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Abstract

Let G = (V, E) be a graph. Let ¥(G) and 7:(G) be the domi-
nation and total domination number of a graph G respectively. The
v-criticality and v-criticality of Harary graphs are studied. The
Question 2 of the paper; [W. Goddard et al., The Diameter of to-
tal domination vertex critical graphs, Discrete Math. 286 (2004),
255-261) is fully answered with the family of Harary graphs. It is
answered to the second part of Question 1 of that paper with some

Harary graphs.
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1 Introduction

Let G = (V,E) be a graph. A vertex v € V(G) dominates itself and its
neighbors. A subset S of V(G) is called a dominating set if it dominates
every vertex of G, i.e., every vertex v € V(G) is either an element of S
or is adjacent to an element of S [3]. The domination number v(G) of G
is the minimum cardinality among the dominating sets of G. A v(G)-set
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is a dominating set of cardinality (G). The open neighborhood of vertex
v € V is denoted by N(v) = {u € V |uv € E}. Foraset SCV, N(S) =
U N(s). A set S is called a total dominating set if its open neighborhood

s€S

is V(G), i.e, N(S) = V(G). The total domination number v,(G) is the
minimum cardinality among the total dominating sets of G. A v,(G)-set is
a total dominating set of cardinality v.(G) (see [1-3]).

For a set § C V, denote the subgraph of G induced by S by G[S]. The
minimum and maximum degrees of the graph G are denoted by 6(G) and
A(G), respectively. An end-vertez is a vertex of degree one and a support
verter is one that is adjacent to an end-vertex. Let S(G) be the set of
support vertices of G. We say that a vertex v € V(G) is criticalif v(G—v) <
¥(G). A graph G is called domination vertex critical if 7(G — v) < 7(G),
for every vertex v in V(G). We say that a vertex v € V(G) is total critical
if 4(G — v) < %(G). Since total domination is undefined for a graph with
isolated vertices, we say that a graph G is total domination verter critical,
or just 7-critical, if every vertex of V — S(G) is total critical. If G is
ye-critical, and ,(G) = k, then we say that G is k-y;-critical (see [1,5]).

Given k < n, place n vertices around a circle, equally spaced. If & is even,
form Hy , by making each vertex adjacent to the nearest k/2 vertices in each
direction around the circle. If k is odd and = is even, form Hy , by making
each vertex adjacent to the nearest (k — 1)/2 vertices in each direction
and to the diametrically opposite vertex. In each case, Hy , is k-regular.
When & and n are both odd, index the vertices by the integers modulo n.
Construct Hy, from Hi_;, by adding the edges between vertices i and
i+ (n—1)/2 for each 1 <7 < (n+1)/2. In this case the vertex with index
n+ 1/2 has degree k + 1 and the others have degree k. The graph Hg
in each case is known as Harary graph (see [6]). Note that for any Harary
graph H, S(H) = 0.

In [4], A. Khodkar et al. investigated the domination numbers, the forcing
domination numbers, the independent domination numbers and the total
domination numbers of Harary graphs. In this paper, we shall study the
~-criticality and ,;-criticality of Harary graphs and it is answered to the
Question 2 of [1] with the family of Harary graphs and is partially answered
to the Question 1 of [1] with some Harary graphs.

The following results (see [4]) are useful for providing the main results.

Theorem A. v(Homypn) = rﬁ?n%-L
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Theorem B. Let n — (m+1) = 2m + 2)t + 7, where 0 < r < 2m + 1.
Then

— |-m11-|+1 if2<r<m+landt+r>m+1
Y(Hamt1.20) = { P otherwise.

Theorem C. Let n — (m+1) = 2m + 2}t +r, where 0 < r < 2m + 1.
Then

[ [:251+1 f2<r<m+landt+r>m
Y Homs1,2n41) = { [T otherwise.

Theorem D. Let n = (3m + 1)l + r, where 0 < 7 < 3m. Then

2 ifr=0
"Yt(HZm,n) = 20+1 f1<r<m
204+2 ifm+1<r<3m.

Theorem E. Let 2n = (4m+2){ +7, where 0 < r < 4m and 2n > 2m + 2.

Then
2! ifr=0

VelHoms1,20) = { 20 +2 otherwise.
Theorem F. Let 2n+ 1 = (4m + 2)l + (2r + 1), where 0 < r < 2m. Then

2041 ifr=0
Ye(Homs1,0n41) = 2042 if1<r<2m.

