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Abstract

Dean ( [3])show that if G be a k— connected graph such that
any fragment whose neighborhood contains an edge has cardinality
exceeding %, then the subgraph H = (V(G), Ex(G)) formed by V(G)
and the k-contractible edges of G is 2-connected. In this paper we
show that for k = 4, Dean’s result holds when reduced £ to £. But
for k > 5, we give a counterexample to show that it is false and give
a low bound of the number of k-contractible edges for k = 5.
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1 Introduction

We only consider finite simple undirected graph. Let k be a positive
integer, G a k-connected graph. An edge of G is said to be a k-contractible
edge if its contraction yields again a k-connected graph. By Tutte’s famous
result, any 3-connected graph with order at least 5 has a 3-contractible edge.
But for k& > 4, Thomassen ( [10]) showed that there are infinitely many k-
connected graph k-regular graphs which do not have any k-contractible
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edge. So, the contraction-critical k-connected graph for k£ > 4 was intro-
duced, which is the non-complete k-connected graph without k-contractible
edges. The contraction-critical 4-connected graphs are characterized, which
are two special classes of 4-regular graphs. For k > 5, the characterization
of contraction-critical k-connected graphs seems to be very hard. In gen-
eral, Egawa ( [4]) showed that every contraction critical k-connected graph
has a vertex of degree at most [%J — 1. Then, for 4 < k < 7 every
contraction-critical k-connected graph contains a vertex of degree k. It is
very interesting to study the properties of contraction critical k-connected
graphs and the distribution of k-contractible edges. N. Dean( [3]) show
that for every k-connected graph such that any fragments whose neigh-
borhood contains an edge has cardinality exceeding %, the collection of
k-contractible edges of G induced a 2-connected spanning subgraph of G.
On the other hand, by Egawass ( [4]) results, every k-connected graph
whose fragment has cardinality more than [§J has contractible edge. So
the following problem was given.

Problem 1 Let G be a k-connected graph such that any fragments whose
neighborhood contains an edge has cardinality exceeding %. Is the subgraph
H = (V(G), Ex(G)) form by V(G) and the k-coniractible edges of G 2-
connected?

In the following, we show that it is true for k=4. But for k > 5 it is
false.

In fact for k = 2t + 1(¢ > 2), we can constructs such a counterex-
ample as following. Let G; & K, be a complete graph for ¢ = 1,2,.--,{,
where | > 4. Let G be a gra.ph with V(G) = U2, 3 V(Gi) U {z},
E(G) = Uieq1,2, i} E(Gi) U {zy|z € V(Gi), y € V(G(i+1ymoay) } U {zyly €
Uig(1,2,- 1} V(Gi)}. Clearly, G is k-connected graph and the edges incident
with z are not contractible. As §(G) = 3t and «(G) = k, every fragment of
G has at least t vertices. Thus every fragment of G has cardinality greater
than £ = 2t£L. But, on the other hand, the spanning graph induced by
the set of contractible edges is not connected, as z is not incident to any
contractible edge.

Further, we give a low bound for the number of contractible edges of
5-connected graph such that any fragment whose neighborhood contains
an edge has cardinality exceeding 3.
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Theorem 1 Let G be a 5-connected graph such that any fragment whose
neighborhood contains an edge has cardinality exceeding %. Then, the num-
ber of 5-contractible edges of G is at least |V(G)|, that is |Es(G)| > |V(G)|.

Theorem 2 Let G be a 4-connected graph such that any fragment whose
neighborhood contains an edge has cardinality exceeding 1. Then the sub-
graph H = (V(G), E4(G)) is 2-connected.

For terms not defined here we refer the reader to [2]. Let G =
(V(G), E(G)) be a graph, V(G) denotes the vertex set and E(G) the edge
set. Let |G| = |V(G)|, x(G) denote the vertex connectivity of G. An edge
joining the vertex x, y will be written as zy. By Ex(G), we denote the collec-
tion of all k-contractible edges in k-connected graph G. For z € F C V(G),
we define N¢(z) = {y|zy € E(G)}. By dg(z) = |Ng(z)| we denote the de-
~ greeof z. Ng(F) = UzerNg(z)—F. Aset T C V(G) is called a separating

set of a connected graph G, if G—T has at least two connected components.
A separating set with x(G) vertices is called a smallest separating set. Let
G be a non-complete graph, T a smallest separating set. The union of at
least one but not of all the components of G — T is called a T'—fragment.
A fragment of G is a T-fragment for some smallest separating set T. Let
F C V(G) be a T-fragment. Then, F = V(G) — (FUT) # 0, and F is also
a T-fragment and Ng(F) = T = Ng(F). The set of all smallest separating
sets of G will be denote by 7. We often omit the index G if it is clear
from the context.

