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Abstract

A graph G = (V, E) is Skolem-graceful if its vertices can be labelled
1,2,...,|V}, so that the edges are labelled 1,2,...,|E| , where each
edge label is the absolute difference of the labels of the two end-
vertices. It is shown that a k-star is Skolem-graceful only if at least
one star has even size or k = 0 or 1(mod 4), and for k < 5, a k-star is
Skolem-graceful if at least one star has even size or k = 0 or 1(mod
4). In this paper we show that k-stars are Skolem-graceful if at least
one star has even size or k = 0 or 1(mod 4) for all positive integer k.
Keywords: Skolem-graceful graph, k-stars, vertex labeling, edge la-
beling '

1 Introduction

A graph G = (V, E) is defined to be Skolem-graceful if there exists a
one-to-one mapping 6 : V — {1,2,...,|V|} such that the induced mapping
A:E - {1,2,...,|E]}, defined by A(uv) = |#(u) — O(v)| is a bijection,
where uv € E.

A k-star St(n;,ny,...,n;) is a disconnected graph with k components
Kin Kijngy - ooy Kiny, Where K) n; denotes a star with n; + 1 vertices
(1<j<k).
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In [4], Lee and Shee mention some necessary conditions for Skolem-
graceful graphs. If G is Skolem-graceful then |E| £ |[V| — 1 and moreover,
it is possible to partition v into even vertices and odd vertices such that the
number of edges connecting even vertices with odd vertices in G is exactly
|(g +1)/2). A tree is Skolem-graceful if and only if it is graceful.

In [6], Rosa proves caterpillars are graceful. Lee and Wui [5] have shown
that a connected graph is Skolem-graceful if and only if it is a graceful tree.
Obviously, all 1-stars are Skolem graceful. In (5], Lee and Wui prove that 2-
stars and 3-stars are Skolem-graceful if and only if at least one star has even
size. In [2}, Denham prove that all 4-stars are Skolem-graceful. Choudum
and Kishore [1] prove that all 5-stars are Skolem graceful.

For the literature on Skolem-graceful graphs we refer the reader to [3]
and the relevant references given in it.

In [1], Choudum and Kishore show a necessary condition for a k-star to be
Skolem-graceful as follows:

Theorem 1.1. A k-star is Skolem-graceful only if at least one star has
even size or k=0 or 1(mod 4).

In this paper, we show that a k-star is Skolem-graceful if at least one
star has even size or k£ =0 or 1(mod 4) for all positive integer k.

2 Main Result

Theorem 2.1. The k-stars St(n;,n2,...,nk) are Skolem-graceful if at
least one star has even size or k = 0 or 1(mod 4) for all positive integer k.
Proof. Let G = St(n1,na,...,nx) be a k-stars graph with n vertices and

n—k edges. Let a; = 1. For 1 < j <k, let St; = K »; be the j-th star in
G, let )
1+ Zg=1 (ne+1),

aj41 =
V(St;) = {va+s : 0<t<ns},
E(Stj) = {vaj'l)aj+g . lstSnj},

then .
V(G) =U;=1(V(St),
EG) =U;=1(E(St;)).
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Let Sodd(Seven) be the set of odd(even) stars of G, let S,,. be the set of
stars with one leaf, i.e.

Soaa = {St; : n; is odd},
Seven = {St; : n; is even},
Sone = {Stj Ly = 1}.
In some of the following cases, we need rearrange the stars (by defining

special sets Sogd, Seven and S,ne) in a convenient form in order to obtain
their labeling, note that this produces new values for a;j, V(St;) and E(St;).

If |Soad] = u, then |Seyen| = k — u. Let ug = w mod 2, jo = j mod 2.
Case 1. u < k, i.e. at least one star has even size.

