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In this paper, we consider only finite undirected graphs without loops or
multiple edges. We denote the degree of a vertex z by de(z). Let a(G)
and £(G) be the independence number and the connectivity of a graph G,
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Abstract

A cycle C in a graph G is said to be dominating if E(G —C) = 0.
Enomoto et al. showed that if G is a 2-connected triangle-free graph
with a(G) < 2k(G) — 2, then every longest cycle is dominating. But
it is unknown whether the condition on the independence number is
sharp. In this paper, we show that if G is a 2-connected triangle-free
graph with a(G) < 2x(G) — 1, then G has a longest cycle which is
dominating. This condition is best possible.

Introduction

respectively.

For a graph G, we define 03(G) := min{de(z)+dc(y) +dc(z) : {z,y, 2}
is an independent set in G } if &(G) 2 3, and 03(G) := +o0 if &(G) < 3.
A cycle C is dominating in G if E(G — C) = { holds. Bondy showed the

following theorem.
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Theorem 1 (Bondy [2]) Let G be a 2-connected graph. If 03(G) >
|[V(G)| + 2, then any longest cycle of G is dominating.

The degree condition of Theorem 1 is best possible in a sense. Let
G1 = K+ (m+1)K, with m > 2. Then G| satisfies 03(G1) = 3(m+1) =
[V(G1)| + 1 and has no dominating cycle. Aung showed that if we restrict
ourselves to triangle-free graphs, then we can relax the lower bound. Let
4(G) be the minimum degree of G.

Theorem 2 (Aung [1]) Let G be a 2-connected triangle-free graph. If
8(G) > L(IV(G)| + 6), then there exists a longest cycle of G which is
dominating.

The following theorem is a corollary of a theorem in (3]. This is a
generalization of Theorem 2.

Theorem 3 (Broersma et al. [3]) Let G be a 2-connected triangle-free
graph. If 03(G) 2 %(|V(G)l + 5), then there exists a longest cycle of G
which is dominating.

On the other hand, Chvétal and Erd8s considered a condition concern-
ing the independence number and connectivity. This is called a Chuvdtal-
Erdés type condition.

Theorem 4 (Chvatal and Erdés [4]) If a graph G is 2-connected and
a(G) £ k(G), then G is hamiltonian.

Enomoto et al. considered the relationship between a Chvital-Erdés
type condition and the existence of dominating cycles.

Theorem 5 (Enomoto et al. [5]) Let G be a 2-connected triangle-free
graph. If a(G) < 2x(G) — 2, then any longest cycle of G is dominating.

They also showed that the condition cannot be replaced with a(G) <
2x(G) by giving a triangle-free graph G with a(G) = 2x(G) that does not
have a dominating cycle.

In this paper, we improve the condition of Theorem 5 for the existence
of dominating cycles. We prove the following result.

Theorem 6 Let G be a 2-connected triangle-free graph. If o(G) < 2k(G)—
1, then G has a longest cycle which is dominating.

We do not know whether any longest cycle is dominating under the
condition of Theorem 6.
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2 Proof of Theorem 6

For graph-theoretic terminology not explained in this paper, we refer the
reader to [6]. For U C V(G), we define Ng(U) by Ne(U) := U,y No(w).
For a subgraph H of G, we write Ny(u), Ny(U) and dy(u) instead of
Ng(u) NV(H), No(U) NV (H) and |Ng(u)|, respectively. We sometimes
write Ng(H) instead of Ng(V (H)).

Let C be a cycle in G. We give an orientation to C and write the
oriented cycle C by C. For z,y € V(C), we denote an zy-path on C by
xC'y, and write the reverse sequence of zCy by yCz. Forz € V(C), we
denote the h-th successor and the h-th predecessor of z on C by z*t* and
z~", respectively. For X C V(C), we define X** := {z+h : z € X} and
X~k :={z7h: z € X}. We often write z*, z~, X+ and X~ for z+!, z~1,
X*! and X1, respectively.

A path joining u and v is called a uv-path. For a subgraph H, a uv-path
P is called an H-path if V(P)NV(H) = {u,v} and E(P)NE(H) =0. A
graph G is said to be k-path-connected if for every pair of distinct vertices
u and v, there exists a uv-path of length at least k. The following lemma
is used in the proof of Claim 4.

