+ay)+ay, =
a, + a1, € S, contradicting a; + ai; € ).
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Since ar, + az—1 = (az +a,) + az—1 =z + (@z_1 +a,) €S, azy +ay, €
{ajora'ls}-

(L2.1) If az_y + ai, = aj, then az +aj, = ai, + az—1 € C. So ay, +aj, =
ay, + (az—1 +ay,) = (a1, + az—1) + a1, € S, contradicting a;, + a5-1 € C.

(1.2.2) If ap—) + ai, = ay, then az_y +ay, = aj, (since a;, +a;, = ay, +aj,).

So a;z + a5, = az + (@g—1 + a1,) = (az + a,) + ax—; € 8, contradicting
arta, € C.

(I) 1f aia; € {az41aj0, @515, G101, , @1, 1y, G, Gx—1, Gz—1G2 )} then az+ay, =
ai; and ay, a1, € E and ajyay, € E. According to the choice of a,, a; +a;, € C
and ar, > 0 (see Figure 15).

o Ax+a 0
o dx+a I
o &+a I3

II: Figure 15

Since ay, + a,41 = (az + a,) + az41 =@z + (@, + az41) €S, a, +azp €
{a:l:—lsa'juaa'll}'

Since (ay +ay,) +az—y = az + (a1, +az—1) € S, a1y +az—1 € {az, a1} UC.
Similarly, az41 + @, € {az-1} VU C; a, + az—1 € {az,a0,41}UC; g, + 0521 €
{am:am-f-l} uC; Ury1 +ap € {a:ma:t—l} uC, a, +a, € {au:+l’a:1:—l} ucC.

(IL1) If apyr + ar, = az—i then agyy + ay, = agy1 + (az +ar,) = (az1 +
ap,) + ax(= az_1), contradicting az+1 + at, € {az—1, a5, @, }-

(IL2) If ag41 + ay, € C then agy1 + a, € C (since (apq1 +ay,) +a, =
(az41 + ar,) +a;, € S). Then (ap41 +a,) +ay, = (@uer +ap) +ay, € S.
Since azq1 +ai, € C, (az41 + ayy) + a1, = (az41 + a) + @iy € S. Uniting
ar, + azq1 € {ax_1,aj,a;, }, we have azq1 +a, = a;,. So a4y, + ar; = (e +
a,) + ay, = ag4y + (a, + a,) € S, which implies aj, + @, € {az41} UC.
So ai, + ajp = (azt1 + a,) + aj, = az41 + (@, + aj,) € S, which implies
a, + aj, € {az} UV,. Then azyy + (ar, + ajo) = (az41 +ar,) +aj, € S, which
implies that a;, + a;, € {a,}UC.

(IL.2.1) If ai, + aj, € C then (ai, + aj,) + a, = ay, + (a, + a3) € S, a
contradiction a;, + aj, € {az} U V.

(I1.2.2) If ay, +aj, = a, then ay+ai, = (a1, +aj,)+a, = ar, +(a, +aj,) € S,
which implies a, + a;j, € {az-1,az41}-

(I1.2.2.1) If ay, + a1, € C then (ai, + ai,) + aj, = (a1, + aj,) + a, € S,
contradicting ar, + aj, € {az—1,az41}

(I1.2.2.2) If ay, + a;, = ar41 then ay, + aj, = ay—1. Since ay—y +ay =
(a'lz + ajo) +a, = a, + (a'll + a.'io) = Qi+ = A, Gy Ay = Ay, a
contradiction.
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Thus, Lemma 2.7 holds. O

Lemma 2.8 If a, € V with |a;| = max{|a|: a € V}, then a; +a, € C for
any azap € E withn > 8.

Proof: Let |az| = max{|a| : « € V} with a; € V. Assume that a; >
0 (A similar argument works for a; < 0). By contradiction. Suppose to
the contrary that there exist a,, € V and ax, € V — {az,0:} such that
az + ap, = ak,. According to the choice of az, az + ap, > 0 and ap, < 0. Let
Vo = {@ko, @z} U Vi, UVz. Then aza; € E and agoa; € E for all a; € V -V. So
aky +a; = (az+ap)+ar = (az+ar) +ap, € S. Thus, az+ar € V —{az,aky,ap}
with az + a; > 0 and a; < 0. Since n > 8, there exists at least one such vertex
a; above (see Figure 16).

Oax+ab

IL. Figure 16

On the other hand, by Lemma 2.2, there exists one edge azaj, € E such
that az + aj, € C for n > 8. Then aza; € E for all aj € V — ({az} UVL). So
(az + ajo) + aj = (az + a;) + aj, € S. Thus, az + a; € {a5} U V;, UC for all
a; € V = ({as} UVE).