We need more definitions introduced in [6]. For a graph G, let S be a
non-empty set of subset of V(G). An S-fragment of G is a T-fragment of
G for any T € T such that there is an S € § with § € 7. An inclusion-
minimal S-fragment of G is called an S-end and one of the least vertex
numbers is an S-atom. A graph G is called S-critical if for each S € S
there is T € 7¢ such that S C T, and for any S-fragment F there is a
T’ € T such that T'NF # @ and T N (F U N(F)) contains an element of
S.

The following properties of fragments are folklore (for the proof see [6]),
we will use them without any further reference.

Let T,T’ € Tg, and F, F' be the T, T'-fragment of G, respectively. If
FNF' #9, then
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IFAT'| 2 [FnT},|F' nT| 2 |[FNT| 1)

If FNF' # 0 # FNF, then both FNF' and F N F” are fragments
of G, and N(F N F') = (F'nT)U(T'NT)U(FNT).  FNF' #0 and
F O F' is not a fragment of G, then FNF' =@ and

IFAT'| > |F AT, |F nT|>|FnT| @)

Also, by definition, the two endvertices of any edge which is not k-
contractible is contained in some smallest separating set. For an edge e
of G, a fragment A of G is said to be a fragment with respect to e if
V(e) € N(A).

2 Some Lemmas

Lemma 1 ( [6]) Let G be a k-connected graph and let S be a non-empty
set of subset of V(G). Let A be an S-atom of G. If T € Tg such that
TNA#® and TN(ANN(A)) contains one element of S, then AC T and
|| < HIN(A) - TI.

The following Lemma was seen in ( [8]). For the convenience of the
reader, we rewrite it here.

Lemma 2 ( [8]) Let G be a k-connected graph for k > 4. Let V1 C V(G)
be a nonempty set such that V(G)—V; # @ and all the edges between V) and
V(G)—V; are not contractible, let S = {{z,y} |z € V1,y € V(G)-W,zy €
E(G)}. Then G is S-critical.

Proof As G is k-connected(k > 4), there are some edges joining the
vertices of V; and V(G) -V, so S consists of the end-vertices of such edges.
Let F be an S-fragment of G such that {z,y} € S and {z,y} C N(F). We
may assume that = € Vi, y € V(G) — V1. Let C C F be a connected
component of F. As N(F) is a smallest separating set of G, N(z)NC # 0
and N(y)NC # 0. Pickz’ € N(z)NC and y' € N(y)NC. Then there is a
path P’ connecting z/, ¥’ in C. Let P = P'U{zz’,yy’}. Then P is a path
connected z and y without using the edge zy. Asz € V3, y € V(G) - W,
P contains one edge f = uv which join one vertex of V; and one vertex of
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V(G) — V1. Clearly, u,v € FUN(F) and {u,v} N F # 0. As the edges

between V; and V(G) — V; is non-contractible , there is a 77 € Tg such

that T’ 2 {u,v}. So T'NF # @ and T'N(FUN(F)) 2 {u,v}. This implies

that G is S-critical. |
By Lemma 1 and Lemma 2 we can deduce the following Lemma

Lemma 3 Let G be a k-connected graph and = € V(G) is not incident to
any contractible edges. Let S = {{z,y} |y € N(z)}, A be a S— atom. Then

4] < &2,

Notice that if G be a k-connected graph(k > 4) such that any fragment
whose neighborhood contains an edge has cardinality exceeding §, then
every vertex of G with degree & is not contain in any triangle.

- Lemma 4 Let G be a k-connected (k > 4)graph such that any fragment
whose neighborhood contains an edge has cardinality exceeding %‘, then every
vertex of G with degree k is not contained in any triangle.

Proof Let z € V(G) with d(z) = k. Let A = {z}, then N(A) be a
smallest separator. If z is contained in some triangles, then there would
be an edge in N(A). So A is a fragment whose neighborhood contains an
edge. But |A| =1 < %, a contradiction. [ ]

If A is a connected fragment with cardinality 2, then, clearly, the ver-
tices of A has at least one common neighbor in N(A). Thus they are
contained in some triangles. So, by Lemma 4, we have the following lem-

mas.

Lemma 5 Let G be a k-connected (k > 4)graph such that any fragment
whose neighbor contains an edge has cardinality exceeding %, A be o frag-
ment such that |A| = 2. Then every verter of A has degree k + 1.