Lemma 7 ([5, Lemma 3]) Let G be a 2-connected triangle-free graph
and let zo € V(G). If dg(x) > 3 for each = € V(G) — {zo}, then G is
4-path-connected. O

Proof of Theorem 6. Let C be a cycle in G such that
(C1) C is a longest cycle in G, and
(C2) |E(G ~ C)] is as small as possible, subject to (C1).

If E(G — C) = 0, then there is nothing to prove. Therefore we may
assume E(G—C) # 0, and let H be a component of G—C with |V (H)| > 2.
By (C1), the following fact holds.

Fact 1 (i) Nc(H)NNc(H)t =0.
(ii) There exists no C-path joining two vertices of No(H)* (or No(H)™).

(iii) Let u; € V(H) and z; € Ng(u;) fori = 1,2. If z; # zo and there
exists a ujug-path in H of length at least k, then z}* # zo and
xf‘mg"‘ & E(G) for any positive integers {,m with l + m = k + 2.

a

By Fact 1, we obtain the following fact.
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Fact 2 Let S be an independent set in H. Then SU N¢(H)* is indepen-
dent. In particular, for everyv € V(H), Ny (v)UNg(H)* is an independent
set. O

We will show several claims concerning the structure of H.

Claim 8 For every u € V(H), Nc(u) #90.

Proof. By Fact 2, for every u € V(H), Ny(u)UNc(H)* is an indepen-
dent set. Since |Nc(H)*| = |N¢(H)| = #(G), we have

26(G)—1 > a(G) > |Nu(u)UNc(H)Y|
> du(u) +&(G).

This implies dy(u) < k(G) — 1. Therefore, we obtain d¢(u) = dg(u) ~
dy(u) 2 k(G) - (x(G)-1)=1. DO

Claim 4 §(H) < 2.

Proof. We use a similar argument as the proof of Theorem 1 in [5].
Suppose 6(H) > 3.
Case 1 : H is not 2-connected.
Let B be an end block of H, cg € V(B) be the cut-vertex of H and B’ be
an end block of H other than B. Sincedg(z) > 3 for every z € V(B)—{cg},
by Lemma 7, B is 4-path-connected. Let T := N¢(B — {cB}),

To:={z€T : Np_{c5}(z) = NB—{CB}(mO) = {u}
for some zo € T — {z} and u € V(B) — {cB}},

and T} := T — Tp. And let Sg (Sp') be a maximum independent set
in B (B', respectively). Since §(H) > 3 and G is triangle-free, we have
lSBSI’ |Spr| > 3. Moreover |V (B)| > 4. Let S := ((SgUSp')—{cB})UT*U
T3,

1
Subclaim 4.1 S is an independent set of order at least 2|Ty| + {To| + 4.

Proof. By Fact 2, ((Sg U Sp') — {cg}) UT™ is an independent set.

For every z1,z2 € T (z1 # z2), by the definition of T}, there exist
vertices 4 € Np_{c5}(21) and v € Np_{cp)(x2) such that u # v. Since
B is 4-path-connected, there exists a uv-path P in B with length at least
4. Therefore by Fact 1 (iii), we have 273233 ¢ E(G), and hence Tj*® is
independent.

By the similar argument, we can show that any vertex in T1+3 is not
adjacent to any vertex in ((Sg U Spr) — {¢8}) UT™, and hence S is an
independent set.
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Moreover we have

ISI = (IS8l =1)+ ISz | = 1) + |T*| + T3
> 242+ |7+ |Th]
= 2|Ty|+|To|]+4. O

Case 1-1: NB—{cg}(TO) # V(B) - {cB}.
Then T3 U Np_{c,}(To) U {cB} is a separating set, and hence

[Ty U Np—(c5}(To) U {cB}| = |T1| + |Np—{cp} (T0)| + 1 = &(G).

By the definition of To, [Np_(c5}(To)| < §|To|, and therefore [T} |+ }|To| +
1 > k(G). This implies 2|T| + [Tof + 2 = 25(G). Thus, by Claim 4.1 we
obtain

26(G) =12 a(G) 2 |S| 2 2|T1| + |To] + 4 > 2x(G) + 2,
a contradiction.

Case 1-2 : Np_(c;}(To) = V(B) — {cB}.

