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Abstract On the basis of joint trecs introduced by Yanpei Liu, by choosing different
spanning trees and classifying the associated surfaces, we obtain the explicit expressions
of genus polynomials for three types of graphs, namely K3', W§' and K33, which are
different from the graphs whose embedding distributions by genus have been got. And
K & and K 5" 3 are non-planar.
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1 Introduction

In this paper we consider only connected graphs. A linear order X is a
sequence of letters such that if X = abc...z, then it is indicated that
a <b... < 2. A reverse order X of S is the linear order such that
X =z...ba. A linear order Y is called a suborder of X if and only if cach
letter on Y is also on X and if @ < b in X, then @ < b in Y, denoted by
Y C X. Let {(a1a2...a;) mean a set of such orders as a;,a;, .. . a;,, where
i122...%; is a random permutation on {1,2,...,t} and A C (a1a2...qa;)
mean that A is a suborder of some order in set {ajaz...a;). A supplemen-
tary order Y of Y corresponding to X is a suborder of X such that a € ¥
foreache ¢ Y and that a ¢ Y for cacha €Y.

A surface is a compact 2-dimensional manifold without boundary. Be-
cause it can be obtained by identifying each of pairs of edges along a given
direction on a polygon with even number of edges, an orientable surface
corresponds to a cyclic order S of letters satisfying the following condi-
tions[9)]:
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elfae S, thena™ €8S.
o For each letter a on S, both a and a~ occur once on S.

1
Then the canonical forms of surfaces are agag and Y apbra; by which are
k=1
the sphere and orientable surfaces with genus 7, where ¢ > 1 and ai, by are

distinct letters for k > 0.

Let o(S) be the genus of surface S and S be the set of surfaces. In order
to determine o(S), an equivalent relation ~([7] on S can be obtained by the
following operations: for A,B,C,D,E € S and a,b ¢ ABCDE,

Op 1. AB ~ (Aa)(a™A) AB # ¢
Op 2. Aaa™ ~ A A#£¢
Op 3. AajazBasay ~ AaBa™ = Aa™Ba

Lemma 1.1 AaBbCa— Db~ E ~ ADCBEaba~b~, where A,B,C,D,FE €
S and a,b ¢ ABCDE.

aa”, p=0;
Let P, = H aba7by, p>1. , where a1,b1,...,0p,b, are dis-

1gi<p
tinct letters. Let P be the set of all orientable surfaces.

Lemma 1.200 VS € P,3p > 0,5 ~ P,.

For convenience, suppose that there are n sets of linear orders, say,
Ay, Ag, ..., Ap. Let aX;‘a‘AXé‘Pk and X7 X7 P, be surfaces, where X' =
Z1\Zs...Zpn, X3 = Z-n...Zzzl, Z, C A forl <l <n. By A(n, k), We
mean a set constituted by such elements as aX7a~ X3 P, taken over all
Z) € A for 1 <1< n. Use By, 1y to denote a set as {XtXZP}. And the
letters on P, or P, do not appear on X} and X%'. Note that A(, &) as a
form is meant the different set when A; varies for 1 <! < n. So is By, y)-

Lemma 1.3 Let S € A(,, o) and SO be the surface obtained by deleting
a and a~ from S, then

O(S) _ O(So)v sz € A(n—l,k);
o(S°)+1, ifS€ Bp-1y)-

where k and | are positive integers or zero.

Proof Let § =aX'a™ X3 =aX} ' Zpa” Zn X3, where XT = Z12,..
Zn, X3 = Z Zng, and Z; has the same form for1 <i<n If
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S € B(n, 1), then it means that there is some z € Z,, such that aza~z~ € B,
further, aXP'a~ X3 ~ X7~ ' X3 'aza~2~ P,_,. By deleting a and a~ from
S, X1 X5 ~ XP~'X37'P_y. Then o(S) =0(8%) +1. If S € A¢n, k), then
S = aXPa~ X3 ~ aX] 'a~ X3 !P;. According to the properties of Z;,
o(8) = o(8) even after deleting a and ¢~ from S. O

An embedding (or cellular embedding in early references) of a graph
G into a surface S is a homeomorphism 7: G — S, and each component
of § — 7(G) is homeomorphic to an open disc. The embedding is called
orientable if S is orientable. Throughout this article, whenever we use the
term embedding, we are referring to an orientable embedding.

