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§1 Introduction

Throughout this paper G = (V, E) will be an undirected
connected graph. We begin by recalling some standard defi-
nitions from domination theory. For any vertex v € V, the
open neighborhood of v, denoted by Ng(v), is {u € Vl|uww €
E}. The closed neighborhood of v, denoted by Ng|v], is the set
Ng(v) U {v}. For S C V, the open neighborhood of S, denoted
by Ne(S), is U,es Ne(v), while the closed neighborhood of S,
denoted by Ng[S], is U,es Na[v]. The private neighbor set of v
with respect to S is given by PNg[v, S] = Ng[v] — Ng[S — {v}].
The vertex v is a leaf if |Ng(v)| = 1. The vertex v is a support
vertez if it is adjacent to a leaf. Let L(G) denote the set of
leaves of G. The subscripts G will be omitted when the context
is clear. Let (S) denote the subgraph of G induced by S.

A set D C V is a dominating set of G if N[D] = V. The
domination number of G, denoted by 7(G), is the size of its
smallest dominating set. D is a connected dominating set if
D is a dominating set and (D) is connected. The connected
domination number of G is the size of its smallest connected
dominating set, and is denoted by 7.(G). Results related to the
connected domination number may be found in [1, 2].

A set D C V is an irredundant set if for every z € D,
Niz] € Uyep_(z) Nlyl- The irredundance number, denoted by
ir(G), is the minimum size of a maximal irredundant set of
vertices. A set D C V is an independent set if no two vertices
of D are adjacent. The independence number of G, denoted by
B(G), is the maximum size of an independent set.
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For a set D C V, |D| denotes the cardinality of D. We
denote a set D as an ir-set if D is a maximal irredundant set
with |D| = ir(G).

In (3], Dunbar et al. introduced the concept of a weakly con-
nected dominating set. A weakly connected dominating set for a
connected graph is a dominating set D of vertices of the graph
such that the edges not incident to any vertex in D do not sepa-
rate the graph. For a set D C V, the subgraph weakly induced by
D is the graph (D),, = (N[D], EN (D x N[D])). Notice that a
set D is a weakly connected dominating set of G if D is dominat-
ing set and (D),, is connected. Clearly a connected dominating
set must be weakly connected, but the converse is not true. The
weakly connected domination number of G, denoted by 7v,(G),
is the size of a smallest weakly connected dominating set for G.
We then have v(G) < 71,(G) < 7.(G).

The inequality v(G) < 2ir(G) — 1 was obtained indepen-
dently in [4,5]. Bo and Liu in [1] proved that 7.(G) < 3ir(G) -2
for a connected graph G and this result is best possible.

In this paper, we first consider the relationship between
weakly connected domination number 4,,(G) and the irredun-
dance number ir(G). We prove that 7, (G) < $ir(G)—2 and this
bound is sharp. Furthermore, for a tree T, we give a sufficient
and necessary condition for v.(T) = v, (T) + k, where 7,(G) is
the connected domination number and 0 < k < 4,,(T) — 1.

§2 Main results

First, we have the following two lemmas.

Lemma 1(Hedetniemi [7]) If S is an ir-set of graph G,
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and S is independent, then ir = 1.

Lemma 2(Dunbar et al. [3]) If G is a connected graph,
then ¥(G) < %(G) < 27(G) - 1.

Theorem 1 If a graph G is connected, then v,(G) < %ir(G) —
2.

Proof Let G be a connected graph and let S = {v1,vs,-- ,u}
be an ir-set of G. All components of (S) are denoted by Si, Sa, - - -
S, for 1 < n <1 =ir. Suppose that there are ¢ isolated vertices
vy,va,- -+ , v in (S), where vy, v, ,v; belong to the compo-
nents Sy, Ss,- -+ ,S;, respectively. Then each of the other n — ¢
components contain at least two vertices. Hence,

2(n—t)+t<ir ie, 2n—t <ir. (1)

First we prove that 7,(G) < 3ir(G) — 1.