Criticality and total criticality of all types of Harary graphs are fully verified
and we study the diameter of those graphs and the following questions of

[1).
1. Does there exist a 4-v,-critical graph with diameter 2?

2. Which graphs are domination vertex critical and total domination vertex
critical or one but not the other?
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2 Elementary results

In this section some elementary results are studied for providing the main
results.

Lemma 1 In a Harary graph Hom n we have.

1. Any k adjacent vertices dominate at most (k + 1)m + 1 vertices.

2. Any 2k wvertices totally dominate at most k(3m + 1) vertices and any
2k + 1 vertices totally dominate at most k(3m + 1) + m vertices.

Proof.

1. In Hap n, the vertex ¢ + jm dominates itself and 2m vertices {i + (j —
Dm,i+(j—1)m+1, .- ,i+(i—1)m+m-1,i+jm+1,--- ,i+(j+1)m. Every
two adjacent vertices have at least m common vertices in their dominated
set and two adjacent vertices such as i+ jm and i+ (j+1)m (mod n) exactly
dominate 3m + 1 vertices {i+ (j —1)m,i+(j —1)m+1,--- i+ (i —1)m+
m—1,i+jmi+jm+l, - it (+Dm it G+ Dm+l, i+ (G +2)m.
Thus every k adjacent vertices dominate the most vertices of G if these
vertices arc such as S = {i + m,i + 2m,--- ,i + km}(mod n). The set S
dominates at most (2m + 1) + (k — 1)m = (k + 1)m + 1 vertices.

2. Any 2k vertices (2k + 1 vertices) in Harary graph Hap, . totally dom-
inate the most vertices if these 2k vertices (2k + 1 vertices) are sepa-
rated to k subsets of 2-set such as {¢ + jm,i + (§j + 1)m} (k = 1 sub-
sets of 2-set such as {i + jm,i + (§ + 1)m} and 1 subset of 3-set such as
{i + jm,i + (j + 1)m,i + (§ + 2)m}) and the totally dominated vertices
of any of these 2-sets (and the totally dominated vertices of any of these
2-sets and 3-set) do not have common vertices. The part 1 implies that
2k vertices (2k + 1 vertices) totally dominate at most k(3m + 1) vertices
(k(3m + 1) + m vertices). O

Lemma 2 In the Harary graphs of types Homy1,2n and Homi12n41 we
have.

1. Any k vertices dominate at most k(2m + 2) and k(2m + 2) + 1 vertices
respectively.

2. Any 2k + 1 wvertices totally dominate at most 2k(2m + 1) + m vertices
and any 2k vertices totally dominate at most 2k(2m + 1) vertices
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Proof. 1. Each vertex in Hym41 2, dominates 2m+2 vertices. So k vertices
dominates at most k(2m +2) vertices of Hopmy1,2,. The graph Hom 41 2041,
has only one vertex of degree 2m + 2 and the others are of degree 2m + 1.
So in a graph Ham41,204+1 any k vertices dominate at most k(2m 4 2) + 1.

2. 2k vertices in Harary graph Hopq),2n and Hoppq1,2041 totally dominate
the most vertices if these 2k vertices are separated to k subsets of 2-set
such that each 2-set is such as {v;, vi4n} (mod n) (is diametrically opposite
vertices in Homt1,20) and the totally dominated vertices of any of these
2-sets do not have common vertices. Now it is obvious that 2k vertices
totally dominates k(4m + 2) = 2k(2m + 1), because each of these 2-sets
totally dominates 4m + 2.

2k +1 vertices in Harary graph Ha.u 41,24 and Hopt1 2,41 totally dominate
the most vertices if 2k + 1 vertices are separated to k — 1 subsets of 2-set
and 1 subset of 3-set such that each 2-set is such as {v;,v;1+,,} (mod n)
and 3-set is such as {v;,v;4n} (mod n) and one of the vertices of the set
{¥i—m Vitm, Vitn—m, Vitnt+m } and the totally dominated vertices of any of
these 2-sets and 3-set do not have common vertices. Now it is obvious
that 2k + 1 vertices totally dominates (kK — 1)(dm +2)+ (dm +2)+ m =
2k(2m+1)+m. O

The following lemmas are useful.

Lemma 3 Let G = Hapmy1,0n where 2n = (2t 4+ 1)(2m+2)+2r,3<r <
m+1andt+r>m+1.