For all qy € V = Vo, az + a; € {ajo} UVj,. Since [V;| € {1,2} for all a; € V,
n—6<|V -V <|{ajo} UVj,| < 3, that is, n < 9. So we only consider n =9
and n = 8. If [V;] = 2 then let V; = {ai-1,@i41} for any a; € V. If [V;] = 1 then
let V; = {ai41} for any a; € V.

Casel n=9

(I) If aj, is an end vertex of P, then |{a;} U Vil = 2, contradicting
|V -Vol 23.

(I) If aj, is not an end vertex of P, then |{ajo} U Viol = 3. So a; is not
an end vertex of P, (If not, |{az} U Vz| = 2. So [V — Vo| 2 4, contradicting
[{ajo} U Vjo| < 3). Thus, only [{az} U Vz| = {ako} U Vil = [{ajo} U Vio| = 3.
Note: n = 9 and none of the vertices in {az,aj,,ax,} is an end vertex of Py.

If a,ajo € E then ak, + ajp = (az + po) + ajp = (a2 + ajo) + apy € 5,
contradicting a; + aj, € C.
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If ar,aj, & E then there exists one vertex a, € V — Vj such that a; + a, =
ajo+1 With ajoajo41 € E and ajo41 € V. S0 agy + aj41 = ag, + (@ + ay) =
(as + ax,) + ay € S, contradicting az + ax, € C.

Case2 n=38§

(I) 1f aj, is an end vertex of P, then {{a;o} UV} | = 2. Let V}; = {ajo41)-

(I.1) If a, is the other end vertex of P, then we consider the below.

If aj, = ax, = az + ap, then |Vy| = 4, contradicting |{a;o} U V| = 2.

If oz + ap, = ak, & {ajo, 65041} then ajoak, € E. So aj, + ak, = aj, + (az +
apy) = (az + aj,) + ap, € S, contradicting a; + aj, € C (See Figure 17).

Figure 17

If aj, # ax, and aj,41 = ax, = az + ap, then |V — Vy| = 3, contradicting
{ajo} U Vj,| = 2 (See Figure 18).

Figure 18

(I1.2) If az is not the other end vertex of P, then |{az }UV;| = 3, s0 |V = Vp| >
n—6=2. I[|V-V;| > 2 then it is a contradiction with |{a;,}UV;,| = 2, so only
{Vo| = 6 and |{ax,} U Vi,| = 3. There are only two subcases in the following.

(1.2.1) If aj, = aky-1 with ajpajo41 € E, then there exist two distinct
vertices ay,aj,-1 € V — Vj, then {az + ay,az + ajo—1} = {aj,,@jo41}. Since
azr +aj, € C, (az + akgs1) + ajo = (az +ajy) + a1 € S, then a; + ax,41 € C.
Select any vertex a. € {ay,aj,—1} and then aj, + axp1 = (@z + @2) + Groq1 =
(az + @ig1) + a: € S, contradicting a, + axy4+) € C (See Figure 19).
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A=A 1= 4a,

Figure 19

(1.2.2) IfV = {az-1, 0z, 8241, ko, Bko+15 Cho—1, Gjo, Bjo+1), then azyy is the
other end vertex of P,. So azaz4; € E. Since az + ap, = ax, > 0, we have
az+ap,} € C. Since {az+ak,, az+aj,} C C, we have {az+aj 41,82 +0ax,-1} C
C. So only az + Gkg41 = Gi,. Thus, ar, + aj, = (az + aikg41) + a4, =
(az + ajo) + ako41 € S, contradicting a; + aj, € C (See Figure 20).

Figure 20

(IT) If aj, is not an end vertex of P, then |{ajo} U V| = 3.

(I1.1) If there exist two distinct vertices a;,,ai, € V —Vp such that az +a;, =
ajo—1 > 0 and az + ay, = ajo41 > 0 then az 4+ aj,—) € C and az + ajo41 € C.
So ajo—1 + ajo41 = (az + ay,) + ajo41 = (@z + @jp41) + a1, € S, contradicting
az + ajo41 € C (See Figure 21).

odxtaj,
ay +8Il =a:b'l x+1

s
/
p

a rap=ag, © e

Figure 21
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(11.2) Let {ay,,ay,} = {aj,-1,aj+1}. If there exists at most one vertex
ay, € {ajo—1,84,41} such that a; + a;, = ay, > 0, then we can consider a,, as
ay, in the following.

(IL2.1) If azay, € E then a; +a,, € VUC.

If a; + ay, € C then ay, + ay, = (az + a1,) + ay, = (az +ay,) + a, € S,
contradicting a; + a,, € C.