If t = n, then S is independent set. By Lemmas 1 and 2,
it follows that 7w (G) < 29(G) — 1 = 2ir(G) — 1 < 2ir(G) — 1.
Without loss of generality, we can assume that £ < n. Since S is
an irredundant set, N[v;] € U, N[v;] for any v; € S. Assume
that N; = N(v;] — U;x N[vs] for i = 1,2,--- . Since N; # 0,
we may choose one vertex u; € N; fori =t+1,t+2,---,1. Let
S = S U {ue41, - ,w}. It is clear that

|Si| = ir +ir —t = 2ir — t. (2)

Since S is an ir-set of G, it follows that S] is a dominating set

of G.
If G, = (S})w is connected, then 1, (G) < |S]| = 2ir —t <
$ir — 1. Suppose that Gy has g > 2 components. Note that ¢ <
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n. Let w; be an arbitrary vertex of S7, let W) be the vertex set of
the component of G, that contains w,, and let T} = V(G) — W;.
Let ¢; € T; be chosen so that d(wy,t1) = min{d(w, )|z €
T}, and let P = 11,912, , Y1 be the shortest ¢jw;-path,
where y1; = ¢; and y;x = wy. Then y; € Wy for 2 < i < k.
Furthermore, y12 ¢ S] and t; € Ty — S]. Let Sy = S] U {y12}.
Then G, = (S3),, has at most ¢ — 1 components.

If G, is connected, then 7, (G) < |S5] = 2ir—t+1 < $ir—1.
Suppose that G2 has at most ¢ — 1 components. Let w, be an
arbitrary vertex of 53 and W, be the vertex set of the component
of G, that contains wy. Let Tp = V(G) — W,. Let t, € Th
be chosen so that d(ws,t2) = min{d(ws,z)|z € T3}, and let
P = y91,%22,"* , yu be the shortest tawo-path, where yp; = ¢,
and yo = wy. Then yo; € Wh for 2 < 7 < I. Furthermore
Y22 € S and tp € Tp — S;. Thus if we let S; = S, U {ys}, then
G3 = (S3)w has at most ¢ — 2 components, and so on. We will
make a set Y = {y12,922,** ,Y(s-1)2}, Where s < g < n. It is
clear that S{UY is a weakly connected dominating set of G. By
(1), it follows that n — £ < £. Hence,

MWw(G) < |SUY[<2ir—t+s-1
< 2ir—t+n-1<2ir-14+(n—-4%) -4 3
< 3ir—1-%
< %ir-1

Suppose that 1,(G) = 2ir(G)—1. Thent=0,s=gq=n=
% and [Y|=n—1. So, |S{| = 2ir and |S;| =2fori=1,--- ,n.
Without loss of generality, we can assume that S; = {vg;_1,vs;}
for i = 1,.-. ,n. Furthermore, Gy = (S]),, has n components.
Let Gu,: -+, Gin denote the components of G;. For u; € S,
there exists v; € S such that u; is adjacent to each vertex of
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PN{v;, S). If v; € S — {v1, v}, then the components number of
G, is less than n, which is a contradiction. If v; € {v1, v}, then
SiUY — {v} is a weakly connected dominating set of G with
cardinality less than S; UY, which is a contradiction. Hence,
Y(G) < $ir(G) — 2.

Theorem 2 Let G be a connected graph. If v,(G) = $ir(G)—-2,
then ir(G) = 2.

Proof Let S, S}, Y be defined as above. Since 1,(G) = %ir(G)-
2, it follows that ir(G) is even. We consider the following two
cases.

Case 1 G, is connected. If ¢t > 2, then 7,(G) < |Sj| <
2ir(G) — t < 2ir(G) — 2. So, we only consider the case ¢ < 1.
If t =1 and ir(G) > 4, then v,(G) < |Sf| < 2ir(G) —t <
$ir(G) — 2. It is obvious that it is impossible for ¢ = 1 and
ir(G) = 2. If t = 0 and ir(G) > 6, then 1,(G) < |5]| £
2r(G) —t < %ir(G) — 2. If t = 0 and ir(G) = 4, then for
u; € S| there exists v; € S such that u; is adjacent to each
vertex of PN[v;,S]. Hence S{ — {v;} is a weakly connected
dominating set of G with cardinality less than 8, which is a
contradiction.Hence, ¢t = 0 and ir(G) = 2.