1. There are at mostt+k = [2m I | vertices so that dominate (t+k)(2m+2)
vertices and 2n — (t + k)(2m + 2) other vertices are dominated by at least
t + 3 — k vertices so that each of t + 1 — k vertices dominate ezactly 2m
vertices and each of two others dominate at least 2 vertices.

2. There are at most 2t + 1 vertices that dominate (2t + 1)(2m + 2) vertices
and 2r other vertices of G are dominated by at least 2 vertices.

Proof. 1. Let k be a posmve integer and t + k = | £ | Let §; =
{m+1,3m+2,56m+3,---,(2¢+ k) - 1)m + (¢t + k)}. Since m+ 1+
n>n+m 2> (t+k)(2m+l) = (2t +k)—1)m+ (t+k)+m and
CE+E)-1m+(E+k)+n=(_E+k)(2m+1)—m+n < 2n, henee
S exactly dominate (t + k)(2m + 2) vertices, named Dy = {1,2,---,(t +
E)(2m+1),m+14+n,3m+2+n, - ,({t+k)(2m+1)—m+n}. Let {z =
(2-1ym+l4+n,y = (2+1)m+(+1)+n} Cn+S) = {n+u| u € S1}, then
y—z =2m+1 and the set {z+1,z+2,--- ,z+2m} has not dominated yet
for £ € n+ 8. Let v € D; be any vertex. Then (t+k)(2m+1)+1<v < 2n
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and v € n+ S;. So v dominates 2m vertices, because v + n € D;. There
are t+k — 1 vertices such as v and so a set of 2(¢ + k — 1)m vertices named
D, is dominated by them.

If k=1, then |DiUD;y| = (t+1)(2m +2) + 2tm = 2n — 2(2t + 1) — 2r +
2(t+1) and 2(t + r) > 2m + 2. Since these 2(t + 1) > 2m + 2 vertices are
dominated by at least two vertices so that each of both dominates at least
2 vertices, thus 2n — (t + k)(2m + 2) = 2n — | D, | vertices are dominated by
t+2=t+3—1 vertices. ‘

Ifk>2,then2n— |Dy|=2n~(t+k)(2m+2) > 2n—(n+m)—(t+k) =
n—m—(t+k) 2 (t+ k — 1)2m. This relation shows that we need at least
t+k—12>t+3— k vertices to dominate 2n — |D;| vertices so that each
vertex must dominate at least 2m vertices.

2. Let S, = {(2+1)(m+1)]|0<i<t)}U{n+jem+2)|1<j<t}
(mod 2n). The set S exactly dominates (2t + 1)(2m + 2) vertices of the
V{(Hom+1,22)\ S1US; where 87 = {(2t+1)(m+1)+m+1,---,(2t+1)(m+
1)+m+r}and S5 = {n+t2m+2)+m+2,--- ,n+t(2m+2)+m+r+1}.
Each vertex of the set S} or S5 cannot dominate S U S5, because r > 3.
Thus we need at least 2 vertices for dominating of S7 U Sj so that each
vertex must dominate at least 7 — 1 vertices. D

Lemma 4 Let G = Homy1 2041 where2n = (2t+1)(2m+2)+2r,2<r <
m+landt+r>2m-+1.

1. There are at most t+k = | 2% | vertices so that dominate (i-+k)(2m+2)
or (t+k)(2m+2)+1 vertices and 2n—(t+k)(2m+2)+1 or 2n—(t+k)(2m+2)
other vertices are dominated by at least t + 3 — k vertices.

2. There are at most 2t + 1 vertices that dominate (2t + 1)(2m + 2) and
2r 4 1 other vertices are dominated by at least 2 vertices.

3. There are at most 2t vertices that dominate 2t(2m+2), 1 vertez (the ver-
ter with mazimum degree) dominates 2m + 3 vertices, and 2r other vertices
are dominated by at least 2 vertices.

Proof. Let the vertex n + 1 have maximum degree 2m + 2.

