BINOMIAL IDENTITIES INVOLVING THE
GENERALIZED FIBONACCI TYPE POLYNOMIALS
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ABSTRACT. We present some binomial identities for sums of the bi-
variate Fibonacci polynomials and for weighted sums of the usual
Fibonacci polynomials with indices in arithmetic progression.

1. INTRODUCTION

The Fibonacci polynomials F), (z) and Lucas polynomials L, (z) are
satisfied the recursion

Unt1 (Z) = Tup (Z) + Un-1 (z)

with Fy (z) =0, Fi (z) =1, and, Lo (z) =2, L, (x) = z, for n > 0.
The bivariate Fibonacci {F, (z,y)} and Lucas {L, (z,y)} polynomial
sequences are satisfied the recursion

Un41 (x, y) =zU, (z’ y) +yUn—1 ($1 y)

with Fp (z,y) =0, Fy (z,y) = 1 and Lo (z,y) = 2, Ly (z,y) = =, for n > 0.
The sequences {F, (z,y)} and {L, (z,y)} can be expressed as

Fo(z,y) = °‘:—:§ and L, (z,y) = o™ + 8",

where o and 3 are roots of A2 = zA —y = 0.

When z =y =1, L, (1,1) = I, (nth Lucas number) and F, (1,1) = f,
(nth Fibonacci number). General background material on Fibonacci type
polynomials can be found in [2, 4].

In (3], the authors obtained various results for these polynomials se-
quences. Thus we recall that for any positive integer r, we have

Fr(n+1) (w,y) =L, (:v,y) Frn (z’ y) - szr(n—-l) (:c,y) (1'1)

where L, (z,y) = a" + 87, 2" = (aB)" = (-y)".
In this paper we use F,, and L, instead of F, (z,y) and L, (z,y), re-
spectively.
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Let H (t,z,y) = Y oro Fr(nt+1)t". Clearly,

H (t,2,9) = Yalo Fraenyt™ = rg%’m! (1.2)
and further
1 — OOL rmm_oomm "\ rm—nam+n
Tome = L L=t =Y 3 (B) (=) L
m=0 m=0n=0
oo 2m
= z Z (n—m)L2m_n( zr)n—m
m=0n=m
oo |n/2]
= Y ¥ (ML ()" e (1.3)
n=0 m=0
By (1.2-1.3), clearly
Frneny = B SR03 (Fom)Lp2mym™ (—y™+D), (1.4)

The following sums can be found in {10]:

Z HFa¢+1 (:L‘) (n+lc l—m) (n+k 1- 2m)xn—2m (1.5)

a1tagt--tag=nli=1 m—
In [11], the author generalized the sums above as for k,m > 0 and n > 0,

k+1 k -m
fm(ar+1) -+ - Fm(arp+ry = (=)™ B L U( )k (Flm) -

ay+az+-+arpp1=n

where UF () denotes the kth derivation of the Chebyshev polynomlals of
second kind U, (z) with respect to .
Also in [9], the authors gave a generalization of (1.5) as

k /2] n+lc 1-m\ (n+k~1-2m\ n~2m_, m
H Fa:-i-l (may) = ZO ( )( k—1 )CB y.

aytaz+tetap=ni=1 m=

In similar meaning, some authors also derived various identities including
Fibonacci and Lucas numbers (see [5, 8, 12]). In this paper, we consider
both the Fibonacci polynomials and the bivariate generalized Fibonacci
polynomials with indices in arithmetic progress. We generalize the results
of [9].

2. SuMS OF BIVARIATE GENERALIZED FIBONACCI POLYNOMIALS

Theorem 1. For k,n,r >0,

2 Ht_ r(ai+1)
a1t tar=n

Fk Zlan_l (n+k—l—m) n+k— -2m)L(n—2m)yrm( l)m(r+l)
where aq; 2 0, forl=1,2,...,k.
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Proof. Denote the [,th derivation of H (t,z,y) according to the bivariate
Lucas polynomials L., and, the lpth derivation of H (t,z,y) according to

(—z) by %‘;—?}l. By (1.2) and induction, we write

s (T o2i+1 F. — _Fe2nudH?

LT (=27 T LT (—zr)yl \T-Lrt+2782 | = (I=L,t+zrt?)2+2
_ o pU+Ll),m _ 0o L) ntoltl
= B Yo Frnyt” = Fr Zott Foniaien)t

— (+1,0) j+31+1
= F E}x;o F r(:i+3l+2)t3 +e,

And
a"ag:,z.y; _ a2 F, _  F(2+1n)u?
8LLO(~2zr) —  8LLa(—z")f \1-Lpt+z"t2 | = (1—L ttz72)8+1
(X - It n+$2¢
= F Yoo Fr((nzu-l)tn =F300 Fr((nl-zzﬂ)t 2
= () j+31
= F Z;io Fr(j+31+1)tj+ .
Let
o] k o) k
PR Fr(az+l) = (Z Fr(n+1)tn) =1I. (2.1)
n=0 ai1+az+:tag=ni=1 n=0

For k = 2l + 2, we obtain

_ __FEN @MHGey) _ FRY R (4L0)  n
I= ClH DT+ 8Ly+1)8(—z')' - mn_z_:oFr(n+3l+2)t . (22)

From (2.1) and (2.2), we get

oo k 2041 R
F, 11,1
> > I Fr(ent” = gy ,,Z_:o Fr((:+33+2)tn‘ (2.3)

n=0a)+az+-tax=ni=1

By (1.4), we write

(1+1,0)
Fr(n+3l+2)
l(n+3i+1)/2]
_ §2+1 n+3i+1- +3l+1-2m m
= F'aL,*‘ 8(-2")‘ ( 2 ( ™ m)L:"’ + (—zr) )
L(n+20)/2)
. +3l4+1—-m)! +21-2: -1
=B mz-l meiﬂ'z n+_2l-2lm_)-!L$'n ™ (=2")"

ln/2.l ~2m rym
(nt20+1-m)IL{P 2™ (—57)
Fr mz=0 = 17’1?(11-2"1)! .