Lemma 8 Let G be a k-connected graph, A = {z,y} is o fragment of G,
2z € N(A) N N(z) is contained in some smallest separating set. Let B be a
fragment with respect to xz. If N(A) — {2z} C N(y), then AC N(B).

Proof Assume that A € N(B), we may le¢ y € AN B. Then, as
N(A) - {z} C N(y), we have BN N(A) = 0. Further, as |JANN(B)| =1
and BN N(A) =0, BNA = . Thus we have B = 0, for BN N(A4) = 0,
BNA=0and BN A =0. This is a contradiction, thus A C N(B). ]
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3 Proof of Theorem 1

Lemma 7 Let G be a 5-connected graph such that any fragment whose
neighbor contains an edge has cardinality ezceeding 3 and z € V(G) is not
incident to any contractible edge. Let S = {{z,y}|y € N(z)}, then

(1). every S— end has cardinality two.

(2). there are at least three S— ends.

Proof By Lemma 2, G is S-critical.

(1). Let A be an S-end of G and {z,y} C N(A) such that{z,y} € S.
By Lemma 4, we have |A| > 2, [4] > 2.

Pick ¢’ € N(x) N A, let B be a fragment with respect to zy'.

First we show that A C N(B). For otherwise, we may assume that
ANB # 0. Then, as A is a S-end, we have AN B is not a fragment. It
follow that BNA = @ and |(ANN(B))U(N(A)NN(B))U(N(A)NB)| = 6.
Now we must have ANTB = @. For otherwise, we have BN A4 = @ and
(AN N(B))U(N(4) N N(B))U(N(A)NB)| > 6. By a simple calculation,
we have |A] = 1, contradicts to Lemma 4. So ANB = @ and, also by
Lemma 4, |B| = |[BN N(A)| = 2. It follow that |AN N(B)| > 3. Thus,
AN N(B)| <1 and, further, |[A] < 1. Again, this is a contradiction.

So AN B = . Similarly, AnB =0 and A C N(B).

If |A] > 3, then [ANN(B)| < 1. As |A] > 2, we may assume that
BNZA # 0. We have [BN N(A4)| = 3, [Bn N(A)| < 1, thus [B| =
BN N(A)| = 1, a contradiction. So we have |A| = 2.

(2). First we can assertion that for any two S-ends A,C, we have
ANC = 0. For otherwise, let ANC # @, then |[ANC| =1. Let A =
{,2},C = {w,2}. Thus, a simple calculation show that [N(C) N 4| =
IN(A)NT| = 1. Thus ANC is a fragment and z has degree 5. On the
other hand, by Lemma 5, z has degree 6, a contradiction. Thus for any
two S-end A, C, we have ANC = (. As there is an other S— end in B,
the third in B and the fourth in A, so we can say that there are three S—
ends by the above assertion. |

Lemma 8 Let G be a 5-connected graph such that any fragment whose
neighbor contains an edge has cardinality ezceeding % and z € V(G) is not
incident to any contractible edge. Let S = {{z,y}|ly € N(z)}, A be an S~
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end, then every vertex of A has degree 6 and is incident to four contractible

edges.

Proof Let Abean S-end of G with {z,y} € S. Let N(A) = {=z,y, t1,2,t3}.
By Lemma 7, we have |A] =2, let A= {y",y'}. As A is end, so A is con-
nected. By Lemma 5, we have d(y’) = d(y") = 6. It implies that both vy’
and y’ are adjacent to every vertices of N(A).

Let B be a fragment with respect to zy’. By Lemma 6, we have
A C N(B). Further, by Lemma 4, we have |BN N(A4)| = [BNN(A4)| =2.
Without loss of generality, let BAN(A) = {y,t1} and BAN(A) = {t2,t3}.
Notice that both y” and ' are adjacent to any other vertices of AU N(A).
Now we show that all the edges between A and B N N(A) and the edges
between A and B N N(A) are contractible.

We only show that y't; is contractible, the others can be deduced
similarly. For otherwise, assume that y't; is not contractible, let B’ be a
fragment with respect to y't2. Now by Lemma 4 and Lemma 6, A C N(B’)
and |B' N N(A)| = [B' N N(A)| = 2. We may let B’ N N(A) = {y,z}, and
thus B' N N(A) = {t1,t3}.