Choose u € V(B)—{cp} so that |Nc(u)NTp| is as small as possible. Let
do := |[Ne(u)NTo|, di := [Ne(v)NTy| and b := |V(B)|. Then |T}]| > d; and
b > 4. By the definition of Ty, we have do > 2. Since N¢(u)U(V(B) - {u})
is a separating set,

[Ne(w) U (V(B) — {u})| =do+d1 +b— 12 &(G). 1)

By the definition of Tp and the choice of u, |Tg| > do(b — 1). Hence by
Claim 4.1, we obtain

|S| = 2|T1| + |To) + 4 = 2d1 + do(b— 1) + 4. (2)

By (1) and (2), we have
2(do+d1 +b—-1)—1226(G)— 12 a(G) > 2d; +do(b—1) + 4.

This implies that (dp — 2)(b—3) + 1 < 0, contradicting that dy > 2 and
b>4.

Case 2: H is 2-connected.

In this case, we use a similar argument as in Case 1. By Lemma 7, H
is 4-path-connected. Let T := No(H), To := {z € T : Ny(z) = Nu(zo) =
{u} for some 2o € T — {2}, and u € V(H)}, T} := T — Ty, and let Sy be
a maximum independent set in H. Then |Sy| > 3 and |V(H)| > 4.

Let S := Sy UT+ UT;. Then by the same argument in the proof
of Claim 4.1, S is an independent set with |S| = |Sy| + |T+| + |T7| >
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34 [T| +|T1| = 2/T3| + |Tol + 3.

Case 2-1: Ny(To) # V(H).
Since T} U Ny (Tp) is a separating set and |[Ny(To)| < 3|Tol, we have
[T1] + £T0| > 5(G). Therefore we have

26(G) —1 2 a(G) 2 |S| 2 2|T1] + |To| + 3 2 2(G) + 3,
a contradiction.

Case 2-2 : Ny(Tp) = V(H).

By the same way as in Case 1-2, choose u € V(H) so that |N¢(u) N To|
is as small as possible, and let dy := |[Nc(u) N Tp| and d; := [Ne(u) N Th).
Clearly |V(H)| > 4. Because Ng(u)U(V(H) — {u}) is a separating set, we
have dg + d; + |V(H)| — 1 2 &(G).

On the other hand, since |To| > do|V(H)|, |S] = 2d; + do|V(H)| + 3.
Therefore 2(dp + dy + |V(H)| — 1) = 1 > 2d; + do|V(H)| + 3, and then
(do —2)(|]V(H)|—2)+2 < 0. This contradicts that do > 2 and |V (H)| > 4.

This complete the proof of Claim 2. (]

Claim 5 §6(H) =1.

Proof.  Assume §(H) = 2. Let u be a vertex in H with dy(u) = 2,
and let Ny (u) = {v1,v2}. Without loss of generality, we may assume that
[Ne(v1)] € [Ne(v2)]. Let S := Nc({u, 'ul})"' UNg(v). By Fact 2, S is an
independent set. Since Ng(u) N Ng(v;) = §, we have

IS| = [Nc(u)*|+|Nc(n)*| +|Nu(v)|
= dc(‘u,) +dg (’Ul)
> (%(G) —2) +(G) = 2x(G) — 2. 3)

Since 6(H) = 2, there exists wy € Ny (v2) — {u}. By Claim 3, there
exists zo € No(ws).

Subclaim 5.1 (i) SU{z$3} is an independent set of order 25(G) — 1.
(i) do(u) = K(G) — 2.

Proof.  There exist a uwq-path and a v;we-path in H of length at least
2. By Fact 1 (iii), 232 ¢ Nc({u,v1}), and hence z§® ¢ S. Again, by
Fact 1 (iii), z*z33 ¢ E(G) for any ¢ € Ng({u,v1}) — {z2}. Since G is
triangle-free, z3z}3 ¢ E(G). Hence No({u,v1})t U{z}3} is independent.

For any w € Ny (v;) — {w,}, there exists a wws-path in H of length at
least 2. By Fact 1 (iii), 33 ¢ No(w). Therefore (Ng(v1) — {w2}) U {z33}
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is independent. Suppose z3* € Ng(wz). Then by Fact 1 (iii), 2,233 ¢
Nc({u,n}). Therefore by Fact 2, SU {z,z3*} is an independent set of
order 2k(G), a contradiction. Thus, we have 23 ¢ N¢(w;). Therefore we
have S U {z33} is an independent set. Since a(G) < 2k(G) — 1, inequality
(3) implies that |S U {z33}] = 2x(G) — 1 and d¢(u) = k(G) — 2. O

Subclaim 5.1 z2 € Ne({u,v1}).
+,.+3 g

Proof.  Suppose not. Then zJ ¢ S. Since G is triangle-free, 5T
E(G). By Claim 5.1 and Facts 1 (i) and (ii), SU{zZ, z}3} is an independent
set of order 2x(G), a contradiction. O

Subclaim 5.1 ws € Ny(v1) or Ny(w2) N Ny (v1) # 0.