If az +ay, € V and ay,ay, & E then az + ay, € {aj,} UV, a contradiction
(See Figure 22).

a’l=a'b

otl,‘+ab

Figure 22

If a; +ay, € V and ay,a,, € F then exists one vertex a, € V — V} such that
V — Vb such that a; +a. € {ay,,ay,,aj,}. But it is impossible (See Figure 23).

Figure 23

(IL.2.2) If ayay, € E then aza,, € E and there exist two distinct vertices
@z, az, € V — Vo such that eza,, € F and aza,, € E. Since a; + a;, = ay,,
we have {a; + a;,,a; + az,} = {ay,,a;}. Assume that a, + a,, = a,,. Then
@y, +ay, = ay, + (az +az,) = @z, + (az + ay,) € S, contradicting a. +a,, € C
(see Figure 24).
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Figure 24

Thus, Lemma 2.8 holds. O

Lemma 2.9 Let |a;| = max{[a| : a € V} and E; = {aza;laza; € E} with
a; € V. Then ay +a; € C for any agra; € E— E; forn > 7.

Proof: Let |a;| = max{je|: a € V} and E, = {azai|aza; € E} with a; €
V. If |[V;| = 2 then we may assume that V; = {a;_1,ai4,} for a; € V. Assume
az > 0 (A similar argument works for a; < 0). By lemma 2.3, a, + a; € C for
any aza; € E;. For all ara; € E — F,, either there exists one vertex in {a,a}
(we may assume a;) such that axa; € E, or axa, € E and aja, € E.

Claim 1 If ex and a, are the end vertices of P, then all the sums of the
edges adjacent to ax or a, belong to C.

In fact, if ez and a, are the end vertices of P, then ax + ay € EF and
dg(ai) = dg(ay) = n — 2. By lemma 2.3, a, + ax € C. For all aga; € E - E,,
(az+ak)+ar =az+(ak+a) € S. Soax+a; € {a;}UV; or ax+a; € C. Then
there are at most three edges axai, € E — E; such that ax +ay, € {az} UV, for
i=1,2,3 (Since |[{az} UV;| < 3). And others belong to C.

If there exist three edges ara;, € E — E, such that a) +a;, € V then we may
assume ax + ai, = a,, with a,; € {a;} UV, and i € {1,2,3}. Since n > 7 and
dg(ar) = n—2 > 5, there exists one edge axai, € E - E; — {axa,,ara,,aral,}
such that a, ai, € E with ip € {1,2,3}. Then ax +a;, € C and a,,, +a, €S
(see Figure 25).

[e] ax'l"ak

Figure 25
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So az,, +ai, = (ar + a,) +a, = (e +ay,) + ai,, € S, contradicting the
fact ay + ay, € C.

It is more casy to get contradictions when there exist two or one edge ara;, €
E — E, such that ax + a;, € V for i € {1,2}. Thus, all the sums of the edges
adjacent to a; belong to C.

A similar argument works for a,.

Thus, Claim 1 holds.

Claim 2 If a), +ar € C and ap +ai» € C with ayapr € E thenay, +a; € C
for any ayq) € E.

In fact, since ap + ar € C, (an + @) +a; = (an +a)) +ar ¢ S for
all apa; € E - {anar,apai}. Then ap + a; € {ap} UV UC. Similarly,
an +a; € {ai} uvmuce (see Figure 26).

[o] ah+a

1
o@p+ay.
o
[o]

Figure 26
Since apa; € E, ({ar} Vi) 0 ({air} U Vi) = 0. Thus, ay +a; € C.
Thus, Claim 2 holds.

By Claim 1, if a, is not an end vertex for n > 7 then Claim 2 works for any
vertex in V' — {az, ax,ay} (see Figure 27,28,29).

Figure 27
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o Ay +aj

o 0 O

Figure 28

ody +a;

0o 0 0 O

Figure 29

If a, is an end vertex then assume that azaz4+; & E and agar—1 € E (see
Figure 30).

o +ak

o ayx +3;

Figure 30

Firstly, Claim 2 works for every vertex in V — {az, @z41, @k, @k~1,0y}. Sec-

ondly, Claim 2 works for a4, and ax—;. Thus, ax+a; € C for any axa; € E~E;
forn > 7.