Case 1.1. k is even. When u is odd, let S,aq = {S; : 2 < j <u}uU{Sk}.
When u is even, let Sygq = {S; : 2<j <u+1}. Then, we can label the
vertices as follows (see Figure 2.1-2.2):

36 3 38

Figure 2.1. Skolem-graceful labelings of 5t(12,9,11,12,8,10)

12 1 IT 16

47 48

Figure 2.2: Skolem-graceful labelings of S¢(12,9,11,12,8,11)
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( k/2-141,
1<i<az/2,
n—k/241~ap+i,
e2/2+1<i<a2—-1,

n—(k—7)/2,
i=ajand 2<j<u-—uzandjiseven,
(k_]+l)/2)

i=agjand3<j<u—uz+1landjisodd,
(k—aj —j—j2)/2+1,
aj+1<i<(aj+ej4+1)/2+jz—land2<j<u—uz+1,
n—(k+aj =j+32)/2—ajr1+1+i,
Floi) = 4 (ej +aj41)/2+j2<i<ajp1—land2<j<u—uz+1,
(k+u—uz)/2-37+1,
i=ajandu—uz+2<j < (k+u—u2)/2
n+(k+u—ug)/2-j+1,
i=ajand (k+u—~u2)/2+1<j5<k,
(k—aj —3)/2+i,
a_,-+l$‘i$(aj+a,-+1—1)/2andu—-uz+25j5k—-1,
n—(k+a;—j)/2-ajp1+1+1,
(aj+aj+1+1)/2$i5aj+1—2andu—u2+25j5k—1,
i—ag/2,
ap+1<i<n—1,
n = (Gp42—jru—up +J —utu2)/2+1,
| i=ajp—landu—uz +2<j<k.

Firstly, we show that f is a bijective mapping from V(G) onto

{1,2,...,n}.
Denote by
3j ={fk(ve) laj <i<ajpr—1}, 1<j<k,
S = j:](sj)'
Then,
S = 31,1 U 51'2,
where

S11 = {k/2,k/2+ 1,...,(k+a2)/2 -1},
S12 ={n—(k+a2)/2+2,n—(k+a2)/2+3,...,n~k/2}.

For 2<j<u—wus+1,
Sj =Sj,1USj,2US',3,

where

g..={ {n—(k—3)/2}, jiseven,
W= {(k+1-34)/2}, jisodd,
Sj,2={(k+0j—.1'-.7'2)/2+1,(k+“j’.‘i—jz)/2+2»~-~,
(k+ejp1 ~j+i2)/2 -1},
Sja={n—(k+aj41 —~j—72)/2+1,n—(k+aj41—j—42)/2+2,...,
n—(k+a; —j+j2)/2}-
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Foru—u+2<j<k-1,
Sj = 83,1U 552U 853U 5;4,

where

Sy = {(k+u—u2)/2+1~5}, u—uz+2<j < (k+u—u2)/2,

M {n+ktu—u)/2+1-5), (k+u-wuw)/2+1<i<k-1,

Sj2 ={(k+a; ~5)/24+1,(k+a; —5)/2+2,...,(k+aj4, —j—1)/2},

S,~_3={n-(k+aj+1—-j—l)/2+1,n—(k+a,~+1—j—1)/2+2,...,
n—(k+aj —35)/2-1},

Sja={n~ ("'k+2-—j+u—u2 +3—u+u2)/2+1}.

Sk = Sk,1 U Sk2U S 3,

where
Sk ={n—(k—u+wu2)/2+1},
Sk,2 ={ak/2+l,ak/2+2,---,n—ak/2—1}.
Ses ={n-(k+ Q(y—ug+2) — U+ u2)/2+ 1}

For example, when G = St(12,9,11,12,8,10), we have

$1  =1{3,4,5,6,7,8,9} U {60,61,62,63,64, 65},
S = {66}u{10,11,12,13} U {55,56, 57, 58,59},

{2} u{14,15,16,17,18,19} U {50,51, 52, 53,54},

S: = {1} u{20,21,22,23,24,25} U {44, 45, 46, 47,48} U {39},
Ss = {68} U {26,27,28,20} U {40, 41, 42} U {43},

Se = {67} U {30,31,32,33,34,35,36,37, 38} U {49}.

