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Abstract

We prove that the power of cycles C2 for odd n are antimagic. We
provide explicit constructions to demonstrate all power of cycles C2
for odd » are antimagic and its vertex sums form a set of successive

integers.

1 Introduction and preliminaries

An antimagic labeling of a graph with m edges and n vertices is a bijec-
tive map from the set of edges to the integers {1,2,...,m} such that all n
vertex sums are pairwise distinct, where a vertex sum is the sum of labels
of all edges incident with that vertex. A graph is called antimagic if it
accommodate an antimagic labeling.

The concept of antimagic graph is introduced by Hartsfield and Ringel
(2]. They conjectured that every connected graphs but K, are antimagic.
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They showed the paths, cycles, and complete graphs besides K, are an-
timagic. In [1], N.Alon et al showed that the conjecture is true for dense
graphs and the graph with n(> 4) vertices and minimum degree Q(logn).
They also proved that if G has n(> 4) vertices and A(G) > n — 2, then G
is antimagic and all complete partite graphs except K» are antimagic. Lat-
terly D.Hefetz (3] proved that a graph with 3* vertices, k € N is antimagic
if it admits a K3-factor. Recently, T.Wang [4] showed that the Carte-
sian products of cycles and regular graphs are antimagic graphs. In [5],
he introduced new classes of antimagic graphs, called k-antimagic, through
Cartesian and lexicographic products.

Suppose G is a graph. We define G¥ to be the graph with vertex set
V(G*) = V(G) and edge set E(G*) = {uv : u,v € V(G),1 < dg(u,v) < k},
where dg(u,v) denote the distance between u and v in G. Let C,, be a n-
vertices cycle with vertex set {z1, z2, ..., Z, } and k be a positive integer with
n > 2k+1. We use C¥ to denote (C,,)*. Hence C¥ is the graph with vertex
set {z1,Z2,...,Z»} and edge set {z;ziy; : ¢ = 1,2,..,n;5 = 1,2,..,k},
where the subscript of z is taken modulo n. In this paper, we consider n
is odd and k£ = 2. Our proof combines simple tools from analytic number
theory and combinatorial techniques. The following is our main conclusion.

Theorem 1. Let n be an odd integer. Then the graph C2 is antimagic.
Moreover in our construction, the vertex sums form a set of successive
integers.

2 Proof of Theorem 1

It is trivial that C2 can be decomposed into 2 edge disjoint cycles C’
and C” where V(C') = V(C") = V(C?) = {z1,72,...,Zn} and E(C') =
{zizipali = 1,2,...,n}, E(C") = {ziriy2|i = 1,2,...,n} where the sub-
script of = is modulo n. The method of the following proof is given two
bijective maps o', o on E(C’') and E(C") respectively, than combine
o', o together to form the vertex sums w(z;) of C2, where w(z;) =
a’(a:,-, xi+l) + a’(:z:,-,:z:,-_l) + a"(zi,xi+2) + a”(a:i,xi_z).

Define
o E(C) = {1,2,...,n}
by
{ o' (T2i-1,T2i) =1 for 1<i< 2l
o/ (Toi, Taipr) = L +4 for 0<i< 5L
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Then for i = "'l + j where j =1,2,. —— we have that

a(vzi—l,vzi) = Ot(vn—1+2j—1,vn—1+2j)

= afvyj-1),V2j-1)
n+1

2
1 . -1
n+ " n

-

2 T'T T3

+j—1

= i,
and

a(v2i,V2i41) = O(Vny(2j-1), Unt(2j—1)+1)
a(vej_1,va5)
= j

= 1 — ————

So, the definition of ¢ is the same as following:

{ o' (z2i, T2iqy) =1 — 22l for i= 1‘—"22, "2,—13-, )
o (X9i-1,Z0;) = 4 for i= 1‘—'2"—1,1‘—';3,...,n.
Next, define
o E(C"y = {n+1,n+2,..,2n}
by

{ ”(‘LZU-T21+2) =2n-— % for i= L3,..,n

o' (x2i, Toi40) = 3 — 3—51 for i=2,4,...,n~1.

Then we calculate the vertex sums of C2. Foroddiand 1<i < ”‘
we have

w(ra) = o (T2, %) + o (T2, T2ig1)

+a'(x9i, Taira) + Oz"(fczi, T2i_3)
- n+1 1 (i-1)-1
= (—~ — )

(smce o (T2;, Toi—2) = o’ (:1:2(,_1),:1:2,)

3n (i-1)—1
=-2ﬁ—(i—2)— for i -1 even)

R T (1)
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For odd i and 2}! < i <n, we have

w(ze) = & (Toio1,%2) + & (T2i, T2i41) +
o' (Toi, Toip2) + &' (T2i, T2i—2)

= i+(i—n—2 )+ (2n — —=

o B i Dot @)

For even i and 1 < i < 25}, we have

w(z) = o (T2io1,%2) + & (T2, T2is1)
+a" (z2i, Taiv2) + @” (20, T2i-2)
n+1l 3n i-1 (i-1)-1
5 +z)+(—2— 5 )+ (2n 5 )
(since a”(l'gi, :Bzi..g) = a"(:z:g(,-_l), .’Bgi)
=2n—--(-:;)—_1 for i—1 odd)
= AN i D ettt e s (3)

= i+ (

And for even ¢ and 2%-_1 < i < n, we have
w(ze) = o (z2i-1,Z2) + o' (Z2i, Toit1)
+o! (z2i, Toiy2) + & (Tai, Tai-2)

= i+(i—n—1)+(-32ﬁ—-%)+(2n—g_—————-

Now combine (1), (2), (3)and (4) together, we have

wieg) = ¥+ 1<i< ey
HZ sn+i+2 if Bl <i<n

Thus C2 is antimagic and the set of vertex sums is {Z%8, %7 ... 4n 4+
2,4n+3,---, %}, a set of successive integers. O

Following is our construction for CZ,.
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We hope the following conjecture is true :

Conjecture : Let n, k be any integer with n > 2k + 1. The power of cycle
Ck is antimagic.
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