1. The proof is the same as the proof of part 1 of Lemma 3 depending on
n+leSiorn+1¢8S.

2. Let So={(2i+1)(m+1)|0<i<t)u{@m+2)j+n|1<j <t}
Ss does not dominate 2r + 1 vertices of the set {v| (t +1)(2m +2) <v <
(t+1)(2m+2)+r—1and (2t +1)(2m+2)+7r+1 < v < 2n+1}. It easy
to see that, this set is dominated by 2 vertices.
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3. There are several ways for choosing a set of 2t + 1 vertices containing the
vertex n + 1. We can give two ways. If Ss is a set of 2¢ + 1 vertices so that
n+1 € S such as {(2i+1)(m+1)+7+1| 0 < i < tJU{(2m+2)j+r+14n|1 <
J < t} then S; dominates (2t + 1)(2m + 2) + 1 vertices, and 2r vertices
{2, ,r+1,n4+m+2,---n+m+1+r} are not dominated by S3. These
2r vertices are dominated by 2 vertices and as well, if one of the vertices
7+1 or n+m+2 is deleted, the resulted set is also dominated by 2 vertices.
Let v; = (m+2)+(2m+2)i, w; = (n+1)+(2m+2)jand Sy = {v; |0 < i <
t—1}U{w; | 1 < j <t}u{n+1}. Then S; dominates 2¢t(2m+2)+(2m+3).
The 2r vertices of the set {v,—1 +m+2,v,_;+m+3,...,n—m}U{w,+m+
L,w, + m+2,...,2n} has not been dominated yet. This set is dominated
by 2 vertices and as well if one of the vertices n —m or w, +m+1 is deleted,
the resulted set is also dominated by 2 vertices. O

In order to clear the Lemmas some examples are given.

Example 1. H; g is not ~-critical. Theorem B implies that the set
V(Hsas) = [3]+1 =9 and |7 ] = |2442] = 5. There are 2 cases. If
S) = {3,8,13,18,23}, then the set D; = {1,2,-- ,25,27,32,37,42,47} is
dominate by S. Each vertex of V(Hjs4s) \ D1 dominates at most 4 vertices.
So 5 vertices dominate V(Hs 48) \ D1. Further, removing any vertex does
not decrease the domination number.

If S; = {3,9,15,21,28,36,42}, then S, dominates 42 vertices. The non-
dominated vertices S3 = {24, 25,26, 46,47,48} are dominated by at least 2

vertices and y(Hj 48 — v) = y(Hs 48) for every vertex v in H 5.

Example 2. Hj 35 is not y-critical. By Theorem C, y(Hs 3s) = 7. Lemma
4 implies that, there are three cases.

1. There are 3 = | 22] vertices such as S) = {3,8,13} so that dominate 18
vertices. The other vertices {16,.--,35} \ {20, 25,30} are dominated by at
least 4 vertices and each of them cannot dominates more than 4 vertices
except for the vertex 18. Now, removing any vertex does not decrease the
domination number.

2. There are 5 vertices such as {3, 9, 15, 23, 29} so that dominate 30 vertices.
This yields 5 other vertices {18, 19, 33,34, 35} are dominated by 2 vertices.
It is easy to see that v(Hs 35 — v) = v(Hs,35).

3. There are 2¢+1 vertices such as {4, 10, 18,24, 30} that dominate 2447 =
31 vertices and the vertex set {14, 15, 33, 34} is dominate by 2 vertices and
as well {14,33,34} or {14,15, 34} is dominated by 2 vertices. Thus Hs 35
is not 7y-critical.
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3 Main results

We verify the vertex criticality of dominating and total dominating sets of
Harary graphs. A sample of any types of the Harary graphs is shown in
Figure 1.

Vio

A3

Vg

3.1 Hopmn

The criticality and total criticality of the Harary graphs of type Haom n are
determined.

Theorem 5 The graph Hopm n wheren = 2m+1)t+7 and 0 <7 < 2m s
v-critical for r = 1 and is not y-critical for 2 < r < 2m and r = 0.
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Proof. By Theorem A, v(Hzm,») = [5g7 I-

Let r = 1. Then y(Hom,n) = t+ 1. If the vertex v is deleted of Ham 5, then
theset $ = {v+m+14+i(2m+1)| 0<i<t—1} (mod n) is a dominating
set for Hop n — v for the given n.

Let r = 0. Then y(Ham,n) = [57| = t. Each vertex dominate 2m + 1
vertices and since n = (2m + 1)t, it is clear that y(Hop , —v) =t.

Let 2 < r < 2m. Then y(H2m,») =t+1and n = (2m+1)t+r where r > 2.
Since t vertices dominate at most (2m + 1)t vertices, and Hos n — v has at
least » — 1 = (2m + 1)t + 1 vertices. So, the dominating set of Hop pn — v
has at least ¢ + 1 vertices. Hence, Ham,» is not ~y-critical for the given n. O

Theorem 6 The graph Hoy, ,, wheren = (3m+1)l+7 and 0 < v < 3m is
Ye-critical for r € {1,m + 1} and is not y,-critical for another r.