When G = 5t(12,9,11,12,8,11), we have

$1 =1{3,4,5,6,7,8,9} U {61,62,63,64,65, 66},

S; = {67}u{10,11,12,13} U {56, 57, 58, 59, 60},

{2} U {14,15,16,17,18,19} U {51, 52, 53, 54, 55},

Si  ={1}U{20,21,22,23,24,25} U {45, 46, 47, 48,49} U {40},
Ss = {69} U {26,27,28,29} U {41,42, 43} U {44},

Se = {68} U {30,31,32,33,34,35,36,37, 38,30} U {50}).

&
i

&
i

Hence,

§= S1UUS"™ () VUL 22(85) U Ui lkbucuay/ai1 (55) U S
S(k+u~u2)/2,1 Y S(ktu—ug)/2-1,1 U+ - USu_uyt2,1

USu—uz+1,0 U Su—uy-1,1 U...US3)

USl'l ] 52'2 U 5'3,2 U...u Sk,z

USy—uz 42,4 USk-1,3 USy_uz434U Sk—23 U...

USk-1,4 U Su—us+2,3

USk'a U Su—u2+l,3 USy—u;3U...U 32,3 U 51,2

USz,l U 5'4’1 u...u Su—uz,l

USk,1 USk-1,1U... U Stkpu—uz)/241,1

= {1,2,...,n-1,n}.

Therefore, f is a bijection from V(G) onto {1,2,...,n}.
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Secondly, we show that f is a bijective mapping from F(G) onto

{1,2,...,n—k}.
Denote by

D; ={lf(i) - f(wa;)l |aj +1<i<ajp—1}, 1<j<k,

D =UL.(Dy)

j=1\*~2/"
Then,
Dy =D, 1UD,,

where

D1y ={1,2,...,02/2 -1},
D12 ={n-k-a2/2+2,n—k—0a2/2+3,...,n—k}.

For 2<j<u—-wug+1,
Dj =Dj,1UD',2,

When j is even,
Djy ={n—-k+j-aj/2-ln—-k+j—a;j/2-2,...,n—k+j—a;j1+1/2+1}
={n—k+j—aj+1/2+1,...,n—k+j-—aj/2—2,n—k+j—aj/2—l},
Dj2 ={aj+1/2-1,a;4+1/2-2,...,0;/2}
={a'jlzv-"a'j'f-l/z—2raj+l/2_1}-
When j is odd,

Dy = {a;/2,a;/2+1,...,aj41/2 -1},
Dj,2 ={n—k+j—aj+1/2+1,'n—k+j—a,'+1/2+2,...,‘n—k+j—aj/2-l}.

For u—u2+2<j<(b+u—ug)/2,
Dj =D;j1UD;2V Djg3,

where
Djl ={(aj+j—u+u2)/2,(aj+j—u+u2)/2+1,...,
(@j41+j—u+uz —1)/2 -1},
Dj» ={n—-k+j-(aj+1 —jHtu—ur—-1)/2,n—k+j—(aj41—J+u—uz
-1)/2+1,...,n—k+j—(aj — j+u—u2)/2 -2},
Dja3 ={n-—(k+ar42-j4u—uy, —3)/2}.

For (k+u—ug)/2+1<Lj<k~-1,
D_-,' = Dj,l UDj,zUD',a,

where
Dji ={n—(aj+i-u+tu2)/2,n—(ej+j—u+u2)/2-1,...,
n—(aj41+j—utuz—1)/2+1}
={n—(ejp1+j—utuz—1)/2+1,...,n—=(aj+j—uv+tu2)/2-1,
n—(a; +Jj —u+u2)/2},
Dj2 ={k—j+(aj1—F+u—ue—1)/2,k—j+(ejr1—j+u—u2—-1)/2-1,
vk —j4 (e —j+u—u2)/2+2}
={k—j+(aj—F+u—u2)/24+2,....k—j+(aj41 —F+u—-u2—1)/2-1,
k—j+(ej+1 —j+u—uz —1)/2},
Djs = {(k+axs2—jsru—u, —3)/2}-
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Dy = Di,1 U Dg 2,

where

Dy ={n—(ar+k—utu2)/2,n—(apr+k-—u+u2)/2-1,...,
(e — k+u—ug)/2+2}
={(ax —k+u—uz)/2+2,...,n—(ax +k—u+u2)/2-1,
n— (e + k —u +u2)/2},
D2 = {au—uy42/2}.

