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Abstract

In this paper, we are concerned in Leibniz numbers. We establish a
series of identities involving Leibniz numbers, Stirling numbers, harmonic
numbers, arctan numbers by making use of generating functions. In addi-
tion, we give the asymptotic expansion of certain sums related to Leibniz
numbers by Laplace’s method.

1. Introduction

It is well known that binomial coefficients (}) are defined by

n! > k
n e ——
(k) = { Hn-g)p =5
0, n < k,
where n and k are nonnegative integers, and (n + 1)‘1(;:)_l are called

Leibniz numbers R(n, k) (see [2]). The properties of Leibniz numbers are
similar to that of binomial coefficients. For example, for k£ > 1,

R(n, k) +R(n,k-1) = R(n-1,k-1),
3" R(m, k)

m=l
k
D (1) R(n,k) = R(n+1,0)+ (~1)*R(n + 1,k +1).

i=0

R - 1,k - 1) — R(n, k — 1),
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The double generating function of R(n, k) is

~In[(1 - )(1 — ut)]

Y R, k)F =
o 1+u(l-t)

It is clear that the vertical generating function of R(n, k) is

oo k
D R(n, k)t = S (1R - R - (-1)*(1 - 9)* In(1 - o).
i=1

n=k

(1.1)

The vertical generating function of Leibniz numbers means that R(n, k) are
related to Stirling numbers, harmonic numbers, and Cauchy numbers. The
purpose of this paper is to investigate the properties of Leibniz numbers.
The paper is organized as follows. In Section 2, by means of generat-
ing functions, we establish a series of identities involving Leibniz numbers,
Stirling numbers. By using an integral, we deduce some other relations
between Leibniz and Stirling numbers. In Section 3, we derive some identi-
ties relating Leibniz and harmonic numbers. In Section 4, we obtain some
identities involving Leibniz and arctan numbers. In Section 5, we give the
asymptotic expansion of certain sums involving Leibniz numbers.

For convenience, we recall some definitions of combinatorial numbers
involved in the paper. The first kind of Cauchy numbers a,, is given by

an = /:(a:),.d:v

where n is a nonnegative integer and

z(z—1)---(x-n+1), n2=21,
1, n=0,

(Z)n = 1
n < 0.

(z+1)---(z—n)’

The generating function of a, is

Za"n! In(1 +t)'

Throughout this paper, we denote the first and second kinds of Stirling
numbers by s(n, k) and S(n, k), respectively. Let H,, and ¢(n, k) stand for
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harmonic numbers and arctan numbers, respectively. That is,

00

n — 1}k
Zs(n,k)t——ln (l+t) ZS( k)—= (et 1)
n=k n=k
[=°] o0

Hoy 1 5. L (arctant)"

n%-—n £ = 2 In’(1 - 1), f\;t(n,k)n! =

2. Identities involving Leibniz and Stirling numbers

Stirling numbers are related to binomial coefficients. From [2], we know
that

s(n, k) 'f( 1)'*(n ;I:) (nz_"k‘_'“ )S(n—k+h,h),

h=0 h

sk = &> -(H)e

i=0

For Leibniz numbers and Stirling numbers, we have
Theorem 2.1: For n > k and k > 2, R(n, k) and s(n, k) satisfy

z (_1)i1+iz+1§R(il + k, k) (k + 'l:z - 1) i(i‘a_ik’_k)
i!+i2+i3-—n-k ia (i3 + k)]

_Z Z (- l)jl(i'*'jl—l)s(ji"*'kyk)
i=1 J:+J2—n—‘l+l jl- (J2 + k)|

_(k+Ds(n+k+1,k+1)
(m+k+1)! )

(2.1)
Proof: From (1.1), we obtain

R+ kK (=P (1 4+8) & (1R In*(1 +8)
2 (1 + t)kk! = 2 ik!l(1 + t)f

_(=D)FIn**a 4o
k! :

p=0 i=1

One can verify that

ked o= (—k)gt? X s(r + k, k)tr+k
k,k -1 p+k+1tp+k+l ( q 3
p; R(p + k. k)(-1) :4:5 a2 T+ k)

r=0

227



m+k
_( l)kz Z( Z)thz%

i=1 _7-—0

i1
—(~1)F(k+1) 2 sip+k (:-:’kk :11))!t’

p=0

(2.2)
Comparing the coefficients of t* on both sides of (2.2), we obtain

(=k)ins(is + &, k)
ial(is + k)!