Proof. Let r = 1. Theorem D says ¥:(Ham ) = 2l + 1. If the vertex v of
Hyy, n for the given n is deleted, then the set {v +m +1+¢(3m + 1),v +
2m+1+4(3m+1)| 0 <i <l -1} (mod n) is a totally dominating set for
Hjpnn — v and this shows v, (Hopm ) = 21

Let 7 = m+1, Theorem D says v;(Homn) = 2[+2. If the vertex v is deleted
of Ham n, then the set {v+m+1+i(3m+1),v+2m+14+i(Bm+1)|0< i <
{—-1}U{v+(3m+ 1)} (mod n) is a total dominating set of Hayp n —v and
this shows ¢ (Hom,n —v) = 20 + 1. Therefore, Hap, 5 for n = (3m+ 1)1 +1
and n = (3m + 1)l + m + 1 is ;-critical.

Let r =0, 7;(Ham,n) = 2l and n = (3m+1)I. Sincen—1= (3m+1)({-1)+
3m and by Lemma 1, two (three) adjacent vertices dominate at most 3m+1
( 4m+1) vertices, and so to totally dominate of n—1 = (3m+1)({—1)+3m
vertices, it needs at least 2/ vertices. Thus for r = 0, Hap, ,, is not y,-critical.
Let 2 <7 <m, v(Hzmn) =2+ 1 and n = (3m + 1){ + r and 2! vertices
totally dominate at most {(3m + 1) vertices. Sincen —1 > (3m + 1)l +1,
so at least 2! + 1 vertices dominate Hayp,,n — v for any vertex v € Hom p.
Thus, Hyp,p, for the given n is not ~ye-critical. Let m 4+ 2 < r < 3m,
Y(Hompn) =20l4+2and n=(3m+1)l+7r. Sincen—1> (3m+1)l+m+1
and three adjacent vertices totally dominate at most 4m + 1 vertices and
n—12 (3m+1)(I—1)+4m+2, and so to totally dominate of n— 1 vertices
we need at least 2/ + 2 = 2(! — 1) + 4 vertices. Thus, Hypp, » for this n is
not total domination vertex critical too. O

By using Theorems 5 and 6, we have:

Corollary 7 Let k be any non negative integer. The graphs Hay, », for
(i)n=02m+1)Bm+1k+1=3m+1)(2m+ 1)k + 1 is y-critical and
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Ye-critical.

(i) n=Bm+1)(Cm+1k+1)+m+1=0Cm+1)((Bm+1)k+2) is
~-critical but is not y-critical.

(i) n = ((3m—2)+(3m+1)k)(2m+1)+1 = ((2m—1)+(2m+1)k)(3m+1)
is y-critical but not -y, -critical. '

(iv) n = (3m + 1)(2m + 1)k s not y-critical and ,-critical.

3.2 H2m+1,2n

The criticality and total criticality of the Harary graphs of type Hom+1,2n
are determined. '

Theorem 8 The Harary graph Hamy1,2n where 2n = (2t+1)(2m+2)+2r
and 0 < r < 2m + 1 is not y-critical forr =0, m+2 < r < 2m+1,
2<r<m+landl <t+r<m,or3<r<m+landt+r>m+1 and
it is y-critical forr =2 and t+7r 2 m+ 1.

Proof. Let r = 0. Then y(Ham+1,22) = 2t + 1 and 2n = (2t + 1)(2m + 2),
2n—1 = 2t(2m+2) +2m+ 1. Since each vertex dominates at most 2m + 2
vertices, Y(Ham+1,2n — v) = 2t + 1 for any vertex v.

Let m+2 < r < 2m+1. Then 2n = (2t+1)(2m+2)+2r > (2t+1)(2m+2)+
2m+4 = (2t+2)(2m +2) +2. By Theorem B, v(H2m+1,2n) = 2t+3. Since
2n—12> (2t +2)(2m +2) + 1 and each vertex dominates at most (2m + 2)
vertices. So we need at least 2t + 3 vertices to dominate Hop41,2, — v for
any vertex v.

Let2<r7r<m+landl1<t+r<m Theny=2t+2and2n—-1=
(2t+1)2m+2)+2r — 1> (2t +1)(2m + 2) + 3. As above, at least 2¢ + 2
vertices can dominate Hap,41,2, — v for any vertex v.

