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ABSTRACT. On the basis of the joint tree model initiated and com-
prehensively described by Liu, we obtain the genus distributions of
double pearl ladder graphs (a type of new 3-regular graphs) in ori-
entable surfaces.
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1. Introduction

Determining the genus distribution of a graph is NP-complete [11], to
compute the (non)orientable embedding genus distributions of some graphs
has been an important research field in topological graph theory. About
the embedding genus distributions of graphs and digraphs, there are many
results in [1 — 7,10, 12, 13]. In this paper, we extend the surface classifica-
tion method [13] and obtain the genus distributions of double pearl ladder
graphs in orientable surfaces. Throughout this paper, graphs considered
are connected and their embeddings are orientable. Some concepts can be
found in [4), (8], [12].

A surface considered is a compact 2-dimensional manifold without bound-
ary. It can be represented as a polygon of even edges on the plane whose
edges are labeled by letters, each letter occurring exactly twice, and each
letter being given a indices (+). The surface is obtained by identifying the
pair of edges corresponding to a letter. Furthermore, an orientable surface
S can be represented by a cyclic sequence of letters in parentheses, where
each letter appears exactly twice and the two occurrences of each letter
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have distinct indices + (always omitted) and —. This is called an algebraic
representation of S (details to see [8,9]).

Let Pf- (abc. .. st) be a cyclic sequence of letters, the reversion of P is
denoted P = (ts. .. cha), the conversion of P is denoted P’ = (a~b~c™...s7t7).
A = abc is a section of successive letters in P and is a linear sequence.

Let A, B, C, D be sections of successive letters in an algebraic repre-
sentation S and @ be the empty, the following each operation is called an
elementary transformation:

Op.1 S =(AB) & S = (Aaa™B), where AB#10, a ¢ AB;
Op.2 S = (AabBb~—a~) & S = (AcBc™);
Op.3 S = (AeBCa~D) & S = (BaADa~C)} .

If an algebraic representation S; can be obtained by some elementary
transformations from another algebraic representation Sz, then they are
called elementary equivalence, denoted by Sy ~ Sz. The relation » ~ ”
is indeed an equivalence relation and the genera of surfaces are invariant
under the elementary transformations.

In what follows, the parentheses in each algebraic representation are
always omitted for the sake of brevity.

On the basics of these operations, the following lemma can be done.

Lemma 1.18° (1) AzByCz Dy E ~ ADCBEzyz~y~;

(2) AzBCz~D ~ AzCBz~D ~ ADzBCzx~;

(3) AzBx~yCy 2Dz~ ~zBz~ AyCy~ 2Dz~ ~ zBz~yCy~ AzDz~
~ zAz~ByCy~ 2Dz~ ~ CzBx~yAy~ 2Dz~ ~ DzBz~yCy~ zAz~
where A, B,C,D and E be linear sequences, z,y,z~,y~ ¢ ABCDE.

By using Lemma 1.1, the algebraic representation of each orientable
surface is equivalent to one and only one of the following canonical forms:

(aoag ), if the surface is sphere;
0; =
(I _, akbrar by ), if the genus of a surface is 4.

i.e., O; is the canonical representation of an orientable surface with genus
i. The genus of a surface is called the genus of its algebraic representation
which is denoted by o(O;) = i.

Lemma 1.2 8% Let S, and S, be the algebraic representations of two

orientable surfaces, a,b,a”,b~ ¢ Sz, if Sy ~ S2aba~b~, then
o($1) = o(82) +1,
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where o(S) represents the genus of S.

A rotation o, at a vertex v is a cyclic permutation of edges incident

with v, 6¢ = ][] 0, is called a rotation system of G. An embedding

veV(G)

(cellular embedding) of a graph G into a surface S is a homeomorphism i:
G — S, such that each component of S —i(G) is homeomorphic to an open
disc. Two embeddings f: G — S and g: G — S are the same if there is
a homeomorphism h: S — S such that f = gh. The embedding is called
orientable if S is orientable. An orientable embedding is determined by a
rotation system.