Thus, Lemma 2.9 holds. O
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Lemma 2.10 P, is exclusive forn > 7. O
Lemma 2.11 {(F,)>2n-T7forn>7 O

Proof: Let V' = {by,by,...,b,}. Without loss of generality, we can assume
that by < by < ... < bn. So by +by < by +b3 < bi+by< ... <b+b, < bo+b, <
ba+b, < ... < bp_y1+b,. Let Cy = {01402, b1+b3, ..., by+by, batba, ..oy b1 +by ).
Then there are at most four numbers which are not in S, but in Cp. On the
other hand, the others in Cy are the isolated vertices by Lemma 2.10. Thus,
((P)>2—-Tforn>7.0

Lemma 2.12 o(P,) < 2n—T7forn > 7.
Proof: Let V = {aj,az,...,a,} and S = VUC, where C is the isolated set.

case 1: n=2k (k>4).

a;=(t—1)x10+1, =1,2,3,...,n,

c;i=(+2)x10+2, J=123,..,n-3n-1n+1,n+2,...,2n-5,

C= {01,62, -+3Cn-3,Cn—1,Cn+1,Cn42; -~-,C'zn—5}'

Let us verify this labelling is a sum labelling in detail.

(1) The vertices in S are distinct.

(2) ForVi,j €{1,2,..,n}andi# j, ai+a; = [+ —4) + 2] x 10 + 2.
Sincel1 <i,j<mnandi#j, -1<i+j—4<2n-5.So via; € E = aita; ¢
C <= aita; € {12,22,10n+2,(n+2) x10+2} <= i+j—4 € {-1,0,n-2,n}.
Thatis, i+j-d=-l<=i+j=3 (4,5) € {(1,2),(2,1)} & a1a, € E;
itj-d=0=i+j=4= (4,j) € {(1,3),8, )} <= aas g E;i+j—4¢
(n=2,n} = itje {n+2ntd) = {(G4),(,0)} C{(F+22), (3.8 +
4,(54+4,5-2),(5-2,53+6),(3+6,5—-4),..,(4,n),(n,2),...,(3,n - 1), (n -
1,5),(8,n—3),(n—3,7),(7,n-5),..., (% - L,3+3),(5+3,5+1)}. So P, =
a:zz+ga'2_ta;zs+4a%_ga;_,;_(,(;a%_4...a4a,.u2a1a3a,._1a5a,,_3a7a,,_5...a%~1a%+3a:2z+1.

Hence, for any aie; ¢ E, a; +a; € S; for any aia; € E, ai +a; € S.
Therefore, the labelling is a sum labelling of P, U (2n — 7)K, for n = 2k and
k>3.

case 2: n=2k+1 (k>3).

a; =(i—-1)x10+1, {=1,2,3,..,n;

G=(+2)x10+2, j=1,23,...,n=3,n—1,n,n+2,...,2n—5;

C = {c1,¢2, ., Cno3, Cnm1, Cny Cnt2y ooy C2n—s }(For example Figure 31).

Let us verify this labelling is a sum labelling in detail.

(1) The vertices in S are distinct.

(2) ForVi,j € {1,2,..,n}and i # j, a;+a; = [(i+j—4)+2] x 10+2. Since
1<i,5<nandi#j,-1<i+j-4<2n-5. Soaa; € F < a;+a; ¢ C <
a;t+a; € {12,22,10n+2,(n+3) x 10+ 2} &> i+j—4 € {-1,0,n-2,n+1}.
That is, i+ j -4 = -1 <= i+j = 3 < (4,7) € {(1,2),(2,1)} <
may € B i+j-4=0<i+j =4 (4,j) € {(1,3),3,1)}
mey € Bii+j—-4e{n-2n+1} & i+j€ {n+2,n+5
{(2,.7)»(1’.7)} c {(&;—3'*'11&-2—3’*'1)»(%"'1)%‘?'{'4),(%'}'41 %—2)3(11%3_
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2’ "Tw + 7)’ Ty (5,71,), (n’2)’(2’ 1)’(1’3)’ (3’n_ 1)’ (Tl - 1’6)) (6,1’1— 4)}3 () (n -

2,4)}. So P, = Qngs (1002310043 44003 _9@ntd 4 q...080n-3050n0201030n
26Qn—4..-Gn-204.

Hence, for any a;a; € E, a; + a; € S; for any a;a; € E, a; + a; € S. There-

fore, the labelling is a sum labelling of P,U(2n—7)K; for n = 2k+1and k > 3.
(m}

o 52

o 62

o 92

0 112

Figure 31

0=((Py) <o(Pa) =1
1=((Ps) <o(F5) =2;
Theorem 2.1 3=((Ps) < o(Ps) =4
((Pn) =0(Pn) =0, n=1,23;
(P)=cF)=2n-7, n>1.

0=((F) <o(Fs) = 1,
2= ((Fe) < o(Fe) = 3;
Corollary 2.1 C(E) _ a(TT.) Z0, =34
(Foy=oF)=2n-8,n2>1.
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