Yo (-1)PRIRG, + k,K)

i +i3+i3_n_k
(=), 802 + k. k)
- ( l)k . l .
‘z=; ]1+Jrzn-;+1 .71!(.72 + k)
s(n+k+1,k+1)
(n+k+1)!

Then we have (2.1). This completes the proof.

—(-1)Fk+1)

In the rest of this section, we discuss the computation of other sums
involving Leibniz and Stirling numbers. It is based on Euler’s well-known
Beta function defined by (see [9])

1
B(n,m) = / £"=1(1 — )™ Ldt
0

for all positive integers n and m. Since

I(n)(m) _ (n—1){(m-1)!

B(n,m) = Tn+m) (n+m-1) "
(m) = (n+1) /o £m(1 — )" de. 23)

By means of (2.3), many identities involving inverses of binomial coefficients
were obtained. See for instance [1, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13]. It is
clear that

R(n,m) = /o ' ™ (1 — )" ™dt. (2.4)

In terms of (2.4), we prove that
Theorem 2.2: For positive integers n > 1, k > 1 and | > 1, we have

i s(n, k)R(n + |, n)u™

n!
n=k
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u-1)i+1 s
= gl—(-ltﬁ)—z:i— Z( 1)J(k)j lnk—.‘)(l + whip1(§) + 1+u l)++1 huis1 (k)
1)¥(1 I-i
sy Z;(i)(_(i)--i(-_l;-k:%—’ —1<u<l, u#0,
(2.5)

oo n kit
S s HEE < GRS B + e+

n=k i=1

k A
n (-1)ie¥ (1)
NCar= (z) i1 ]*(m)k!’ 7o

(2.6)

k i
where hyx(m) = Z (z) ( :'l“

Proof: It follows from (2.4) and the definition of s(n, k) that

Z s(n k)w = 3("'k)/ (1 —t)'t"u dt
=k

n=k n
- 2 / (1= ) Ik (1 + tu)dt.
*+Jo

Let y = tu. Then

= R(n +l n)u
ky————
E_k: s(n, k)

= k'u_HT/O (u—9)' In"(1 +y)dy
{ u
= kT;lH—l Z (i) (vt l)l_i(“l)i/() (1+9)'In* (1 + y)dy

klul+l Z ( )(u + 1)1-‘( 1)‘dk iy

where d; = [5 (1 + ) In*(1 + y)dy.
Owing to

ik —1Y(k): In*—7 (1 + k(1 i+l
dii =(1+u) Z (1) ((z)i 1)j+1( 2 + [((i-t.l-u;l))k+1 ]’

=0
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we have

> R(n + I, n)u
gs(n,k)__(B.Trmt_
1+ _ Lo (-1)
—y11§<mmwwumgch7mn

(L w g~ (1) _CDF 1§~ () D+t
A2 () et - o 3 () S
Then (2.5) holds.

Using the similar method, we have

ism,k)ﬂ”—‘;’!’")—“f = % /l(l—t)‘(e‘“—l)"dt
- ( 1) z( )( 1):/ (1 lttudt

t—l

'k! / (1—t)de
- 05

i=1 j=1
v 3 (v S
l)k / (1— )it

- (n*”%m4 (Gl
(S5

i=1

ul+1 E( )( 1) ;H: ] + k'((;i-)kl)

i=1

Hence (2.6) holds.  This completes the proof.
Theorem 2.3: For integers n > 0, and [ > 0, we have

n

> s(n, E)R(k + 1, k) = Ay, (2.7)
k=0
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where A, = fol (1 = t)}(t)ndt, and they satisfy that

Ajp = lz ( )z T lan—iAl-l,i+1,

where a,—; is the first kind of Cauchy numbers.
Proof: We first give the proof of (2.7). It is evident that

n

> s(n, k)R(k+1,k) = s(n k) / (1 - t)'tkdt
~0

=0 k=

/ (1-t) Zs(n, k)tkdt

k=0

=/ummM
0
= Al,n-

Now we consider the exponential generating function of {4;,}:

) =3 A,

n=0

We have

f(u,l)