Let G be a graph and T be a tree of G. For each nontree edge a, a
is split into two semiedges a* (+ always omitted) and a~. The graph
obtained by splitting each of nontree edges with a rotation system o¢ is a
joint tree J. A joint tree of G is determined by a spanning tree of G and a
rotation system og . For a joint tree J of G, a cyclic squence of all letters
of semiedges along the clockwise or anticlockwise rotation is an associate
surface. An associate surface is determined only by a joint tree.

The number of distinct embeddings of G on a surface with genus p is
independent of the choice of a tree T on G.

Therefore, there is a 1-to-1 correspondence between the set of associate
surfaces and the set of embeddings of a graph[8]. Let p, denote the valence
of vertex v which is the number of edges incident with v. The number
of rotations systems of G, as well as the number of embeddings of G, is

II (po—1)
veV(G)

For a graph G, let g;(G) be the number of the distinct embeddings of
G into the orientable surface with genus i ( i > 0). The embedding genus
distribution of G is: go(G), 91(G), g2(G), - -, then the genus polynomial of

©0

Gis: fo(z) = _Zog,-(G)mi.
2 Main results

Let koho and kjh; be two parallel edges, adding n (n > 1) vertices
Uy, U2,...,Un ON koho in sequence, n (n > 1) vertices vy,vs,...,v, on
kihy in sequence and adding edges hohi, kok; and uv:(1 < t < n) such
that wv; and 44410041 (» + 1 = 1(modn)) are parallel edges, splitting
wy(1 < t < n) into u, %, U:V; and v, deleting @, T;, then adding two
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parallel edges u;7;; thirdly, splitting one edge of the 2 mulit-edges %7,
into three parts @Wmy, mef, fiDt, splitting the other edge of the 2 mulit-
edges W, into three parts Wp:, p:q:, ¢:Vt, then deleting m.f; and p.qt,
adding two circles between two vertices m; and f;, two vertices p; and g,
respectively (1 < t < n). The graph attained is called a doule pearl-ladder
graph, denoted G, (see Fig.1).

In G,, we select edges a, a1, bi,c1, d1 ..., @Gn, bn, Cq, dr as nontree
edges of Gy, then G, — {a,a1,b1,¢1,d1,... ,Gn,bn,Cn,dn} is a tree of the
graph Gy, denoted T, its a joint tree is denoted J, , at each vertex, the
joint tree J,, has a anticlockwise rotation (see Fig.2).

Let a, b, c be distinct letters, by lemmal.1l, the double pearl ladder
surface sets can be divided into 24 types, they are Sp (1 < k < 24):
Sp={XPXFX;X7},  Sp={XPX;X;X3}, S§={X[X3X;XI},
Sp={XPXPXpXP},  SP={XPX;X$X3}, SE={X[X;X;X3},

57 = {aXP Xga~ X3 X7}, Sp = {aX{X5a~ X5 X3,
83 = {aXPX7a~ XPXZY, St = {aXPa~ XPXE X3},
St = {aXpa~ XFXZX3), Sty = {aXga~ XPXEXT),
STy = {aXpa~XPXIX3), ST, = {aXga~ XPXEX2),
SE = {aXFa~ X XI X5}, St = {aXPa XP XX,
8%, = {aXJa~ X X5 X7}, S7s = {aXTa™bXFb- XF X7},
Sty = {aXPabXFb- X3 X3}, S5 = {aXPa"bXJb-XF X3},
85 = {aXPa=bX3b~ X0 X2}, S% = {aXPabX3b~ XP X3},
8% = {aX3a"bX}b~ X1 X2}, 83 = {XtaXFa~bXFb"cXfc™},
where,