Let 3<r < m+1andt+r > m+1. By Theorem B, y(Ham+1,20) = 2t +3.
Now Lemma 3 and its proof show that Ham41,2, cannot be y-critical for
the given n.

Let 7 = 2 and 7 + ¢t > m + 1. Then y(Ham41,20) = 2t + 3 for 2n = (2t +
1)(2m+2)+4. If the vertex v is deleted, then the set § = {v+m+2+i(2m-+
2)|0 < i < tJu{v+m+4+5(2m+2)| t+1 < j < 2t}U{v+n+1} (mod 2n)
dominates the Hy, 1.2, — v for any vertex v. So, Y(Ham+1,2n —v) = 2t+2.
It shows that Hyp,q1,25 is <y-critical for this n. O
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Theorem 9 The Harary graph Hopmq1,2n where 2n = 21(2m + 1) + 2r and
0 < r £ 2m is y,-critical for r = 1, and is not y,-critical for r # 1.

Proof. Let r = 1 then vy (Ham41,2n) = 20 +2. Theset S = {v+m +
1+i2m+1)J0<i<I-1}U{v+3m+3+jij2m+1)|lI-1<3j<
2(1-1)} U{v +n+ 1} (mod 2n) is the set with 2!/ + 1 vertices that totally
dominates Ho,, 41,2, — v for any vertex v, so Hap,q1,25 is y;-critical for the
givennand r = 1.

Let 7 = 0. By Theorem E, v;(Hom+1,22) = 2l for 2n = 2l(2m + 1). It is
obviously 2n—1 = 2(l —1)(2m+ 1)+ 2m vertices of this Hop1,2, cannot be
dominated by 2! —1 vertices. So Ham+1,2n for the given n is not ~,-critical.
Let 2r > m 4+ 2. Then 1(Hom+1,2:) =20 +2 and 2n =2(2m + 1) + 2r >
2[2m+1)+m+2. Since2n —1 2 2l2m+ 1) +m+1=2(l - 1)(2m +
1) + 5m + 3. So by Lemma 2, Hap, 41,2 — v cannot be totally dominated
by 2(I — 1) + 3 = 2/ + 1 vertices for any vertex v.

Let 4 < 2r £ m + 1. Then v (Hom+1,2,) = 20 + 2. If we say the set
S1={2+1ym+i+1l,n+(2+1)m+i+10< i< -1} (mod 2n) and
the set S = {I{(2m+1)+k,l(2m+1)+k+n} forak € {1,2,---,r}. Then
by Lemma 2, S; totally dominates 2/(2m+1) distinct vertices and S» totally
dominates 2r distinct vertices that have not been dominated by S;. Also
cach vertex adjacent to a vertex of S; dominates at most r vertices of 2r
vertices dominated by S2. Hence if we delete a vertex v of Hop41,20, then it
has 2n—1 = 21(2mn4-1)+2r—1 > 2(2m+1)+r+1 vertices, and 2{+1 vertices
totally dominate at most (2/ — 2)(2m+1)+2(2m+1)+r =2[(2m+1) +r
vertices. So 7;(Ham+1,2n — v) = 20 + 2 for any vertex v and given n. O

By using Theorems 8 and 9, we have:

Corollary 10 Let k be any non negative integer. The graph Hom12n for
(i) 2n = (2t+1)(2m+2)+4 = 2l(2m+1)+2, wheret = (m—1)+(2m+1)k
and l = m + (2m + 2)k is y,-critical and ~y-critical.

(i) 2n = (2t +1)(2m +2) + 2 =2l(2m + 1) + 2, wheret =m + (2m + 1)k
and l = (m+ 1) + (2m + 2)k is ;-critical and is not y-critical.

(i) 2n = (2t+1)(2m+2)+4 = 2l(2m+1)+2m+4, wheret = 2m+(2m+1)k
and i = (2m + 1) + (2m + 2)k is y-critical and is not v, critical.

(iv) 2n = (2t+1)(2m+2)+2 = 2i(2m+1) + (2m +4), where t = (2m+1)k
and l = (2m + 2)k is not y-critical and «y-critical.
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3.3 Hmii2n41

The criticality and total criticality of the Harary graphs of type Hom+1,2n+1
are determined.