/ 1 -t Z(t)"u dt

n=0

- / (1 = t)(1 + u)tdt
0
1
/(l_t)letln(l-{-u)dt
0

1 / (1 — t)i-letinC1+w) gg

" In(1+ ) 1n(1 +u)
“In(1+ u) ln(l + u)

Y - On n
In(1 + u) 2 i

Ao =
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we obtain
o0

o0 o <]
Apnu™ ant" = Ai—1n+1u"
E nl ! n! f;) (n+1)! (2.9)

n=0 n=0
Comparing the coefficients of u™/n! on both sides of (2.9), we prove that

(2.8) holds.  This completes the proof.
Remark: It is well known that for the sequences {f,} and {gn}

fn = ZS(n, k)gk & Ggn = Z 3('"" k)fk (210)

k=0 =0

n
From (2.10), we have Y _ S(n, k) Ak = R(n +1,1).
k=0

3. Identities involving Leibniz and harmonic numbers

For Leibniz and harmonic numbers, we have
Theorem 3.1: For integers n > 0, and [ > 0, we have,

X 1\ !
Z( 1) Hn+18?(n+l+2,n+2) _ 21“2[1112—2.[{“.1

n+2 Tol+1
n=0
L1 L4 1\ (-1)i(2 - 1)
m2 &\ i ) ’
(3.1)

o0

S (D) HanR(n+1+1n+1) = 2-11n%2 — 2/ In2H,

(e

(3.2)

i

ad ! (=1} —
Y (D) HppiR(n+1Ln) = (f) Bl -2, 2'HIn2 - 2""'1In2

n=0 =1

] . . 3 .

1 (1)1 — 2% e

2y () -my T+ G
i=1

i=1

(3.3)
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Proof: It follows from (2.4) and the definition of harmonic numbers that

Z( -1)"H 1 R(n+14+2,n+2)

= n+2
15~ (1) Hnyat™+2
/(1 t) Z e

_% (1 - ) In?(1 + t)de

(1 t)“’l
t
1+1/ Tr1 o n( ot
1 & (z+1)2‘+1-=( Dt + 1) In(1 +¢)

l+1 0 =5 1 t+1
_ 2l+1 /1 ln(1+t)dt
Tl+1 1+t
9l+1 +1 1+1 ( 1): 1

=lin(1 + t)dt

s ( 2. ) /(t+1) In(1 + t)dt,

2'In?2  2+l|p2 & (z+ 1) (—1)i

=7+1 T v i i
=1

o+l BL 141\ (-1)i27 - 1)
+1+1z( i ) z

Noting that

we have (3.1).

Because of

%m+l+2n+m -——mm+1+1+1n+n

(3.1) is equivalent to (3.2).
Now, we prove that (3.3) holds. We know that

oo

S (=1 HnpaR(n + 1)

n=0
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/ (1= 8 S (-1)" Hupatde

n=0
ln(l+t)
f (-0 Sy @

/ 1"(1+t)dt+z()( 1)*/ £#-1n(l + t)dt

i=1
In(1 +¢)
/ (-t = dt

=/ Mdt+z()( 1)‘ln2 z‘:(i)(__})_ 11t_;tdt

=1 i=1 0
ln(1+t)
-ffa-ot
Noting that (3.2),
/t'““)"dt-( 1)*1n2+2()£_1>:’£-_1>
j=1 J

and
1
/ ln(l+t)dt= L
0 t

we have (3.3).  This completes the proof.
4. Identities involving Leibniz and arctan numbers

From the generating function of arctan numbers, we establish some identi-
ties involving Leibniz and arctan numbers.
Theorem 4.1: For integers n > 0, and ! > 0, we have,

i

R l, T -1
Zt( 1) (n+ 2B =+ Z()(z+)1“'+“ (4.1)

n=1 i=0

where
1 . 2 T
U —_/ t‘(l +t )'1dt’ U= —, U =—,

Ui + Uip2 = (z )
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Proof: It follows from (2.4) and the definition of arctan numbers that

Zt( 1)%("“") /(1 t)Zt(n,l) dt

n=1 n=1

/ (1 —t)! arctantdt
0

zl: (ﬁ) (-—1)"'/0.1 t* arctan tdt

i=0
- IROF-R (S [ fe

Hence (4.1) holds.  This completes the proof.
Theorem 4.2: For t(n, k) and R(2n,n), we have

5ty ) st/ [T,

n=k

Proof: It follows from (2.4) and the definition of arctan numbers that

Zt( k)éR(2n,n) = / t( ’k)(l_—_t')n_t"dt

n=k n=k

/ [arctan(t(1 - t)))* dt.
0

k!