XT = wg, W, Wky - - - Wk, X3 = Wk, Wk, 1y Whyyg « - - Whins

X3 = wgwwy, ... Wy, XT=wy, W, W - Wi
n>ki>ka>ks>...>k >1,1 <k <krp2<krja<...<kp £

a2t >te>t3> ... >t 21,1 <o <tsq2<ts43<... <l &m
and 1 < r,8,p,9 < n,ky # kq,tp # tq, for p # q. For the graph G,
(Fig.1) and the joint tree J, (Fig.2), each w; has eight cases: a;bicid;,
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a;bidic;, biaicid;, biaidicy, cidiasb;, cidibia;, diciasb;, dicib;a;, each w] has

eight cases: a; b c;d;,
c;d; b a;,d cia; b,

L e 2

a;byd c;, b a; c d], b a;d ¢, ¢
erbra; (i=1,2,...

(Bt 1 a'a'ibi’

).

By the definitions of X7 (j = 1,2,3,4), we can obtain relations between
X7 and X7~ (j =1,2,3,4) as follows:

Table 1
I I
X} = anbpcadn X7 1, X5 = X3 ' | X§ =apbpcid X3, X7 = X7
XI = anbndncn X7 1, X2 = X5 ' | XF = agbsdacy X5 1, X5 = X5 !
XP =bpancndn X7 L, X2 = X537 | X2 =bja e d X531, X2 = X271

X{‘= nandnchI —l, X5‘=X2-1

X;=bragd;c X5, Xp =X 1

X7 = Clnanb X1, X§ = Xp 1

X3 =cpdiazb X34, X2 = X7~

X7 = cpdpbna, X777, X3 = X371

N A Jd—h—n— -1 n o __ -1
X3 —cndn na"nXS ’X4 ""X4

Xy = dncnanba Xy Y, X = Xp

X§ =dcragby X3, X0 = Xo—

X? =dpenbpan X7, X3 = X370

X3 =d c ba, X3 ', Xp =X2""

Xp = X7 L, X3 = X5 Lanbpcadn

X3 =X3"", X7 =X; azbrcqd,

Xt =X7"", X3 = X3 Yapbpdnc,

X$=X3" X} =Xi azbrdicy

Xr =X L, XZ = X7 1b,anCadn

X3 =X3', X7 =X 'byaycndy

ncn

X7 = X7, XF = X5 Tbpandncn

X3=X3"", X2 =Xi ‘bragdscy

XP =X, X3 = X3 'epdnanbn

X3=X3"", X3 = X7 cgdzazby

X7 = X1, X§ = X epdnbaan

X3 =X3', Xp =Xy cpdibrag

X{‘ = Xl _l, X; = X2 _Idnc"anbn

X;=X3 '\ X7 =X; 'dycpazby

X? = X?_ly Xé‘ =§_ldncnbnan

XP=X77', X;=X}"d;c b a,

Theorem 2.1 Let g;,(n) be the number of surfaces in S with genusi for
i=123,...,24 andn > 1. Suppose fs;)(:c) = 1. Denote g;;(n—1) =1y,

then forn > 1,

16[1‘1;1 + Tiq + 67'(,'_1)l

gi;(n) = J

+4r(i_1), + 4r(i-2),[,0<i< 2,5 =1,

16[7‘,~" + 76 + 21‘(,-_1)2 + 47‘(,‘_1)“

F4r(i-1),6 + 47(i-2),),0 <1 <20, =25

8[ris + Tip + Tiyy + Tiyy + 8r(im1)s + 47— 1)e + 4T(=1)y,
+4r-1y,, + 8’!‘(,-_2)3], 0<i<2n,j=3;

16[7‘,’10 + 74, + 21‘(,-..1)‘ + 47’(,-_1)10

+4r(i_1),, +47(-2),[,0 i< 20,5 =4

B[ris + Tip + Tiyy + Tiys + 8r(i-1) + Ar(i-1),

F47(i-1)15 + 47(i—1)y5 T 87(i-2)5), 0 < 4 < 21,5 = 5;
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32[7'1‘.9 + T(i~1)e + 41‘(,-..1)9 + 27‘(,'_2)6],0 <i<2n,j=6;
32[’!’({,—1)1 + T(-1), + 47‘(,'_2)l + 21"(,;_2)_,], 0<ig2n,j=T;
8rize + Ting + T(i-1)s T T(i-1)s + 47 (i-1)s