For a graph G, a rotation is a cyclic order of all semiedges at each vertex
of G. Let T be a spanning tree of G. A joint tree[7] T can be got by splitting
every cotree edge into two semiedges denoted by a same letter with a choice
of indices: +(always omitted) or —. On T, the surface determined by the
boundary of the infinite face on the planar embedding with label indices
is said to be an associated surface[8]. It is seen that the corresponding
relation is established between the joint trees and the embeddings. Based
on joint trees, the topological problem for enumerating non-homeomorphic
embeddings of a graph is transformed into a combinatorial problem for
counting distinct associated surfaces in each equivalent class.

For example, for K, the spanning tree is presented with thick lines
as shown in Fig.1.1 and a joint tree in Fig.1.2. Denote cotree edge vovy
by a;, vovs by a2, vsvs by as. Let each vertex of joint trees for K, have
an anticlockwise rotation. Then the associated surface of the joint tree is
shown as S = a,aa; azaja; .

vi

/
v Vg
\\ as

v3

Fig.1.2 A joint tree of K,

Fig.1.1 K4

The number of the orientable embeddings for G is 3 (p, — 1)!,
ueV(G)

where p,, is the degree of u. The number of embeddings of G into an

orientable surface S, with genus m is denoted by g,,(G). By the genus
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polynomial of G, we mean the polynomial

oC
fo(z) = gi(G)’.
=0

For convenience, throughout this article, we write g;(n) instead of g;(G),
where n is a variant of G.

Since Gross and FurstPlintroduced the embedding distributions of graphs
by genus, the genus polynomials of bouquets of circles[5], closed-end lad-
ders and cobblestone paths[2], necklaces(3], etc. had been computed. In
1979, Liul? initiated joint trees and established a set of complete theory
in 2003. On the basis of joint trees, the genus polynomials of more com-
plicated graphs can be computed. Li and Liul® got the genus distribution
of embeddings for a type of 3-regular graphs, Zhao and Liul'! for tree-like
graphs, Wan and Liul'” for another type of 3-regular graphs, Chen and
LiulV) obtained the total embedding distributions for two classes of graphs.
In this paper, on the basis of joint trees and by classifying the associated
surfaces, we obtain the explicit expressions of genus polynomials for three
types of graphs, namely K¢, W§ and K3;. Each of them is the repetition
of a subgraph along a cycle and different from the graphs whose embedding
distributions by genus have been got. And K¢ and K33 are non-planar.

2 Main results

Suppose vertices u}, u},...,ul, ¥}, u},... 42, ..., u}, uf,..., up are
on cycle C in such a sequence and v}, v},...,v], v}, v%,...,vg, -
v, v3,...,vy not on C. When p = 4 and ¢ = 1, connect ubok (1 <

i<4,1< k < n), u¥u§ and u2u4 to obtain a new graph K¢'. A new graph

2 is obtained by connecting u¥v¥ (1 < i< 6, 1 <k <n)whenp=26
and g = 1. A new graph K7, by connectlng - ul f, ubvk, ubvk, vkok kvl
for 1 <i<3and 1< k< n Note that K and K74 are non-planar(see
the following figures).

Fig.2.1 Kg and a joint tree of it
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Fig.2.3 Kl anda Joint tree of it
3,3

[o o}
Theorem 2.1 ng (z) = Zgi(n)l‘i,

=0
where

(0, n<i-[f];

[(2n — i +1)3558 — (i — n)44d]n!
(i—n)(2n -7+ 1)!
gi(n) = 4 2n—1i. i—n—1 0 . i

444%7-*3558 + g7 1(n), i—[3]<n<y;
444* + g?_l('i), n=zt;

\ g?—l(n)a n>i.

[3] k i—2kq Qu—it+k
590071858 187 t+%pl
o) = Y S0MIBEE g
= KMn— i+ K@ - 2k)L.

Proof Firstly, choose all edges on C except ulu} denoted by a and v¥u¥
(1 £k < n) as a spanning tree as shown with thick lines in Fig.2.1. Other
edges are cotree edges. And denote viu} by af, ufuf by b, ubub by af,
viuk by of, v¥uf by af for 1 < k < n, where all letters are distinct. Let
each vertex of joint trees for K have a clockwise rotation.