Proof.  Suppose that wy & Ny(v1) and Ny(ws) N Ny(v,) = 8. Then
Np(v1) U {wz} is independent. Since there exist a wou-path and a wav;-
path of length at least 2, by Claim 5.1, S U {wp,z§ 3} is an independent
set. This contradicts that a(G) < 2x(G) —1. O

Subclaim 5.1 N¢(v;) = Ne(v2).

Proof. By Claim 5.1, there exist a vou-path and a wvev;-path in H of
length at least 2. Hence SU {z$3} U N¢(v2)*" is an independent set. Since
a(G) < 2x(G) — 1 and G is triangle-free, No(v2) C Nc(vy). Thus, since
INc(v1)] < |Nc(v2)|, we have Ne(v1) = Ne(ve). O

Subclaim 5.1 N¢(H) = No({u,n}).

Proof.  Suppose that No(H) — Nc({u,%n}) # 0. Let w € V(H) such
that N¢(w) — No({u,v1}) # 0. By Claim 5.1, we have w & {u,v1,v2}, and
hence there exist a wu-path and a wv;-path or a wvs-path in H of length
at least 2. Then |SU {233} U No(w)*| > |S| +2 = 2«(G), a contradiction.
m}

Subclaim 5.1 |No(v,)| = L.

Proof.  Assume that |Nc(vy)| > 2. Let zg, 21 € No(v;) with zo # z,. By
Claim 5.1, zo,z; € N¢(v2). Since G is triangle-free, we havez, # zg, z;.
By Claim 5.1, there exists a uv;-path in H of length at least 2. Hence
Su{z}?} is an independent set for i = 0, 1. Since G is triangle-free, there
exist 4,7 € {0, 1,2} such that z}°z}° ¢ E(G). Then SU {z}3 2%} is an
independent set of order 2«(G), a contradiction. O

By Claims 5.1 (ii), 5.1 and 5.1, [Nc(H)| = |N¢(u)|+|Ne(v)] = (s(G) -

2) +1 = &(G) — 1. This contradicts the connectivity of G, and completes
the proof of Claim 5. ]

179



Claim 6 H is a star.

Proof. Suppose that H is not a star. By Claim 5, there exists a vertex
u € V(H) with dg(u) = 1. Since H is not a star, there exists a path
wvw we in H of length 3. Note that wy ¢ Ny (v) since G is triangle-free.
Let S := Nc({u,v})* U Ng(v). Since

de(u) + de(v) + du(v)
K(C) — 1 + #(G)
2k(G) - 1,

151

v

it follows from Fact 2 that S is a maximum independent set.

By Claim 3, there exists x3 € No(wz).

We show that (S — {w;}) U {233} is also a maximum independent set.
There exist a wou-path and a wov-path in H of length at least 2. By Fact 1
(iii), 232 & No({u,v}) and z*z3® ¢ E(G) for any = € No({w,v}) — {z2}.
Since G is triangle-free, z7z3}® ¢ E(G). Thus, z§* ¢ Ne({y,v})* and
Ne({u,v})tu{z33} is independent. For any w € N (v)—{w; }, there exist
a wwe-path in H of length at least 2. By Fact 1, (Ny(v) — {w1})U {z33}
is independent. Therefore (S — {w1}) U {z3°} is a maximum independent
set.

Suppose that N (we) N Ng(v) # {w1}. Then there exists a wyws-path
in H of length at least 2. Thus, SU {33} is a independent set of order
2k(G), a contradiction.

Therefore we may assume that Ny (w2) N Ng(v) = {w1}. By Fact 2,
S U {z]} is independent. Since S is a maximum independent set, z2 €
Nc({u,v}). Since there exist a wou-path and a wqv-path in H of length
at least 2, by Fact 1 (iii) we have 23° ¢ N¢(wz). Therefore (S — {w1})U
{wa, 233} is an independent set of order 25(G), a contradiction. This
completes the proof of Claim 6. ]

Let v be the center vertex of H and X := Nc(H)*. By Fact 2, Ny(v)U
X is independent. For every u € Ny(v), we obtain |X| = |Nc(H)| 2
de(v) + de(u) = de(v) + (de(w) — 1). Therefore INg ()| +|X| = de(v) +
k(G) - 12> 2.(G) - 1.

