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Abstract: The modified Zagreb indices are important topological indices in
mathematical chemistry. In this paper we study the modified Zagreb indices of
disjunctions and symmetric differences.
INTRODUCTION
The first Zagreb index My(G) and the second Zagreb index My(G) are
defined as follows [1, 2, 3, 4, 5]: for a simple connected graph G, let M;(G) =
Lieva(d(v))?’, MyG) = T uwerwd(u)d(v), where d(u) and d(v) are the
degrees of vertices u and v respectively.

However, both the first Zagreb index and the second Zagreb index give
greater weights to the inner vertices and edges, and smaller weights to outer
vertices and edges which opposes intuitive reasoning. Hence, they are amended
as follows [6]: for a simple connected graph G, let "M,(G) = T.eve (d(v))?,
"My(G) = Tueew(dW)d(v))™, we call "M(G) and "M,(G) as the first
modified Zagreb index and the second modified Zagreb index respectively.

PRELIMINARIES
Definition 2.1[7, 8, 9). The zeroth-order general Randic index °R(G) =
Yvevd(v)' for general real number t, where d(v) is the degree of v. When t =

—0.5, R5(G) is the famous zeroth-order Randic index R%G). Randic index of
1

graph G, denotes ¥(G), is defined as follows: ¥(G) = we;w) ol
Definition 2.2[11). The disjunction GV H of graphs G and H is the graph with
vertex set V(G)xV(H) and (uy, vy) is adjacent with (uy, v,) whenever uju, € E(G)
or v;v, €E(H).

Lemma 2.3{12, 13]. dovr((a, b)) = [V(H)lda(a) + [V(G)|du(b) —da(a)du(b),
[E(GVH) |=[E@G)IVHE) + [EGDIV(G)® —2IE(G)|EH)].

Lemma 2.4[10]. Every nontrivial tree has at least two vertices of degree one.
Definition 2.5[11].The symmetric difference G ® H of graphs G and H is the
graph with vertex set V(G)xV(H) and E(G ® H) = {(u;, u,)(v;, v2)| wv; EE(G)
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or u;v, € E(H) but not both}.
Lemma 2.6[12, 13]. dgen((2, b)) = [V(H)|dg(a) + [V(G)|du(b) —2dg(a)dn(b),
[E(G@H) |=[EG)IVH) +EM)IVG) —4EG)IE®).
MAIN RESULTS ABOUT DISJUNCTIONS

Theorem 3.1. "M, (P, VP,) =

4 2(n-2) 2m-2) | (m-2)(n-2)

+ + + ,

(m+n-1 (Q2m+n-2)> (m+2n-2)" 4(m+n-2)

where m,n>2.

Theorem 3.2. "M, (K VK,) =———, where m,n>2.

mnr
(mn-1)

mn
>, where m,n2>3.

Theorem 3.3. "M,(C,,VC))=————
4(m+n-2)

Theorem 3.4. "M (K. .1 VK,. 4.1) =w +
(m+n-1)

m-1 n-1
(mn-m+1* (mn-n+1?* (mn-1)*’
2n n(m-2)
+ H
@Cm+n-2)* 4(m+n-2)
Theorem 3.6. "M, (P, VK,. n.)) =
2(n-1) 2 (m=-2)(n-1) m-2
+ + +
(m+n-1°* (mn-m+1* (m+2n-2)> (mn-m+2)

where m,n>2.

Theorem 3.5. "M,(P,VC,) =

where m> 2, n >3,

,where m,n>2,

m(n-1) + m
(m+2n-2 (mn-m+2)*

Theorem 3.7. "M,(C,, VK,. 11) = , where m>

3,n=2.
2n + n(m-2)
(mn-m+1*  (mn-m+2)?

Theorem 3.8. "M, (P, VK,) = ,where m,n>2,

Theorem 3.9. "M(CVK,) =—— = where m23,n22.
(mn-m+2)
m(n-1) m

Theorem 3.10. "M, (K, VK .,) =

3 =, where m,n>2.
(mn=n+1)" (mn-1)

Theorem 3.11. Let G and H be simple connected graphs, we have

‘RAG)R,(H) (m-Dn-1)
mn T (m+n-1)

(m"l"fl)z <"M,(GVH) Sminf

m-1 n-1 1

, where °R.4(G) is defined i
(mn-m+1y  (mn-n+1)’ (mn—l)z} where "R+(G) is defined in
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Definition 2.1, m = |V(G)| 2 2, n = [V(H)| > 2.

