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Abstract
The edge versions of Wiener index, which were based on distance between two

edges in a connected graph G, were introduced by Iranmanesh et al. in 2008,
In this paper, we find the edge Wiener indices of the sum of graphs. Then as an
application of our results, we find the edge Wiener indices of graphene, C,-

nanotubes and C,- nanotori.
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1. Introduction

Through out this paper, we consider only simple, undirected, connected and
finite graphs. A simple graph is a graph without any loops or multiple edges.
We write G = (V(G), E(G)), for a graph G with the set of vertices V(G) and

the set of edges E(G). We denote by e = [u, v], the edge connecting vertices u
and v of G. The distance between u and v, is denoted by d(u, VIG) and itis

defined as the number of edges in a shortest path connecting » and v.
The ordinary (vertex) version of Wiener index (or Wiener number) of G, is the
defined as the sum of distances between all pairs of vertices of G . That is:
W(G)=W,(G)= T d(uv|G). This index was introduced by the Chemist,
{uvISV(G)
Harold Wiener [17] about 60 years ago, within the study of relations between
the structure of organic compounds and their properties. This index is the first
and most important topological index in Chemistry. So many interesting works
have been done on it, in both Chemistry and Mathematics [1, 3-9, 12, 14, 16].
The edge versions of Wiener index of G, which were based on distance between
all pairs of edges of G, were introduced by Iranmanesh et al. in 2008 [10].
They are as follows:
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Definition 1.1. {10] The first edge Wiener index of G, is defined as:
@ flo)+1 if e=f
W, (G) = dy (e, f|G), where dy(e, fIG) =4 !

e (&) (e,f)gs( ole, 116, ole, f { i e=f
and d, (e, f|G) = min{d(u, §G),d(u,G),d(v, 4G),d(v,{|G)}, such that
e=[u,v], f =[z1]. In fact, the first edge Wiener index of G is equal to the
ordinary Wiener index of the line graph of G, i.e., W, (G) =W, (L(G)).

Definition 1.2. [10] The second edge Wiener index of G, is defined as:

dy(e.f|G) if em f
if e=f

and d, (e, f|G) = max{d(u, §G),d(u, {G),d(v, 4G),d(v,1|G)}, such that

e=[u,v], f=I[z1].
Let us recall the definition of the sum of two graphs.

We, (G) = g d,(e, f|G), where d4(e, f|G) = {
{e.fIGE(G)

Definition 1.3. Let G, =(V(G,), E(G,))and G, = (V(G,), E(G,)) be connected
graphs. The sumof G, and G, is denoted by G, +G,, that is a graph with the
vertex set V(G,)xV(G,) and two vertices (u,,u,) and (v, v,) of G, +G,, are

adjacent if and only if [, = v, and [u,,v,1E€ E(G,)] or
[uz =V, and [ul, VI]E E(G|)].

Theorem 1.4. [15] Let G, = (V(G,), E(G))) and G, = (V(G,), E(G,)) be two
connected graphs. The distance between two vertices (u),u,) and (v, v,) of
Gl + Gz N iS equa-l to d((ul, uz), (Vl, V2)|Gl + Gz) = d(ul’ V]IG]) + d(uz, VzIGz) .
Proof. See Theorem 1 in [15]. O

In this paper, we find the edge Wiener indices of the sum of graphs. Then, as an
application of our results, we obtain the edge Wiener indices of graphene, C,4-

nanotubes and C,- nanotori.

Carbon nanotubes, carbon nanotori and graphene are three important types of
carbon structures. (See figures 1, 2 and 3)

Carbon nanotubes (CNTs) are allotropes of carbon with molecular structures
that are tubular in shape, having diameters on the order of a few nanometers and
lengths that can be as much as several millimeters.

Nanotubes are categorized as single-walled (SWNTSs) and multi-walled
(MWNTS) nanotubes. If a nanotube is bent so that its ends meet, a nanotorus is
produced. These types of carbon structures, form the strongest and stiffest
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materials yet discovered on Earth. Their novel properties make them potentially
useful in many applications in materials science, nanotechnology, electronics,
optics and architecture.

Graphene is a one-atom-thick planer sheet of carbon atoms that are densely
packed in a two-dimensional (2D) honeycomb crystal lattice and is a basic
building block for graphitic materials of all other dimensionalities. It can be
wrapped up into 0D fullerenes, rolled into 1D nanotubes or stacked into 3D
graphite (figure 4). The term graphene was coined as a combination of graphite
and the suffix —ene by Hannes-Peter Boehm, who described single-layer carbon
foils in 1962.