Let us focus on B, N(B), B and B’, N(B'), B’. We know that {y",3'} C
N(B)YNN(B), z € BNN(B), t, € NB)nB, t; € B'n N(B),
y€ BNBandts € BNB. So we have both BN B and BN F are
not empty and thus they both are fragments of G. It is obviously that
NW)n(B'nB) = N@¥")n(B'Nn B) = {y}. On the other hand, as
yy'y” is a triangle, we have d(y) > 6 and thus |[B’ N B| > 2. So we have
((BNN(B"))U(N(B)NN(B"))U(N(B)NB')-{y',y"})U{y} is a separating
set with cardinality 4, a contradiction. ) [ |

Lemma 9 Let G be a 5-connected graph such that any fragment whose
neighborhood contains an edge has cardinality exceeding § and z € V(G) is
incident to ezactly one contractible edge. Let S = {{z,y}|ly € N(z) and zy
is not contractible }, then there are two S-ends such that both of them have
cardinality two and every vertez of the end is incident to four contractible

edges.

Proof Let zyp be the only contractible that incident to z. Let A’ be
an S-fragment of G. We know that either yo & A’ or yo g A’. We may
assume that yo & A’ and pick the S-end, say A, in A’. Let {z,y} C N(4)
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with {z,y} € S and N(4) = {z,y,t1,t2,t3}. Picky’ € N(z) N 4, let B
be a fragment with respect to zy’. Similar to the proof of Lemma 7, we
have A C N(B), |4| = 2 and, further, |B N N(4)| = [BN N(4)| = 2.
Let A = {y”,7'} and without loss of generality, let BN N(4) = {y,t1}
and B N N(A) = {t2,t3}. By Lemma 5, both y” and y’ are adjacent to -
any other vertices of AU N(A). Now we know, similar to Lemma 8, the
edges between A and B N N(A) and the edges between A and BN N(A)
are contractible. 4

Further we notice that either yo & B or yo ¢ B. Without lose of
generality, we may let yo € B. It follow that there is a S-end B’ in B.
Similarly, we can show that |B’| = 2 and every vertex of B’ is incident to-
four contractible edges. | |

Now we are ready to prove Theorem 1.

By Lemma 7 and Lemma 8, we know that if = is not incident to any
contractible edge, then there are six vertices which adjacent to z. Further
every neighbor of these vertices, except z, is incident to at least two con-
tractible edges. By Lemma 9, we know that if z is incident to exactly one
contractible edge, then there are four vertices which adjacent to z. Further
every neighbor of these vertices, except z, is incident to at least two con-
tractible edges. Now let U = {v|v is not incident to any contractible edge
} and U, = {v|v is adjacent one member of U, and except the one in U1, all
neighbor of v is incident to at least two contractible edges }. Let T1 = {v|v
is incident to exactly one contractible edges } and Tp = {v|v is adjacent
one member of T; and except the one in T;, all neighbor of v is incident to
at least two contractible edges } and, by Lemma 7 and Lemma 8, we have
T.NnU; =0, for i,j =1,2. Let T = V(G) = Uy — Uz — T1 — T2. Now, by
Lemma 7 and Lemma 8, we have |Uz| > 6|U;|. By Lemma 9, |T2| > 4|T4|.

Let H = (V(G), E5(G)), then the degree sum of H would be

S du(v) 2 4|Uz| + 4|To| + 2T + T3]
veV(H)

2 (2|U2| + 2IT2| + 2|T| + |Tal) + (2(Uz| + 2|T2])
> 2(|Us| + |T2| + IT| + [Us| + [Ta]) + 101 | + 7|Th|
2 2(|U2| + |T2| + IT| + |Uh] + |T1]) = 2|V(G)|
So |E5(G)| 2 V(G)|- [
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4 Proof of Theorem 2

Lemma 10 Let G be a 4-connected graph such that any fragment whose
neighbor contains an edge has cardinality exceeding 1, then any z € V(G)
is incident to at least two noncontractible edges.

Proof Letz € V(G) is incident to at most one noncontractible edge. Let
S = {{z,y}|y € N(z) and zy is not contractible }, then there is an S-end
A such that the edges between z and A are noncontractible. As A is an
S-fragment, there is an edge in N(A). So, by Lemma 4, we have |4| > 2,
[A] > 2. Let {z,y} C N(A) and {z,y} € S. Pick ¢ € N(z) N A4, let B be
a fragment with respect to zy’. Similar to Lemma 7, we have |A| = 2 and
AC N(B). As|N(A)| =4 and [TNN(A)| > 1, then either [BNN(A)| =1
or [BNN(A)| = 1. We may assume that |[BNN(A)| = 1, then have |B| = 1.
But there is an edge in N (B), a contradiction. |

Lemma 11 Let G be a 4-connected graph such that any fragment whose
-neighbor contains an edge has cardinality exceeding 1, then H = (V(G), E4(G))
is connected.