Proof. Since dg(a)<m, dy(b)<n, ndg(a) + mdy(b) > 2(mndg(a)dy(b))", by the
definition of "M, we have "M,(GVH) = —1—7
@bevievin [dg, y (@,b)]

1

B (u.b)eVZ(lel) [nd;(a)+md,, (b)- dg(a)dy (b)]2

1 -
(u,,,}evz(:av,,) [2ynd; (a)md,, (b) - \fmd (a)nd,, (b))’

<

I _°R,(G)°R.(H)

. Since GV H is a subgraph of
wsevieva) mndg(a)d, (b) mn

mn
(mn-1)*"
Claim 1: Let A be a spanning tree of G, B be a spanning tree of H, we have
dave((a, b)) < dgvu((a, b)).
In fact, let dg(a) = da(a) + t, di(b) = dg(b) + s, where t, s > 0. Since m > dg(a),
we have m—da(a) > t. By Lemma 2.3 we have
davs((a, b)) = ndx(a) + mdp(b) —da(a)dg(b),
dgv((a, b)) = ndg(a) + mdu(b) —dg(a)du(b)
=n(da(a) +t) + m(dg(b) + s)—(da(a) + t)(dp(b) + )
= dava((a, b)) + (m—da(a))s + (n—dp(b))t—st > davs((a, b)). Claim 1 follows.
By Claim 1 we have
Claim 2: Let A be a spanning tree of G, B be a spanning tree of H, we have
"M (GVH) <"™M,(AVB).
Claim 3: Let G be a tree with [V(G)| = 4, G # K, .1, by Lemma 2.4 there exists
¢ €V(G) such that d(c) = 1, ac EE(G). Let d € V(G) such that d(d) =A(G),
where A(G) is the maximum degree of G.We construct a new graph D from G
as follows: D = G—ac + dc. We have "M;(GV H) < "M,(DVH).
In fact, by Lemma 2.3 we have
dgvi((a, b)) = ndg(a) + mdu(b)—dg(a)du(b),
dpv((a, b)) = n(dg(a)—1) + mdy(b)—(dg(a)—1)du(b)
=dgvn((a, b)) —(n—du(b)).
dgvu((d, b)) =nA(G) + mdy(b)— A(G) du(b),
dpvu((d, b)) = n( A(G) +1) + mdu(b) —(A(G) +1)dy(b)

KV K= K, by Theorem 3.2 we have "M,(GVH) >
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= dgvn((d, b)) + (n—du(b)).
where p >0. We have f*(x) < 0. Hence, f(x) is a

1 1
Letf(x)= —— ,
) x* (x+p)

decreasing function. Let A(G) = dg(a) +r, where r > 0, we can prove dgvn((a,
b)) —(n—du(b)) < dgvu((d, b)) easily. Hence,

1 _ 1 y 1 _ !
[dpun (@D)F  [dgun(@b)F ~ [dguu (@,B)  [dp,, (d.0))F
Claim 3 follows. Similarly, we can discuss H. By Claim 3 many times we have
Claim 4: "M (GVH) < ™MK m1 VK 50).

(m-1(n-1) +

By Claim 4 and Theorem 3.4 we have ™M;(GVH)< 5
(m+n-1)

m-1 n-1 1

2 3 5. The theorem follows.
(mn—-m+1) (mn—-n+1) (mn-1)

Similarly, we have

Theorem 3.12. "My(P,VP,) =

1 4 2 + 2 Lm +n-5
2 m+n-1 m+2n-2 2m+n-2 2Am+n-2)

1 r4(m+n—5)+n2+2mn-6m—10n+22+ 8§ . 8-24

2m+n—2" m+2n-2 m+n-2 m+n-1 2m+n-2
1 8 dm+4n-20 8m-24 +m2+2mn—10m-6n+22]
m+2n-2 m+n-1 2m+n-2 m+2n-2 m+n-2

1 2m+2n-10
m+n—-2 m+n-1

+

m +2mn—10m—6n+22+n2+2mn-6m—10n+22 +

m+2n-2 2m+n-2

m’n+mn® —10mn—3m?* —3n* +22m+22n—-42
2(m+n-2)

1}, where m,n=>3.

Theorem 3.13. "My(Kn VK.) = o where m,n>2.

(mn-1)

mn

Theorem 3.14. "M,(C,,VC,) = 2 ,where m,n23.