X

Figure 1. A C4 -Nanotube. Figure 2. A C 4 -Nanotorus.

nidptReL sl s
Figure 4. Ghraphene sheet can be rolled in to a single walled nanotube

2. Computation of the edge Wiener indices of the sum of graphs

In order to find the edge Wiener indices of G, +G,, first we define the sets A
and B as follows:

A = {[(uy,43), (1, v)IE E(G, +Gy) : .y EV(G)), [uy,v,]E E(G,)}

B = {[(u,43), v, u)]E E(Gy +Gy) : 1 EV(Gy), [uy, v]E E(G)}

Itis easy to see that: AUB = E(G, +G,), AIB=9¢, |A|=|V(G)| |[E(G,)| and
|B|=|EG)| [v(G.).

Set;

A ={{e,f}C Atew fe=[(uy,u),(uy,v2)), f =[(ay,u3),(a;,v;)], u,a EV(G)),
u,,v, EV(G,)}

AZ B{{e. f}g Aie= f,e - {(uls uz)’(ul| vz)]rf - [(a], az)!(al’bz)]! u,aq EV(GI)‘
Hz,Vz,aoz,bzev(Gz)g [u21v2]#[a2’b2]}

115



Bl n{{e,f}g B:eﬁf»e[(ul»uz)’(vlvuz)]'f=[(ulsa2)’(vl!a2)]’ U,y EV(GI),
u,,a, EV(G,

BZ -{{e, f} .(; B:ew f’e = [(ulvuz)’ (vlvuz)]’f [(alv az), (b|9a2)]r uz,%EV(Gz),
u,v,a,b €EV(G), [u,wl=[a,h1}

Obviously, A X A =B IB,=¢ and A UA,, B, UB, are the sets of all two
element subsets of A and B, respectively. Also,

v [v(G2)|
|A1|-( , ]IE(Gz)l, |B,|=( . ]IE(G,)l.

In the first Proposition, we find dy(e, f IG, +G,) and dy(e, f |Gl +G,) forall
{e. f1CA.

Proposition 2.1. Let {¢, f}C Aand e= f.

@) If {e, fYE A and e = [(u},4,), (1, vl f =(a,u;),(a;,v2)], then

dy(e, £|G, +G,) = dy(e, £|G, +Gy) = d(w, a|Gy) +1

(ii) If {e, f}E A, and e =[(uy,u,),(u;,v,)), f =[(a;,a,),(a,,b,)], then for
i€{0,4}, dy(e, f|G, +G,) = di(lu, v,), a3, 55]|G,) +d (1, a)|G;)

Proof. (i) Let {e, f}E A and e = [(u}, 4y), (uy, V)], f =[(a, 43), (ay, v3)]. Using
the definition of dy(e, f), d4(e, f) and the formula of distance between two
vertices of G, +G,, we have:

dy(e, f|G, + Gy) =1+ min{d (), up), (@}, )G, + G,), d((uy, 1), (e, 1,)|G, + G),
d((uy,v,), (@, )]Gy + Gp), d (1, v2), (8, V)G, + G,)} = 1+ min{d (uy, a)|G)) +

d(uz,uzle),d(ul @)|G) + d(y,v,|Gy),d (), @1|Gy) + (v, 45|Gy), d 1, 4| Gy) +
(v, %,|Gy)} = 1+ min{d(uy, u3|Gy), d(1z, V|G, (v, |Gy ), d (v, Wo|G)} +
d(uy,a,|G,) =1 +min{0,1,1,0} + d(u;,,|G,) = d(u;,4,|G,) +1 and

dy(e, |G, +G,) = max{d((u, u5), (a1, 1,)|Gy + Gy), d (1, 3), (@, v2)|Gy + Gy),
d((u, ), (a1, w)|Gy + Gp), Ay, v2), (@, ,)|Gy + Gp)} = max{d (i, a|Gy) +
d(uz,uzle).d(ul,allGl) + d(uy,v,|Gy),d(u,0)|G)) + d(v,u5|Gy), d (uy, 41|Gy) +
d(v3,%,|G,)} = max{d(uz,u2|Gz),d(u2,vzle),d(vz,uzle),d(vz,vzle)} +
d(u,@|G,) =max{0,1,1,0} + d(u;,&|Gy) = d(u;,4,|G;) +1.