Ln/2] -
_ ( +k— ).Ls"n 2m)(_ r)m
Fr Z = Tnl(n-2m)! . ‘

m=0
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So

FIHpUHD gk l';{:“ (ntk—m)IL{P=3m) 57y
ﬁ'gﬁ_l—)!—'l = ! ml(n—2m)!
m=0
kl_”‘/2J n+k—1-m\ (n+k—1-2m\ r (n—2m) rm m
Fr mz—-o ( m )( k-1 )LT z (—1) ) (24)

For k = 2l + 1, from (2.3-2.4), we have the conclusion. For k = 2! + 1, the
proof is similarly obtained. ]

When r = z = y = 1 in Theorem 1, we obtain the result of [9].

3. WEIGHTED SUMS FOR THE FIBONACCI POLYNOMIALS

We derive some identities involving the terms of sequence {F, (z)} .
Theorem 2. For k,n > 0,
k
I1 (a1 +1) Fra,41) ()

ay+az+-tar=nl=1

 min{ln/2),k-1} l(n-gl)/ﬁ b2 1 (k_l)
r o =0 n—2m-—j m
x (n—Z;n—j) (n—2n;-lic-il;—2—j) (Lr (x))n—2m—2j .

where q; 2 0, forl=1,2,...,k.
Proof. Let G (t,z) = Y pr(n+ 1) Fr(n41)t™. Thus

__R(-Cue)
G(tz)= (=L (@)t+(-1) 3)2 " (3.1)
By induction on (3.1), we obtain

8 G(t,z) _ F-(1+(=1mH )+t .5
Ll T (A-Le(z)t+(-1)re2)!*? ( : )

Since o1
(1+(_1)r+1 tz) o k—lo (+-1) (=1)mr+D) gom
m=l m
and from (3.1-3.2), we get
Thlot® ¥ (@) Far @)
aitazt-tar=n
FEQH(=1)mH2)*
(=L, (z)t+(-1)"t2)**

FE (14 (-1)™12)* ! oo k—
- ( (2k-1)! ) 2n=0 (n +2k — 1) th(zn-l—;l)c—l) ($) "

oo min{|n/2},k—1}

_ Fk-1 m(r+1) (k-1
= &=y -1
2k—1)! Ea —0 ( ) ( m )
X (n—2m +2k — 1) Fnooh o1y (@) 7. (3.3)
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From (3.3) and (2.4), we derive
it (@ +1) Fr(a+1) (z)

ay+az+t--+ar=n
k-1 min{[n/2]k—1}
= @y ZO (1)) (k1) (p _ 9m 4 2k — 1)
m=

(2k—2
xF, r(n—21)n+2k—1) (z)

. min{|n/2],k—1}

+1) (k—1Y (n—2m+2k—1) p(2k—2
= Fy ZO (-)™ )(m)ﬁj_r_zn T Fyf(n—zr)n+2k—1)(“)

m=

min{|n/2],k—1} l_"-:m_l

—2m+2k—1 (k-1
= F" mz=0 ;0 ﬂ112—"2lm2—j1(m)

x ('n—2;n—j) n—2n;-ltzli-—2—j) (Lr (m))n—2m—2j

Theorem 3. For k,n,r >0,

ﬁ (a1 +2) Fr(a,41) (2)

ar+a2+--+ap=nl=1 .

min{k,n} [(r~j)/2] l(n—3—2i)/2] o ag.

k +7 n=j—2(i—=k)—1ok—j (k
= F > 3 Y (-1t ekl gk ky

T n—j—2i—-m

=0 i=0 m=0
x (n—j—rji—m) (n~j—22i,-:-fli:—2—m) (Lr (x))n—m—m (_l)m(r+l) .

Proof. By taking y =1 in (1.2), we write

a oo 2\ _ &8 Fot?
ot (Zn:O Frmn (@) ) ot (I—L,.(wjt-tf(—lj"t!) :
Then

Fr(2—L.(z)t
0 (7 +2) Fr(nny (2) 8" = (l—Lr((:c)t+(Ecl))')'t2)2 .

Since
(2= L, (2)8)* = 350 (§) (Lo ()1 2577 and ol = 2, (—#7)°,
using the same method given in the previous theorem gives us
00 k k k
n = F(-Lc(a)t)
nz=:0t a +..-z+:ak=n =1 (@ +2) Fraen () = (1-L(z)t+(-1)72)%
_ FEa-L.(2)t)* (2k—2
= ﬁ'-ﬁ’«‘WkiLl))T Yoo (n+2k—1) Fr(n+2’?:—l) (z)¢"

oo min{k,n} |(n—7)/2]

Fk 44 . .
= @D 2 (D7 (n-j-2@G+k)-1)
n= =0 =0
2k—2
XFr((n-jlziwk-l) (z) 2"
Considering the proof of previous theorem, we have the conclusion. O
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Identities for the bivariate Fibonacci polynomials F,, (z,y) generate iden-
tities for specially multiplicative functions at prime powers fyn-1with z =
fpandy=— p_zl, and vice versa, see [1, 6, 7].
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