For example, when G = §¢(12,9,11,12,8,10), we have

D1 ={1,2,3,4,5,6} U {57,58,59,60,61,62},

D = {53,54,55,56} U{7,8,9,10,11},

Ds = {12,13,14,15,16,17} U {48, 49, 50, 51,52},

Ds = {19,20,21,22,23,24} U {43, 44, 45, 46,47} U {38},
Ds = {39,40,41,42} U {26,27,28} U {25},

Ds = {29,30,31,32, 33,34, 35, 36, 37} U {18}.

When G = 5¢(12,9,11,12,8,11), we have

Dy =1{1,2,3,4,5,6} U {58,59, 60, 61,62, 63},

D2 = {54,55,56,57} U {7,8,9,10,11},

D3 = {12,13,14,15,16,17} U {49, 50, 51,52, 53},

Dy = {19,20,21,22,23,24} U {44, 45, 46,47, 48} U {39},
Ds = {40,41,42,43} U {26,27,28} U {25},

Ds = {29,30,31, 32,33, 34, 35, 36, 37,38} U {18}.

Hence,

= DiuUS" M (D) VU (D5) VU erumsayr2 (D5)
uD;.

= Dy UD22UD3; UD3aUDs; U...UDy_y,2UDyyyi11
UDg2 UDy w421 UDg_13 UDy_yyq31UDg93 U...
UD (ktu—u9)72,1 Y Dk tu—uz)/2+1,3
UD(k4u—uz)/2+1,2 Y Dk pumnz)/z+2,2 Y - - - U Di—12
UDg 1 UDy—uy423 UDk_11UDy_yy433 U...
UD(k+u—u2)/2+2,1 U D(k+u—ug)/2.3
UD(k4u—uz)/241,0 YU D(kgu—uz)72,2 Y D(kgu—uz)/2-1,2Y ..
UDy—uy42,2
UDu-—u3+l,2 v Du—uz,l U Du~u2-1,2 v Du—ug—?,l u...
UD32U Dy UD, 2

= {1,2....,n—k~1,n—k).

Since f satisfies the conditions to be a Skolem-graceful labeling, we
conclude that the graph G is Skolem-graceful when k is even and u < k.
Case 1.2. k is odd.

Case 1.2.1. v = 0.
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11 10
u
‘s 19 32 3343
75 gzs:l 69 561
49 poy
e & o7 ™ 5 so 5“l 47

Figure 2.3: Skolem-graceful labelings of 5t(8,12,10,14,14,12,10)

We label the vertices as follows (see Figure 2.3):

( (k+1)/2-3,
i=ajand 1<j<(k-1)/2,

n+{k+1)/2 -3
z-ajand(k+1)/2§j§k,

(k—a; —j—1)/2+1,

Flvi) = 4 a,+1<1<(a,,+a,+1—-1)/2andl<_7<k—l
n—(k+a;—j—1)/2—aj+1+1+4,
(ej+aj41+1)/2<i<ajy1—-28nd 1 <j< k-1,

n = (aps1og +3)/2+1,
i=ajp1—landl<j<k—-1,

1—(0*-{-1)/2,

{ ar+1<i<n

Case1.2.2. 1<u<k-—1. Whenuisodd, let Spaa = {S; : 2<j <u+1}.
When u is even, let Spaa = {S; : 2 < j < u}U{Sk}. We can label the
vertices as follows (see Figure 2.4-2.5):

8 W lc 323130 38 37 44 13
28 40
20 71 70 55 62 51

54

Figure 2.4: Skolem-graceful labelings of S¢(8,13,11,13,14,12,11)