FAT =1y F AT(i—1)ay + 4T (i—2)5 T 4T(i=2)s + 8T(i—2)s],
16[7'1',9 + T(i~1)e + 67‘(1‘—1)9 -+ 4T(i‘2)6 + 41-(‘-_2)9]’

8[riyo + Tiys + T(i—1); + T(i-1)a T 87G—1)10 + 47— 1)y
+47'(i—2), + 4?‘(.;_2)4 + 81'(.;_2)101,0 <i<2n+1,j=10;
16[7'1'20 + r(i—l)a + 2r(i—1)11 + 4T(i_1)20

+4r(i_g), +4ri-2),,0 <1 < 2n,5 =11

8[riyy + Tire + T(i-1) T TE-1) T 8r(i-1)1 T 4ri-1)1s
+47(ig), +47(i-2), +87(i-2)1,),0 S < 2, 5 =12
16["'1'21 + T(i-1)5 + 2r(i—1)13 + 4T(i—1)21

+Ar(_g), +47(-2),,),0 S 1 < 2, 5 = 13;

8[rise + Tige + P(i-1) T T(i-1)2 + 8rii—1), + 47 (i-1)0s
+4r(i_g), + 4rG—2), +8r(i-2),,,0 S 1 < 2ny j = 14;

9i; (n) =3 16[“'21 +7E-1)s + 27‘(5_1)15 + 47'(,-_1)21

+47‘(,-_2)5 + 47’(.,-_2)‘5],0 <i<2n,j =15

8["'1116 + Tigg + T(i-1); T+ T(i-1)2 + 8'!'(,-_1)16 + 4r(i—1)2s
+4r(i_9), +47(i—2), *+87(1-2)1,),0 S 1 < 20, j = 16;
16[riy, + T(i-1)s T 2r(i—1), + AT(i—1)50

+4r(i—9)s +47(-2),,,0 S S 2+ 1,5 =1T;

16[1"(,'__1)10 + T(i-1)12 + 2r(i—1)13 + 47‘(,'_2)10

HAT(i_g),, +47(-2),,),0 <1< 20+ 1,5 = 18;

8[rize + T(i=1)s + (=110 F Ti=1)us

H4r(i-1),e + 4T (=120 T 4r(i_9)s + 47(i-2)10

+4’I‘(,~_2)“ + 8r(i—2)19]) 0<i<2n+1,j =19;

8[Ti2° + T(i-1)s + TE-1)n + T(i=1h7 + 8"'(;'—1)20 + 47‘(,‘_2)9
+4T(i—2)n + 47'(1'—2);7 + 8"'(1'-—2)20])0 <i<2n+1,7 =20
8[Fizy + T(i—1)o F T(i=1)1a + T(i-1)1s T 8(—1)ar + 47T(-2)0
+4r(5-2),5 + 4T(i—2)15 + 8T(1-2)y 0 ST S 20+ 1,5 =25
8["3'24 4+ T-1)s T T(i—1)12 + T(i-1)16

FAT (1) T 4T (i=1)20 + 4T(-2)s T 4r(i-2),,

HAT(i-2)6 + 8T(i-2)0,0 ST < 20+ 1,5 =22
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16[1"(,'_1)“ +Ta-1)6 T 27‘(,'_1)23 + 4T(i—2)14
+4r(;—2),6 + 47‘(,-_2)23], 0<i<2n+1,j=23;
8[r(i-1)10 F T(i=1)a0 + Tli=1)21 F T(i=1)22 + 47 (i-1)s4
Har(i-2),5 + 47(i-2)50 T 47(i-2),,

+47(i—2)yy + B87(1-2)2.), 0 4 < 2n 4+ 1,5 = 24;

0, otherwise.