Proof For otherwise let H; be a component of H, S = {{z,y} |z €
H,,y € V(G)— Hy,zy € E(G)}. Then, by Lemma 2, G is S-critical. Let A
be an S-atom, {z,y} C N(4) and {z,y} € S'with z € H;,y € V(G) - H,.
Similar to Lemma 2, we can find {z/,y'} € S, {z/,5'} € AU N(A) and
{#',v¥'} # {z,y}. Further, if there are some member of S which intersection
with N(A), we would pick {z/, 3’} N N(A4) # @ priority.

Let B be a fragment with respect to z'y’. By Lemma 1, we have
|A] < |N(A) — N(B)| < 2. If N(A) N N(B) # 0, then |A| = 1. But there
is an edge in N(A), a contradiction. So assume that N(4) N N(B) = @,
hence we have {z/,y’'} = A. Let 2’ € Hy, then ' € V(G) — H,. But now,
by Lemma 5, we have z'y € E(G). So {z’,y} € S and {z’,y} N N(A) # 0,
this is contradicts to the choices of {z/,3'}. [ ]

Now we are ready to prove Theorem 2.

By Lemma 11, we have H = (V(G), E4(G)) is 1-connected. Suppose
that H have a cut point w. Let H; be a component of H — w, Hy =
H-w-H,S={{z,y} |z€ Hi,y € H;, zy € E(G)}. AsGis 4
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-connected, we know that S # 0. Then there is an S- end A such that
w ¢ A. By Lemma 4, we have |A| > 2 and [A| > 2. Let {z,y} C N(A)
with {z,y} € Sand z € Hy,y € Hy. Let 2’ € N(z)N A,y € N(y)NA. As
A is connected, we know that there is a z — y path in A which does not use
w and the edge zy. So there must be a member of § which is contained in
A or intersection both A and N(A). If it intersection both A and N(A),
then, similar to the proof of Lemma 7, we can easily deduce that there is a
vertex of degree 4 which is contained in a triangle, a contraction. So we may
assume that there no member of & which intersection both A and N(A).
Let {z,t} € S which was contained in A. Further, let z € Hy,t € H».
Let T 2 {z,t} be a smallest separator, let B be a T— fragment. Then,
similar to the proof of Lemma 7, we can deduce that A C T, A = {2,t}
and T N N(A) = 0. Thus it follow that [BN N(4)| =2 = |B N N(A)|.
Let, without lose of generality, B N N(A) = {z,y}. By Lemma 5, both
vertices of A has degree 5. Thus zt € E(G),yz € E(G) and {z,t}, {y, z}
are contained in S, a contradiction. [ ]

5 Some Remarks

In [5]K. kriesell given the following problem .

Problem 2 Is any vertez of contraction critical 5-connected graph con-
tained in a triangle?

In [7] we show that there are contraction critical 5-connected graphs
which has some vertices that dose not contained in any triangle. Especially
there are contraction critical 5-connected graph which has some vertex of
degree 5 that is not contained in any triangle. Also in (7] we have show that
in any contraction critical 5-connected graph there must a vertex of degree
5 such that every edge incident with it is contained in some triangles. So for
a 5-connected graph in which every vertex of degree 5 dose not contained
in any triangle must have a contractible edge.

In fact, for k = 4,5 the problem that any fragments whose neighbor-
hood contains an edge has cardinality exceeding § is equivalent to which
that every vertex of degree k(k = 4,5) is not contained in any triangle.
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Proposition 1 Let G be a k-connected graph for k = 4,5 such that every
vertez of degree k (if there are any)is not contained in any triangle. Then
fragment whose neighborhood contains an edge has cardinality exceeding %.

So, together with Lemma 4, the following result is holds.

Proposition 2 Let G be a k-connected graph for k = 4,5 which does have
some vertices of degree k. Then every verter of degree k is not contained
in any triangle if and only if every fragment whose neighbor contains an
edge has cardinality exceeding %.

Thus we may rewrite Theorem 1 and Theorem 2 in an other way.

Theorem A Let G be a 5-connected graph such that every vertez of degree
5 (if there are any) is not contained in any triangle. Then, the number of
5-contractible edges of G is at least |[V(G)|, that is |E5(G)| > |V(G)].

Theorem B Let G be a 4-connected graph such that every vertez of degree
4 (if there are any) is not contained in any triangle. Then the subgraph
H = (V(G), E4(G)) is 2-connected.
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