(m+n-2)
(m—=1)(n-1)*
(m+n-1)(mn—-n+1)

Theorem 3.15. "M(K,. n VK. 1) =
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(m=1)*(n-1) 4 (m=D@-l) (m-1)(n-1)
(m+n-1)(mn-—m+1) (m+n-1)(mn-1) (man—n+1)(mn-—m+1)

n-1 m-1
(mn—-n+l(mn-1) (mn—-m+1)(mn-1)

,wherem,n>2.

n*+2mn—-6n
(m+n-2)2m+n-2)

Theorem 3.16. "M,(P,,\VC,) =

m*n+mn® —6mn—3n* +10n 4n
> =, where m, n>3.
4(m+n-2) (2m+n=-2)
Theorem 3.17. "My(PpVKy. ) = — "2
(m+n-1)
mn* —=2mn—3n* +6n+m-3
(m+2n-2)*
m-2 n*+mn—-m-4n+3 4 mn-—m-n+l
(mn—m+2)* (m+n—1)(m+2n-2) (m+n-1)(mn—m+2)

2n-2 + 1
(m+n-1)Ymn-m+1) (mn—m+1)}(mn—m+2)

2mn-2m—4n+4 m*n—4mn-m* +4m+4n—4
(mn—m+1)(m+2n-2) (m+2n-2)mn-m+2)

m(n-1); . m
(m+2n-2)  (mn-m+2)’

,where m, n>5.

Theorem 3.18. "M,(C,VK;. ,.)) =

m*(n-1)
(mn—m+2)(m+2n-2)

,where m>3,n>2,

2 —
Theorem 3.19. "M,(P,, VK,) = —2'%
(mn—m+1)
m’n® —4mn® + 6mn +4n* — m*n -10n + 2n(mn-m—2n+3)
2(mn—m+2)* (mn—m+1)(mn—m+2)

m=>3,n=>2.

» where

Theorem 3.20. "M,(C,,VK,) S L — » where m=>3,n>2,
2(mn—m+2)
m(m—~1)(n-1)? + m(m-1)

2(mn—n+1) 2(mn-1)?

Theorem 3.21. "M,(K;, VK, 1.) =

m*(n-1)
(mn=1)(mn-n+1)
Theorem 3.22. Let G and H be simple connected graphs, we have "M,(GV H)

,wherem,n>2,
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< L[n’Z(G) + (m’ 2| E(G) Dx(H)
mn &6(H) 8(G)

2.1,m={V(G)|=2,n=|V(H)| 22,

| E(G)| x(H)S(H) 2| E(H)| (G)6(G),8(G) is the minimum degree of G.

Proof. By Lemma 2.3 we have

], where #(G) is defined in Definition

1
@by eeevi) oon ((@:0))dg, 4 (%, ¥) -
Z 1 1
(wbe 5o [1dg (@) + md,, (b) — dg (@)d,, (b)) [nd g (x) + md, (y) - dg(x)dyy ()]

"MxyGVH)=

Sincep+q=2 ,/ pq , where p and q are positive numbers, we have M(GV H)

1 1
<
(a.b)(x.};ei(cvﬂ) 2\/Enda (a)d, (b) —d;(a)d, ®) 2\/ mnd;(x)d, (y) —d; (x)d, (y)

1 1

) (n,bxx.,éls(cvn) 2\Jmnd;(a)d,, (b) - Jmnd(a)d,, (b) 2\/mnd;(x)d,, (y) - Jmnd(x)d, ()

1 1 1
M (@ pxeyetaviny g (@)dg (x) \Jdy (B)dy, ()

_ 1 1 1
" min [aeVZ(G) erZ(G) byezf;ﬂ) \j dg(a)d;(x) \/dﬂ b)d, (y)
1 1
+
be;(:fl)ysVZ(H) MG;(G) \/dg (a)dc; (X) \/dll (b)dh' (y)
)3 ' L
weEG) byekn \dg(a)dg (x) \Jdy (B)d, ()

_ 1 7’xG) + (m* =2 EG) ) x(H)
mn S(H) 4(G)
MAIN RESULTS ABOUT SYMMETRIC DIFFERENCES
Theorem 4.1. "M, (P, ® P,) =
4 L_2n=2) . 2Am-2)  (m=-2)n-2)
(m+n-2)> (Qm+n-4? (m+2n-4Y (m+2n-8)’°

-2

]. The theorem follows.

where m,n=2.

mn

Theorem 4.2. "M; (K ® K;)) =———,
(m+n-=2)

where m,n2=2.
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Theorem 4.3, "M, (C,y ® C,)) =— = o where m,n>3.