9i; (n) =

and the initial values are
Table 2

j 11213145656} 7|89 ]10]11]12
go,(1)[ 32 }32]32[32)32|32| 0 |16[16] 16 | 16 | 16
91,(1) | 160|160 | 160 | 160 | 160 { 160 | 64 (112 ]112[112]112]112
g2,(1)] 64 | 64 [ 64 | 64 | 64 | 64 [192]128[128 128|128 128

J 13|14 (15|16 | 17 | 18 | 19| 20 [ 21| 22 | 23 | 24
g90;(1)] 16 {16 |16 [16 |16 | 0 | 8 { 8 | 8 | 8 [ 0 [ O
91,(1) 1121112 (112112112 64 | 88 | 83 | 88 [ 88 | 64 | 64
g2,(1) [ 1281128128 | 128 | 128 | 192 | 160 | 160 | 160 | 160 | 192 | 192

Proof  In what follows, we consider g;;(n)(j = 1,2,...,24). Since
the proof is similar for each j, we just prove j = 1. As a matter of
convenience, we firstly find the relation between ST and Oo, 0,4, O,
S""I(J =1,2,...,24), then obtain the formula.

In Table 1, each group of X7 and X7 in (I) can combine 16 groups of
X% and X7 in (II) and constitute 16 cases of ST. There are 16 groups of
X7 and X7 in (I), therefore there are 256 cases in ST'. By using lemma
1.1, 1.2, OP.1, 2, 3, the 256 cases of ST are:

(1)St ~ a, ncnan”'le “lagbrcndi Xy 1 XE ~ 8710,
(2)ST ~ apbpendn X7 1 X3 'a b’d‘c‘X3'1X4 “l~sp-log

255)S7 ~ XIT1X. -ld,,c,,b,,a,,x “1XrY-crazby ~ SPT10,
1 2 3 4
(256)5“ ~ X1‘le’ld,,c,,b,,a,,Xs‘lX4‘ld‘c‘b a; ~ ST710,

As an example, by lemma 1.1 and op.1.2, a7 b; = (bpan)™, (255)ST ~
X1 XE Ypenbnan X3 1 X2 d cran by ~ X”‘1X2 e X3 1 X3!
;;g:igncnd;c; ~ (bnan)~ X771 X3 7 (bnan) X3 X3 Mdneady o ~

7 V1

256
SF = 3 (4)SF ~ 16(S7~1 + 571 + 657710, + 45710, + 457710y).
j=1
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Sll ~ 32(0g + 501 + 205),

m2
where, ) (§)ST represents the set of all surfaces in (§)S?, 5 = my,... ,my,
j=m

kS means the surface S appears k times, where m;, mz and k are natural
numbers and m; < ma.

There are 8n letters in ST, every 4 letters determine at most one genus,
hence the genus range of ST is 0 <7 < 2n.

Therefore,

i, (n) = 16[ry, + 7y + 67(i_q), +47(i_1), + 41(i—2),],0 < i < 2n.

g0, (1) = 32,91‘(1) = 160, 92, (1) = 64.
Thus the theorem is proved.

By using theorem 2.1, we can obtain the genus distributions of the sur-
faces S2(j = 1,2,... ,24) are in Table 3 :

Table 3
j 1 2 3 4 5 6 7 8

%,(2) | 512 | 512 | 640 | 512 | 640 | 512 | 0 | 128
g1,(2) | 6656 | 6656 | 7552 | 6656 | 7552 | 6656 | 1024 | 2944
g2, (2) | 25600 | 25600 | 26624 | 25600 | 26624 | 25600 | 11264 | 17408
gs,(2) | 28672 | 28672 | 26624 | 28672 | 26624 | 28672 | 32768 | 32768
gs,(2) | 4096 | 4096 | 4096 | 4096 | 4096 | 4096 | 20480 | 12288