1211

17
10 18 16 2
m '*;‘l 34 23 40 35 46 41
72
87 _,8 57 64 4 27

Figure 2.5: Skolem-graceful labelings of St(8,13,11,13,14,12,12)
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((k-1)/2+i,
1<i < az/2,
—(k+1)/2 a2 +2+4,
a2/2+1<Li<az -1,

(k_j+1)/2l
i=ajand 2<j<u+tuz—2and jiseven,
n—(k-3)/2,

i=ajand3<j<u+uz—1andjisodd,
(k=a;—j—Ja +1)/2 44
a;j+1<i< (e +aj41)/2-1land2<j<u+ua—1,
n—(k+a;—j—j2—1)/2~aj11+1+4j,
(@i +6j41)/2<i<ajy1-2and2<j<utuz -1,
(k+aj42 -5 — 1)/2,
i=ajp;—land2<j<u+tuz—2andjiseven,
n—(k+aj_1 —5)/2,
i=ajp;—land3<j<u+tuz~1andjisodd,
n—(k—j—-1)/2
i=a; and j =u+u2,
(k=a; —j—3j2+1)/2+14,
aj+15i$(a,-+a,-+1)/2-1andj='u+'u2,
n—(k+a;—j—ja—1)/2=ajp1+1+4
Flvs) = 4 (2j +aj41)/2<i<aj41 —1and j =u+us,
v (k+u+u2+1)/2-3,
i=ajandutus+1<j< (b+u+u ~1)/2
n+(k+u+uz+1)/2—j,
i=ajand (k+utue+1)/2<j<k—-1,
(k—aj —3)/2+1+1,
aj+15i5(aj+aj+1—l)/2andu+u2+l§j$k—l,
n—(k+aj - j)/2 - aj41 +1,
(aj+ajp1+1)/2<iLajp1—1and j=(k+u+uzs—1)/2,
—(k+a; -j)/2—ajt1+1+i,
(aj+ajr1+1)/2<i<ejp1—2andu+tup+1<jij<k~-1
and j # (k+u+u2 —1)/2,
7= (Q(k~jtutuz) +J —u—u2)/2,
i=ajp1—landutuz+1<jij<k—-1and
F#k+utuz—1)/2
(k—u—wuz+1)/2,
i=ak1
i—ap/2+1,
ar+1<i<n—1landu<k-3,
(k + Qutug+1) — U —u2 + 1)/2s
t=nandu< k-3,
i—a/2,
ap+1<i<nandu>k-2.

Since the proof in this case is similar to the one in Case 1.1, we omit
it. Thus, we have that this assignment provides a Skolem-graceful labeling
when k is odd and u < k.

Case 2. u =k, i.e. all the stars of G have odd size, £ = 0 or 1 (mod 4).
Let |Sone| = w1, w =k —u;. Let ks = k mod 2, ws = w mod 2.
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Case 2.1. ug 2 k— (k—k2)/4+2. Let Sone = {St; : w+1<j <k} We
label the vertices as follows (see Figure 2.6):

10 1615
1, s W M 0 20 21 2 23 w 2% 26 27 B 22 W H/ 32
" 18 13
33 39
40 3 M 38
41 @2 ¥ g 3 5 4 4 5 0 49 47 46

61

Figure 2.6: Skolem-graceful labelings of St(9,13,1,1,1,1,1,1,1,1,1,1,1,1,1,1)