Theorem 11 The Harary graph Homy1,2n+1 where 2n+1 = (2t4+1)(2m+
2)+2r+1 and 0 < 7 < 2m+1 is y-critical for (2 < r < m+1 and t+r = m)
and it is not y-critical for r € {0,1,m +2,--- ,2m+1} ort+r #m.

Proof. Let 2 < r < m+1 and t+7 = m. Then y(Hom+1,2n41) = 2t +3. If
we delete the vertex v of Hom+1,2n+1, then the set S = {v+m+1+i(2m+
1),v+m+1+i(2m+1)+n| 0 < i < t} dominates Hapm41,2n+1 — v for any
vertex v and the given n. So yY(Ham+1.2n+1 — v) = 2t +2, and Homi1,2n+1
is y-critical for this n.

Let 7 = 0 and 2n + 1 = (2t + 1)(2m + 2). Then y(Hom41,2041) = 2t +1
and each vertex except n -+ 1 dominates 2m + 2 vertices. If n+1 is deleted,
it needs at least 2t + 1 vertices to dominate Hom412n+1 — (7 + 1). So
Hom+1,2n+1 for this 7 is not y-critical.

Letr=1,2n+1=(2t+1)(2m +2) + 3 and y(Hom+1,2n+1) = 2t +2. The
graph Homy12n4+1 — v has 2n = (2t + 1)(2m + 2) + 2 vertices. It is clear
that Y(Ham+1,2r+1 — ¥) = 2t + 2 for the given n.
Letm+2<r<2m+1land 2n+1 = (2t +1)(2m +2) +2r + 1. Then
')'(H2m+1,2n+l) = 2t+3 and 2n+1 > (2t+2)(2m+2)+3 Since H2m+l,2n+l_
v has (2t + 2)(2m + 2) + 2 and (2t + 2) vertices dominate at most (2t +
2)(2m + 2) + 1 vertices so Y(Ham+1,2n41 —v) = 2t + 3.
Let2<r<m+1,1<t+r <m-—1. Then y(Hom+1,2n+1) = 2t +2. Since
r>2, 2r > 4,2n+1> (2t+1)(2m+2)+4+1 and 2n > (2t4+1)(2m+2)+4.
It is easy to see that y(Ham+1,2n41 — V) = 2t+2 for any vertex v and given
n.

Let 2<r<m+1,t+7r>m+1. Now Lemma 4 and its proof show that
Hapm41,2041 is not y-critical. O

Theorem 12 The Harary graph Homi1,2n+1 where 2n 41 =21(2m+1) +
97 +1 and 0 < 2r < 4m is not -y, -critical.

Proof. Let 7 = 0 then 2n+1 = 2{(2m+1)+1 and v (Hom+1,20+1) = 21+1.
We show that 7:(Ham+1,2n+1—(n+1)) = 2/+1, where n+1 is the vertex with
maximum degree. To the contrary, let y:(Ham+1,2n41—(n+1)) = 2I. So we
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have to choose these 2! vertices so that any 2 vertices are such as {,7 +n}
for some 1 < i < n—m, |D;| = | vertices must dominate {1,2,--- ,n —
L,n}U{i+n| i€ D} and |Dy| = ! other vertices must dominate {n +
2,n+3,--,2n,2n+1}U{i|li € Dy }. Ifi € {1,2,--- ,m,m+1}, theni+n
dominates n + 1 and so 2/ vertices cannot dominate Ham+1,2n+1 — (7 + 1).
If i > m + 2, then it cannot find { vertices in {m + 2,--- ,n — m} so that
dominate {1,2,--- ,n — 1,n}. Anyway, v:(Homi1,2n41 — (R +1)) =20+ 1
for » = 0.

Let r = 1 then 2n+1 = 2/(2m+1)+3 and v:(Ham+1,2:) = 2/+2. By Lemma
2, 21 vertices of the set § = {v+(2m+1)i | 0 < ¢ < I-1}U{v+(2m+1)i+n |
0 < i <1 -1} totally dominate 2[(2m + 1) vertices and three vertices
{v+(2m+1)(I-1)+m+1,v+(2m+1)(I-1)+m+1+n, v+(2m+1)(I—1)+m+
2+n} is totally dominated by two adjacent vertices v+(2m+1)(I—1)+m+1
and v+ (2m+1)(l - 1) +m+1+n. Now if the vertex 2n+1 is deleted and
2n + 1 is not adjacent to any vertex of S, then two other non-dominated
vertices are {1,n + 1} or {n,2n}. Each of two sets cannot be dominated
by a vertex not belong to S but adjacent to a vertex of S. So, it must be
dominated by itself. Hence, v:(Hom+1,2n+1 — (2n + 1)) = 20 + 2. If the
vertex 2n + 1 is adjacent to a vertex of S it is easily seen that Ham41 2041
is not 4;-critical.