Let AfC(afaf), AL C(afaf),  A§C(af af),
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A§ C(a57af"ag™), AEC (Afa)), Bi= AbAbALAL,
for k=1, 2,...,n, and the number of letters in Aff is 3 or 0. Let

XM =B\B,...B,, X!=2B,.. B.B.

So the set of associated surfaces for K3 is Ay, o). The set can be clas-
sified into such sets as A(n_1, x) and B(,_,, ;) with different & and {. By
deleting a and ™ from these sets, we get the classifying sets of B, ). Of
course g;(n) is equal to the number of associated surfaces with genus 7 in
A(n, 0)- And we use g)(n) to denote the number of surfaces with genus i
in B(,, 0)- According to Lemma 1.1, Lemmal.2 and Lemmal.3, we can get
the following equations:

[ gi(n) = 444g;_1(n — 1) + 3558g;_o(n — 1) + 18¢Y_,(n — 1)
+ 14149 ,(n — 1) + 23422 _4(n — 1) (2.1)
< 92(n) = 18¢9(n — 1) + 1858g?_,(n — 1) +5900¢?_,(n—1) (2.2)
g90(0) =1 (2.3)
9(0) =1 (24)
( 67(0)=0 i#0 (2.5)

From (2.2, 2.4, 2.5), we obtain that

(4] & i~2k 1 qn—i+k
5900%1858t k18Rt~ p!
HOEDY

Kl(n — i+ k)G — 2k)!

k=0
Then

( 0: n<i-— [%]a

[(2n — 7+ 1)3558 — (i — n)444]n!.
(t—n)!(2n—-i+1)!
gl(n) =9 2n—iggERi—n—1 0 i — (i) < ;.

444 55 + g;_1(n), i-[f]<n<y
44 +g)_1(9), n=4

\ g?—l(n)7 n> i

This completes the proof. 0O

For example,
k3 (2) = 462z + 497227 + 23422,

k2(z) = 324z + 264024z + 6626932z° + 31424260z* + 221506362°.
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K3 (x) = 5832z + 180597622 + 2796800402> + 9614739592z +
777410859842° + 2222106842642° + 1603369828887

Using the same method as Theorem 2.1, Theorem 2.2 and Theorem
2.3 can be derived. And we list only the equations that g;(n) and @ (n)
satisfied in the course of proofs.

Theorem 2.2 fyy.(x) = Zgi(n)wi,

i=0
where

i i 134
321622""2n! =
gi(n) = ——————Li+ a(n,i,k),
= it &
a(n, i, k) = () (47*)488'2k3216+2n~i+k 4 (7| (- 1-F)2940i- 12k

5376k64n—i+k+1 + (?—l—k)(;;_ l—k)488i— 1—2k3216k2n—i+k+l],

p={ % @isoddnumber; () =0 when t < 0.
1, iis even number.

Proof g;(n) satisfies the following equations:

[ gi(n) =2g;(n — 1) +488¢g;_;(n— 1) + 3216g;_»(n — 1)+
62991 (n — 1) + 175292_5(n — 1) + 2160g?_y(n — 1)

) 99(n) = 64g%(n — 1) + 2240°_,(n — 1) + 537699_o(n — 1)

90(0) =1

9(0) =1 o
[ 92(0)=0, i#0

For example,
wx(2) = 2 + 550z + 4968z + 2160z°.

wz(z) = 4+ 6044z + 5357762° + 85935362 + 312883202 + 185587205,
w3 (z) = 8 4 267992z + 28986720z + 1163019200z° + 180882662402+
99254896128z° + 2123375800322° + 122111815680z".
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oo
Theorem 2.3 fkp ,(z) = Z gi(n)z?,

‘=0
where '
(r_)13204m2168" 4 (P, _,)216—"— 1.
gi(n) = (3602n—i+1 _ 1322n—i+1)’ i — [%] S n< i;

0, otherwise.

and (}) =0 whent <0.

Proof g;(n) satisfies the following equations:

gi(n) = 132g;_1(n — 1) + 216g;—2(n — 1) +228g)_p(n — 1)
99(n) = 360gY_, (n — 1) + 216g)_»(n — 1)

go(O) =1 (]
90(0) =1

97(0)=0, i#0

For example,
K1 (z) = 132z + 4442,

K2, (z) = 174242 + 1692002° + 1451522
k2 (z) = 22999682° + 55646784z + 91165824x° + 41990400z°.
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