Case 2 G; has ¢ > 2 components. Then g = n. Otherwise,
if g <mn—2, then

1(G) < |SIUY|<2ir—t+s—1
< 2ir—t+q-1<2ir—t+n-3
< 2%r—3+(Mm-%) -4
< %ir-3-4%
< %ir-3

2
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Ifg=n-1thens =¢q,t =0and n = %9 Let
G11,G12, -+ , Gin—1) denote the components of G; such that
|G11 N S| = 4. Without loss of generality, we can assume that
Gu NS = {v1,vs,v3,v4}. For us € S, there exists v; € {vs, ve}
such that us is adjacent to each vertex of PN[v;,S]. Then
(S1UY) — {v;} is a weakly connected dominating set of G with
cardinality less than 3ir — 2, which is a contradiction.

Since ¢ = n, by inequality (3), it follows that ¢ < 2. Let
Gii1, -+, Gin denote the components of Gy, where S; C Gy; for
¢=1,---,n. Suppose that n —¢ > 2. For u;;; € 8] N Gyeyy)
there exists v; € S N Gy(41) such that u.,; is adjacent to each
vertex of PN([v;, S]. For u, € S{NG1n , there exists v; € SNGy,
such that u, is adjacent to each vertex of PN|v;,S]. Then
S1UY — {v;,v;} is a weakly connected dominating set of G with
cardinality less than 3ir(G)—2, which is a contradiction. Hence
n—1t < 1. Since n > 2, it follows that ¢ > 1.

Ift=2, thens=q=nandn—1='1(29. If n = 2, then
ir(G) = 2. If n = 3, suppose that |S;| = [S| = 1 and |S3] > 2.
For ug € S}, there exists v; € {vs, v4} such that us is adjacent
to each vertex of PN[v;, S]. Then (S;UY) — {v;} is a weakly
connected dominating set of G with cardinality less than %z’r—2,
which is a contradiction.

Ift=1, thens=q=n=2a.ndn='l(29. By a similar
way as above, then there exists a weakly connected dominating
set of G with cardinality less than 3ir — 2, which is a contradic-
tion. So ir(G) = 2.
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Graphs with 7,,(G) = 3 and ir(G) = 2

Lemma 3 (Dunbar et al. [3]) If a graph G is connected,
then ’YW(G) < 'Yc(G) < 2’7w(G) -1

Lemma 4 (Domke et al.[6]) If T is a tree of order p, then
Yu(T) =p — B(T).

Theorem 3 Let T denote a tree of order p, then 7.(T) =
Yo(T) + k if and only if B(T') = k, where 0 < k < 7(T) — 1
and T' =T — NI[L)].

Proof Let S be an independent set of T such that |SNL| is max-
imum. Then SNL = L. Otherwise, if there exists a vertexv € L
such that v ¢ S, then N(v) € S. So &' = (§ — {N(v))} U {v}
is an independent set of 7. Furthermore, |S' N L| is more than
|S N L|, which is a contradiction. So S — L is an independent
set of 7" and B(T") > |S — L| = B(T) — |L|.

Let D be an independent set of 7. Then D U L is an
independent set of T', Hence, 3(T) > |D U L|. That is 3(T) 2
B(T") + |L|. Therefore, B(T) = B(T") + |L|.

Suppose Y(T) = Yw(T) + k. Since 7(T) = p — |L| and
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Y(T) = p B(T), it follows that ,B(T)
B(T') =

Conversely, if B(T") = k, then B(T) = |L| + k. Hence,
%(T) = 1(T) + k.

|L| + k. Hence,

Corollary 1 LetT denote a tree of order p, then 7.(T) = 7, (T)
if and only if every vertex of T is a leaf or a support vertez.
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