(2m+2n-8

Theorem 4.4. "M (K. g1 © K).p) = L1+ 2 min=2 __ where
(m+n-2) (mn-m-n+2)
m,n=>2.
Theorem 4.5. "M(P,,®C,)=m>2,n>3. wherem, n>3.
Theorem 4.6. "M, (P, ® K. ) = — 272 _ 2 -
(m+n-2) (mn-m—-n+2)
Gl il m-2 , where m, n > 2.
(m+2n-4)° (mn—-m—2n+4)*
Theorem 4.7. "M,(C,, ®K;. ) = m(n-1) =+ n 5 ,where m
(m+2n-4)° (mn-m-2n+4)
>3,n>2.
Theorem 4.8. "M, (P, ®K,) = 2n -+ n(m—2) 5 » where
(mn—-m-n+2)° (mn-m-2n+4)
m,n=2,
Theorem 4.9. "M,(C,, ®K,) = A where m>3,n>2.
(mn-m-2n+4)
Theorem 4.10. "M,(K,;, ® K, ;.) = m(n—1) i where

(mn~m-n+2)* (m+n-2)*>’
m,n>2,

Theorem 4.11. Let G and H be simple connected graphs, we have

mn mn )
max { (mn-1)*" [nA(G) + mA(H)-26(G)S(H)] } <"M(G e H)

<min{0.25°R_,(G) °R.,(H) , T }» Where R.(G) is defined in

mn
(m+n-2)
Definition 2.1, m = |V(G)| 22, n = |V(H)| > 2.
Proof. By Lemma 2.6 we have dg en((a, b)) <nA(G) +mA(H)—-26(G)S(H) ,

mn
[nA(G) +mA(H ) -26(G)S(H )T
— 1 _ - ¥ l >
@oviGen [deey (a,b)) @nvGen [ndg(a)+md, (b)-2d;(a)d, (b))
Z 1

worvicen [ndg(a) + md, (b)—dg(a)d, ®)7r

."M|(GeH)=

' thus, "M;(G@H)>

="M (GVH). By Theorem 3.11
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mn
(mn~1)*
—._] =
@nevicen) [deen (a, )§
)y ' <
@nevicen)[ndg(a)+md, (b)-2d;(a)d, ®r -
1

(a.b)EVZ(;FSH) [(dy, (b) + D (a) +(dg(a) +1)d,, (b) - 2d (a)d,, (B)T’

y —1 <y L
@nevicen) [dg(@)+d, () wnevicen) 4ds(a)d, (b)
Let V(G) = {uy, Uy, ..., U}, VIH) = {vy, v3, ..., V5}. Since G and H arc
connected graphs, for u; € V(G) there exists us € V(G) such that uu; € E(G).
For (u,, vi) € V(G @ H), if there exists v; € V(H) such that v;v; does not belong
to E(H), by Definition 2.5 (u;, v;)(u,, v;) does not belong to E(G @ H),
(ur, vi)(us, v;) EE(G @ H). Similarly, if there exists u, € V(G) such that u,u, does
not belong to E(G), there exists v € V(H) such that v;v, € E(H), by Definition
2.5 (u,, v;)(u,, v;) does not belong to E(G ® H), (u,, v;)(u,, vi) € E(G @ H). Hence,
we have  dgen((u;, vi)) = m + n—2. By the definition of "M,(G @ H) we have

we have "M,(G @ H) >

"M,(G®H) =

=0.25°R.,(G) °R.,(H).

mn

"M (GeH)< = - The theorem follows.
(m+n-2)

Similarly, we have

Theorem 4.12, "M,(P,,®P,) =
2 2 2 m+n—6
m+n-2 m+2n-—4+2m+n—4+2m+2n~8
1 4 2m+2n-12  4n-12 +2mn+n2—6m—l2n+28]
2m+n-4 m+n-2 m+2n-4 2m+n-4 2m+2n-8
1 4 4m-12 2m+2n—12+

m+2n—-4 m+n-2 m+2n-4 2m+n-4

2mn+m? —12m—6n+28

]+
2m+2n-8
1 2m+2n—-12+n2+2mn—6m—12n+28+
2m+2n-8 m+n-2 2m+n-4

m? +2mn—12m-6n+28 + m*n+mn® —=12mn—-3m* -3n® + 28m + 28n— 60
m+2n-4 2m+2n-8

2
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where m, n > 3.