i} 9 10 11 12 13 14 15 16
g0,(2) | 256 128 128 128 128 128 128 128
91,(2) | 3840 | 2944 | 2944 | 2944 | 2944 | 2944 | 2944 | 2944
g2,(2) | 18432 | 17408 | 17408 | 17408 | 17408 | 17408 | 17408 | 17408
g3,(2) | 30720 | 32768 | 32768 | 32768 | 32768 | 32768 | 32768 | 32768
94,(2) | 12288 | 12288 | 12288 | 12288 | 12288 | 12288 | 12288 | 12288

j 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24
9,(2)| 128 | 0 0 64 | 64 | 0 0 0
g1,(2) | 2044 | 512 | 1152 | 1600 | 1600 | 1152 | 512 | 256
g2,(2) | 17408 | 7680 | 11136 | 11648 | 11648 | 11136 | 7680 | 58688
gs,(2) | 32768 | 28672 | 30720 | 29696 | 29696 | 30720 | 28672 | 26624
gs,(2) | 12288 | 28672 | 22528 | 22528 | 22528 | 22528 | 28672 | 32768

By using theorem 2.1, we can obtain the genus distributions of the sur-
faces S3(j = 1,2,...,24) are in Table 4 :

Table 4
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i

1

2

3

4

5

6

9o, (3)

8192

4096

9216

4096

9216

8192

g1,(3)

172032

126976

195584

126976

195584

172032

g2; (3)

1327104

1179648

1474560

1179648

1474560

1327104

93; (3)

4587520

4521984

4874240

4521984

4874240

4587520

94; (3)

6881280

7143424

6815744

7143424

6815744

6881280

9s; (3)

3538944

3538944

3145728

3538944

3145728

3538944

ge; (3)

262144

262144

262144

262144

262144

262144

J

7

8

9

10

11

12

9o; (3)

0

0

4096

1024

1024

1024

911(3)

16384

32768

94208

44032

44032

44032

g2; (3)

311296

516096

819200

552960

552960

552960

g3; (3)

2097152

2859008

3342336

2875392

2875392

2875392

94; (3)

5963776

6619136

6422528

6553600

6553600

6553600

gs; (3)

6553600

5701632

5046272

5701632

5701632

5701632

ge; (3)

1835008

1048576

1048576

1048576

1048576

1048576

J

13

14

15

16

17

18

Y0, (3)

1024

1024

1024

1024

1024

0

g1, (3)

44032

44032

44032

44032

44032

4096

92, (3)

552960

552960

552960

552960

552960

126976

93; (3)

2875392

2875392

2875392

2875392

2875392

1212416

94, (3)

6553600

6553600

6553600

6553600

6553600

4685824

gs; (3)

5701632

5701632

5701632

5701632

5701632

7340032

g6, (3)

1048576

1048576

1048576

1048576

1048576

3407872

J

19

20

21

22

23

24

90,(3)

0

512

512

0

0

0

91, (3)

5120

20992

20992

5120

4096

1024

92, (3)

175104

293888

293888

175104

126976

56320

93; (3)

1531904

1822720

1822720

15631904

1212416

745472

94, (3)

5267456

5300224

5300224

5267456

4685824

3653632

gs; (3)

7176192

6717440

6717440

7176192

7340032

7340032

Ye; (3)

2621440

2621440

2621440

2621440

3407872

4980736

By the joint tree J,, of G,,, we can obtain the set of the associate surfaces

(embedding surfaces) of G,:
Up ={XPeXZX3a" X7} ~ S3.

By applying the theorem 2.1, the genus polynomial of G,, can be ob-
tained for a given n. For n = 1,2,3, the genus polynomials of G, are

calculated as follows:

fa,(z) = 16 + 112z + 12822,
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fc,(z) = 256 + 3840z + 1843222 + 3072023 + 12288z*;
fc,(z) = 4096 + 94208z + 81920022 + 3342336z> + 6422528z*
+50462722° + 104857625,
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