Let 2r > m + 1. Then v (Homt1,2n41) = 20 +2 and 2n + 1 = 2(2m +
D+2r+12>2202m+1)4+m+2. Since2n >22m+1)+m+1 =
2(1 -1)(2m + 1)+ 5m + 3. So 2l + 1 vertices cannot dominate 2n vertices
of Hamy1,2n+1, and hence v (Homi1,2n+1 —v) =20 + 2.

Let 4 £ 2r < m. It is sufficient to use the method of the proof of Theorem
7 for the case 4 < 2r < m + 1, then it will be seen that Hom41 2041 is not
ve-critical for the given n. O

By using Theorems 11 and 12 we have:

Corollary 13 Let k be any non negative integer. The graph Hami1 2n41

for
(i) 2n = 2l(2m + 1) = (2t + 1)(2m + 2) + 2r where t + 1 = m is y-critical
but is not v, -critical.

(i) 2n =2A(2m + 1)+ 2 = (2t + 1)(2m + 2) + 2 where l = (m + 1)(2k + 1)
and t = m + k(2m + 1) is not ~,-critical and y-critical.
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4 Answer the questions

Now we fully answer the question 2 of [1] with the family of Harary graphs

Question 2 of [1]. Which graphs are domination vertex critical and total
domination vertex critical or one but not the other?

Solution. The Corollaries 7 and 10 (i) show that, there are many graphs
Homn and Happq2n so that they are y-critical and vy-critical.

The Corollaries 7 and 10 (ii) show that, there are many graphs Hsp, » and
Homt1,2n S0 that they are v;-critical but are not ~y-critical.

The Corollaries 7, 10 (iii) and 13 (i) show that, there are many graphs
Homny, Homs1,2n and Hopy1,2041 S0 that they are not -y,-critical but they
are vy-critical.

The Corollaries 7, 10 (iv) and 13 (ii) show that, there are many graphs
Hom gy Homy1,2n and Hapm ) 2041 S0 that they are not both ~;-critical and
~-critical.

Now we study the part 2 of Question 1 of [1].

Part 2 of Question 1 of [1). Does there exist a 4-y;-critical graph with
diameter 27

The graph Hop,» has the diameter k+ 1 if 2km +2 <n < 2(k+1)m + 1.
The path 1,m+1,2m+1,--- ,km+1,km+1+[5] where2<r < 2misa
diameter of Ham n for the given n. For n belongs to this interval, for some
k and m, Hymn, may be a domination vertex critical or total domination
vertex critical or one but not the other. In general the diameter does not
affect on (total) domination vertex criticality. For example, see below.

Let m = 4.

1. For 74 < n < 81 the graph Hap, » is not v-critical but it is y-critical for
n="79.

2. For 58 < n < 65, Hom » is not ~;-critical but it is y-critical for n = 64.
3. For 42 < n < 49, Ha,y, » is ye-critical for n = 44 and it is y-critical for
n = 46.

4. For (2x72x4)+2 =578 < n < 585 = (2 x 73 x4) +1 the graph Hop, 5,
is not ~;-critical and it is not ~y-critical.

The Harary graph Hom 1,2, for 2n = 21(2m+1)+2r has a diameter [+1 <
k <l42for1 < r < 2m and the path 1,m+1,2m+1,--- ,im+1, (I4+1)m+1
orl,m+1,--- ,lm+1,({-1)ym+1,(l-1)m+1+swherel<s<misa
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diameter in Hom41 2n.

Solution of part 2 of Question 1 of [1].

In Harary graph Hapy1,2, for 2n = 2(2m+ 1) +2, the diameter is 2 and by
Theorem 9, it is 4-y;-critical. This is an answer to the part 2 of Question
1 of [1].

In Harary graph Hop, n, there is no answer for Question 1 of [1].

In Harary graph Hopt12n41 for 2n = 2(2m + 1) + 2, the diameter is 2,
4t = 4 and by Theorem 12 it is not 7;-critical.

In general, the Question 2 is open for other than Harary graphs and the
part 1 of Question 1 is open right now.
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