Let

By = ! [arctan(t(1 - t))]" i,
0 k!

h(t) = Inarctant(l—t), te€(0,1).

Then h(t) rea.ches the maximum at ¢t = 1/2,A’(1/2) = 0, and h"(1/2) =
—32 arctan . By Laplace’s method, we have

17
1 1 k+1/2 —9r
Bk~7c-’(arctanz) m, k — oo.

On the other hand,

k
kl ~ (é) V2rk, k— oo.
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Hence By has the following asymptotic expansion:

ek k+1
By ~ [arctan(1/4)] /_27_, k — oo,

4F+T

This completes the proof.

5. The asymptotic expansion of certain sums involving Leibniz
numbers

In the final of Section 4, we discuss the asymptotic expansion of the sum
involving Leibniz and arctan numbers. In this section, we give the the
asymptotic expansion of other certain sums involving Leibniz numbers by

Laplace’s method.
Theorem 5.1: When k — oo, we have

k
2mV/3 1 T
> R(2n,n) - =5 YT TS (5.1)

n=0
© ER(2n,n) [Tk
z —n'—— ~ -I—C-e : (5.2)

n=0

Proof: It is clear that

k
Y ®(2n,n) = Z/ (1 — t)"dt

n=0 n=0
_ 2"\/_ / tk+1(1 t)k+1 dt
- T1-t(1-t)
=, k"R(2n,n) k" n
’; Filng ; / (1 — t)"dt

= / ekt(l—t) dt.
0

Let w(t) = Int(1 —t) (t € (0,1)). Then w(t) reaches the maximum at
t=1/2,h'(1/2) =0, and h"(1/2) = —8. By Laplace’s method, we obtain

1 k41 k+1
t*+Hi(1-1t) 1 3
/o oo S Ik EVErD P

Then (5.1) holds.
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Let g(t) = t(1 —¢t) (t € (0,1)). Then g(t) reaches the maximum at
t=1/2,¢'(1/2) =0, and ¢”(1/2) = —2. By Laplace’s method, we have

ekt(1=0) gy -, ko(1/2) [ =27 _
L T NEam e

Hence (5.2) holds.  This completes the proof.
- Theorem 5.2: When [ — oo, we have

00
(-1)*"Hp1R(n+1+2,n+2) 2!'In2
ngo o ~ 372 -2)nl
+In2+ (In2+1)y],

(5.3)

>, In2
Z(—l)"Hn.,.lER(n +l+1,n+1)~2 [T(l -29)—~vIn l] , (5.4)

n=0

[e ]
-1
> (-1)*HpiR(n+1,n) ~ E—z ln2—ln2z—

n=0 i=1
i i
o3 ()2
i=]
(5.5)
where < is Euler’s constant.
Proof: By Theorem 1 and Corollary 3 of [14], we have
"’Z‘ (z + 1) (-1 _ i 1
=\t i29i 22(1—2)(1 - %)--- (! — &)
i+1 2
= —[zz]exp(-zln2— In (1—-7))
213
= —[27 Z( 1)’z In* 2exp (ZCHI(’C)—)
i=0 k=1
= —(Gr1(DIn2+ ¢4 (2)
1 2 1 7f2
~ —3?2+ (n2-y)lnl+ (ln2 - 5)7 -5
(5.6)
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[t*]f(t) denotes the coefficient of t™ in f(t), where

=3 fut”

n=0
By Corollary 3 of [14], we have
1+1
L+1\ (-1 1)' w2
z( ; ) = 1n2 'ylnl———-1—2 (5.7)

i=1

To (5.6), (5.7) into (3.1), (3.2), (3.3), available

X _1\n !
E( ) HpaR(n+1+2,n+2) 21n2[(l 2—2)In

= n+2 I+1
+ln2+(ln2+1)'y],
> In2
Z(—l)"H,,+1§R(n+l+1,n+1) ~ 2‘[ 5 (1-29)- 'ylnl]
n=0
o0
S (1) HnpiR(n+1,n) ~ —-2‘ n2- 1n22—
n=0 i=1
+Z()H[( -1) —2]
i=1

Hence (5.3)-(5.5) hold. This completes the proof.
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