Theorem 4.13. "My(K,, ®K,) =" , wherem, n> 2,
2(m+n-2)
m mn
Theorem 4.14. "M,(C,, ® C,) =—————— , where m, n>3.
4(m+n-4)
Theorem 4.15. "M(K. o ® K. 1) = 1, where m, n > 2.
4n n(2m+n-8)

Theorem 4.16. "M,(P,, @ C,) = 7 +
2m+n-4) (2m+n-4)(m+n-4)

m*n+mn® =3n* —8mn+16n
, wherem, n > 3.

(2m+2n-8)
Theorem 4.17. "M,(P, @ K. ) =
n-1 n-1 2 + m-3
m+n—-2 m+2n-4 mn-m-n+2 mn-m-2n+4
+ 1 2n-2 +mn—m—3n+3+ 1

mn—-m-n+2 m+n~2 m+2n-4 mn—-m-2n+4

1 27 —4n+2 2mn2—4mn—6n2+2m+12n—6+

2(m+2n—-4) m+n-2 m+2n-4
2mn—2m—6n+6+m2n—m2-6mn+6m+10n—10 + 1 [
mn-m-n+2 mn—-m-2n+4 2(mn—-m-2n+4)
2mn—2m-—6n+6+mzn—m2—6mn+6m+10n—10+ 2 .
m+n-2 m+2n-4 mn-m—n+2
2m-6

———— ], wherem>3,n>2.
mn-m-2n+4
m(n-1)?

Th 4.18. "My(C, K. ) =———>—
eorem 2Cn @K, n1) (m+2n-ay

m(m = 2)(n 1) + n ~,where m>3,n>2.
(m+2n-4)(mn-m-2n+4) (mn-m-2n+4)
Theorem 4.19. "My(P,, K,) = — 2" ~1) -
(mn—m-n+2)
2n(mn—-m—3n+4) + n(m’n~m? — 6mn +8m+10n—16)
(mn—m-n+2)(mn-m-2n+4) 2(mn—-m-2n+4)? ’

where m=>3,n>2.
mn
2(mn—-m-2n+4)

» where m=>3,n>2.

Theorem 4.20. "My(C,, ® K.,) =
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m(n-1) (m-1(@n-1) +
2mn-m-n+2) mn-m-n+2

Theorem 4.21. "MK, © K 5.1) =

! + il n-l + m-1 ], where m ,n>2.
m+n-2 2(m+n-2) mn-m-n+2 m+n-2

Theorem 4.22. Let G and H be simple connected graphs, we have "Mx(G @ H)

< % ”;ff(g) + ’”;’(fg)" )1 Y(G)x(H), where %(G)is defined in Definition
2.1,m=|V(G)|=2,n=|V(H)|>2, §(G) isthe minimum degree of G.
Proof. By Lemma 2.6 we have "M,(G @ H) =
> ‘ -
(wixeisebicom doon (6:D)dgeu (%))
Z 1 1 <
@bxs.mecon [ndg(a)+md, (b)-2ds(a)d, (D)) [ndg (x)+md,, (y)-2dg(x)dy (¥)]
Z 1
@hnmeecen [(dy (0) + Ddg (@) + (dg(a) + 1)d,, (b) - 2d; (a)d, (b))
1
[y )+ D)+ (g (2 + Dy ()~ 246 (D O]
Z 1 1
@bxneecem [dg(a) +d, (b)) [dg(x)+dy ()]

1 1
>
(@.b)x,y)eE(GOH) 2\/ dg; (a)d, (b) 2\/ dg; (x)d, (»)

1 1 1
4 woxnpebcom Jdg (@)dg (x) dy (B)dy ()

1 1 1
4 [aeg(:G) erz(G) byE;(H) Jdg(a)dg(x) Jd, (b)d, ()
1 1
+bevzu1) yev;n «uezs;c) Jdg(a)d; (%) \Jd,, (BYd, ()
1 1
u;c) bye;(l!) \/dc (a)d;(x) \/ d, (b)d, (y )]

-4

1.7°2(G) m’y(H),
< 4[ 3(H) + 3(G) 1- #(G) y(H) . The theorem follows.
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