( (k+k2)/2 - (G +1)/2,
i=ajand1<j<wandjisodd,
= (k—k2)/2+3/2,
i=ajand2<j<wandjiseven,
(k + k2 +w — w2)/2 -5,
i=aj and w+1<j < ((k—k2)/2+w—w2)/2,
n — (k — k2)/4,
i=a; and j = ((k — k2)/2 + w — w2)/2 + 1,
(k+ke+w—w2)/2+1—3,
i=aj and ((k—k2)/2+w—w2)/2+2<5 <
(k= ka+w—w2)/2+ k2,
foy = P B=k2)/2,
i) =9 i=ajand j=(k—ko+w—w2)/2+ka+1,
n+ (k+w—-w2)/2+ks+2-3,
i=qjand (k—ko+w—ws)/2+k2+2<j<
k41— (k—k2)/4+ (w—w2)/2,
n+(k+w—w2)/2+4 k2 +1—3,
i=ajand k4+2—(k—ke)/d+(w—w2)/2<j <k,
(k= k2 = aj — j — j2 — 1)/2+ ka +3,
aj +1<i< (a5 +8541)/2+52—1and j<w,
n~(k-kz+a; —j+j2—1)/2~aj41 +i4,
(aj +aj+1)/2+j2<i<aejy1—1landj<w,
(k+ ko —w+w2)/2 -1 +i/2,
i=aj41—~landw+1<j<k

.

Case 2.2. uy <k—(k—kg)/4+1. Let

( {S‘k-q(k-g)/sj ~Gee) moda:w+2<i< k)
0 (mod 4) and u; < k—k/4,

{St1}u {Stk—«i[(k-g)/tij (k) mod 3 ¥ +2<j<k},
k=0 (mod 4) and uy =k—k/4+1,
{Stc},

Sone = 4 =1 (mod 4) and u; =1,
{Stk+3-4[(k—]+2)/3 (k—j+2) mod 3 W +1 <5 Sk —1}U{Ste},
gmod 4) and 2<w k- (k—-1)/4,
{St:1}u {S‘k+3 4l(k—a+2)/3j (k-3+2) mod 3 ' W+ 1 <7 <k—1}U{Sk},
. k=1(mod4) anduy =k—(k-1)/4+ 1.

We label the vertices as follows (see Figure 2.7):
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12

16
9 46 45 44 S TR 15 3 3% 3 2 21 9 a8 o
A 25 20
26 19
13 10 1 14 o -
8 7 43 52 W B

8
47 50 49 ]

Figure 2.7: Skolem-graceful labelings of St(1,1,1,1,5,1,1,1,7,1,1,1,13,1,1,1)

( (k+k2)/2 ~ (5 - 1)/2,
i=ajand 1< j< kandjisodd,
n+1—(k—k2—3)/2~(j—2) mod 4,
i=ajand 2<j<kandjiseven,
(k+k2)/2 =1 +i,
2<i< (a2 +1)/2,
n—(k—k2)/2—a2+1+1,
(a2 +3)/2<iLaz~1,
Flog) = < i—(a,~+j-k.—lc2+2)/2, ] )
ej+1<i<(aj+aj41)/2+1land jmod4=1and2<j<k—1,
n—(k—k2)/2~(a; - (j —2)/4 x4-5)/2 — aj41 +4,
{aj +aj+1)/2+2<i<ejpy1~land jmod4=1land 2<j<k~1,
i—{a; +7+(—2) modd—k—ks—1)/2,
aj+1<i<(a;+0a41)/2~1and jmod4#1and2<j <k~-1,
n— (k2 k2)/2 — (a; = (4 = 2)/4 x 4= 5)/2 - azq1 +4,
(aj+aj+1)/25i§aj+1—landj modd#1land2<j<k-1,
i~ (ax + (k—2) mod 4 — k2 — 1)/2,
L ap+1<i<n.

Since the proof in this case is similar to the one in Case 1.1, we omit
it. Thus, we have that this assignment provides a Skolem-graceful labeling
for u = k, i.e., when all the components of G have odd size and k = 0 or

1(mod 4).

Therefore, we can conclude that the graph St(n;,no, ..., nx) is Skolem-
graceful if at least one star has even size or k = 0 or 1(mod 4). 0

From Theorem 1.1 and Theorem 2.1, we have

Theorem 2.2. The k-stars St(n;,n2,...,n;) are Skolem-graceful if and
only if at least one star has even size or k£ = 0 or 1(mod 4) for all positive in-
teger k. ]
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