Let Xo := {z € X : Ng—c(z) = 0} and X, =X-Xo={ze€ X:
Ng_c(z) # 0}. By (C2), we obtain the following fact.

Fact 7 (i) Nc(H)NnXg =0.
(ii) There exists no C-path joining a vertex of X and a vertex of Xg.

For each = € X3, we choose an arbitrary vertex z* of Ng-¢ (z), and let
Y*:={z*:z €Y} for Y C Xy. By Fact 1 (ii), for any z;,22 € X, with
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T1 # Zg, we have z} # z3 and z}z3 ¢ E(G). Moreover, for any z; € X,
and z2 € X with z; # x5, we have zj{zs ¢ E(G). Therefore for every
Y1 C X3, Y* U(X = Y1) is independent and |Y}*| = |Y;|. By Fact 1 (i),
Ny (v) U X! is an independent set.

By Fact 7, Ne(zg) N (Ng(v) U (X — {20})) = 0 for every z¢ € X.
Moreover we have Ng(zd) N (X7 U (Xo — {z0})) = 0.

We consider two cases.

Case 1: There exists z € X such that z+,2+2 ¢ No(H).

Let z € X such that z*,z%2 ¢ Nc(H). We partition X; into Y; and Z;
for i = 0,1 so that ¥; := X; N Ng(z*2), and Z; := X; — Ng(z+2). By the
triangle-free condition, (Ygt UY;") N Ng(z*2) = 0. Since |Xi| = |Vi] + |Zi]
for i = 0,1, we have

INy(v) UYsH U Zo U Y U Z3 U {272}
INg (@) + | Xo| + | X1 +1
|Nu(v)| + X +1

2:(G).

v

Therefore Ny (v) UYgh U Zg UYy U Z; U {z+?} is not an independent set,
and hence there exist x,, x5 € Y; such that zi"x; € E(G).

Claim 8 Ny(v) UX U {z*3} is an independent set.

Proof. Without loss of generality, we may assume that z+3 € V(z}3Cz).

First, we show that Ng(z*3) N X = 0. Suppose that there exists z3 €
Ne(z*3) N X. Since G is triangle-free, we have z3 # z1,z2. Let Q be a
C-path joining z3 and z;. We define a cycle C’ as follows:

(23 C 23 Qz; Catzd Cat?a, Craat® ifas € V(z*t3Cxy),
C' = zt3C0,2+2Caf 23 Cz3Qz; Casa*® ifzse V(ztCxzy),
zt3C x5 Qzy Cxoxt2 T xazts if z3 € V(zF Cz+2).

Note that in each case V(C’) D V(C) — {22} and C’ passes a vertex in
H. Since z3 € Yo C Xo, Ng-c(x2) = 0. Therefore |V(C")| > |V(C)), or
[V(C)| = |V(C)| and |E(G — C)| < |E(G - C)|, which contradicts (C1)
or (C2).

Next, we show that Ng(z+3) N Ny (v) = 0. Let R be a C-path joining
z*® and z;. Then C' = z+3C2z+2Cuafzt Tay Rz+? is a cycle such
that [V(C')| > [V(C)| or [V(C’)| = |V(C)| and |E(G - C")| < |E(G - C)|.
Again this contradicts (C1) or (C2). ]
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Since z+2 ¢ Ng(H), we have z+3 ¢ X. Therefore [Ny (v)UXU{z3}| >
2k(G), a contradiction.

Case 2: For every z € X, z+ € Ng(H) or z+% € N¢(H).

By Claim 3, we can choose w € N¢(v). Note that Ng(w) N Ny (v) =0,
since G is triangle-free. In this case, we partition X; into Y; and Z; for
i=0,1 so that Y; := X; N Ng(w) and Z; := X; — Ne(w).

By the similar argument as in Case 1, we have |[Ng(v) UYgt U Zo U
Y1 U Z, U {w}| = 2x(G), and hence there exist z;,z2 € Yo such that
z{z§ € E(G).

On the other hand, by Fact 7 (i) zf, 25 & Nc(H). Therefore zf ;’ =
N¢(H), which implies z],z3 € Ng(H)~. Then by Fact 1 (n), :1:1 z$ ¢

E(G), a contradiction. u}
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