Therefore dg(e, f|G, +G,) = d4(e, f|G, +G,) = d(u,4,|G;) +1 and the
equality in part (i) of Proposition 2.1, holds.
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(i.i) Let {e, f}e Az and e= [(u, ,uz),(ul ) Vz)],f = [(al ,az),(al ,bz)] . In this
case [u,,v;]= [ay,b,] and we have:

do(e, £|G, +Gp) =1+ min{d (s, 4,), (@, 32)|G, + Gp), d((uy, uy), (a1, ,)|G, +Gy),
d((up Vz), (a]’ az)IG] + Gz)v d((ulr Vz), (al, bZ) Gl + Gz )} =1+ nﬁn{d(ul’ allGI) +
d(uy, @)|Gy), dy, aGy) + A1, 5,|Gy), d(wy, a|G,) + d (v, 4|G,), d 4y, a|G)) +
d(vy, B|Gy)} =1+ min{d(uz,a,[c;z), d(uy, b,|Gy), d(v;, &y|G,), d(v,, b|G,)} +
d(ul ’ a]IGl) = dO([uZ! V2]’ [a2: bZ]lGZ) + d(ul ’ “IIGI) and

dy(e, |G, +Gy) = max{d ((u, u,), (a1, &)|G, +G,), d{(w, u5), (@, 5,)|G, + ),
d((ulv vz)s (ap a2)|G] + Gz), d((uls Vz)r (al ’bz),Gl + GZ)} = max{d(ul’ alIGl) +
d(u3,a)|Gy), d (> @|G)) + d(ty, by|Gy), d(ty, @|G)) + d(vy, )| G,), d (wy, |G +

d(v2,55[Gy)} = max{d(uy, a,|Gy), Az, 55]Gy), d(v,, @)|G,), d(v,, by|Gy)} +
d(u,a|Gy) = dy([uy,v,).[a,, 5, ]G;) + d(uy, a|Gy) .
Therefore, for i€{0,4}, di(e, f|G, +G,) = d;([t3, v}, (a3, B|Gy) +d (. 4|Gy) s

which completes the proof. D
In the next Proposition, we find dj(e, flGl +G,) and dy(e, f |Gl +G,) forall

{e, f}CB.

Proposition 2.2, Let {¢, f}C B and e= f.

) If {e, fYE B, and e = [(u),uy), (v}, %)}, f = [(,a,), (v, a;)], then
do(e, £|G, +G,) = dy(e, |G +Gy) = d(u, a3|G,) +1

(ii) If {e, f}E B, and e = [(4,u;), (v, )}, f =[(a;,a,).(H,a,)], then for
i€{0,4}, d(e, f|G, +G,) = di(lwy, w1, (4, B]|G)) +d(up, ay|G)) .

Proof. The proof is similar to the proof of Proposition 2.1. o

In the next Proposition, we find dy(e, fIGI +G,) and dy(e, f IG, +G,) for all
¢eEA, fEB.

Proposition 2.3. Let e€ A and f € B, such that e = [(1,4,), (4, v,)] and

S =l(a;,a3),(H,a,)], then

@) dy(e, £]G, + Gy) =1+ min{d(u,, &|G,), d(w;, b|G)} +
min{d(iy, 4,|G, ), d (v3, 3| G,)}

(@) dy(e, £IG, +G,) = max{d(ul!a‘IIGl)rd(“I'blIGI)}"'
max{d(uy, a,|G), d(v,, 4,|Gy)}
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Proof. Let ¢e€ A and f E B, such that e = [(u, u,), (%, v,)] and

f =l(a, ap), (4, a)], then

@) dyle, f|G, + Gy) =1+ min{d((w, up), (a1, )]Gy + Gy),

d((uy, u), (b, @)|Gy + Gy), d((,v,),(a1,@)|G; + Gy),

d((ul,vz),(b.,az)lGl +G,)} = 1+ min{d(y, alIGI) + d("z»azIGz)’ d(ul'bIIGI) +
d(1,3|G; ), d (141, @|G) + d(v2,8,|Gy ), d(wy,B]G)) + d(v3,,|G,)} =

1+ min{min{d(u,, @,|G)) + d(4, 5|G))} + d(uz, a5|Gy),

min{d(u,,a,|G,)+d(uy, b,|G)}+ d(v;,8,|G,)} =

1+ min{d (4, &,|G)), d(u, B |G} + min{d(uz, 3,|G,),d(v;, ,|G,)} and part (i)

of Proposition 2.3, holds.
(ii) dy(e, £|G, + Gy) = max{d((u,u,),(a}, 3,)|G, + Gy),

d((u1,42), (b1, 22)|Gy + G2), d((,v2),(a1,4)|G +G),

d((y,v2), (B, 32)|Gy + G;)} = max{d(uy,@)[G)) +d(u3,a,|G,), d(uy,b|G)) +
d(u,,|G,),d(uy,8|G)) + d(v,2,|Gy), d(uy,B|G) + d(v,;|G,)} =
max{max{d (s, &|G,) +d(u;, |G)} + d (13, a)|Gy),

max{d(u,,a,|G,) +d(u,,b,|G\)} +d(v;,a,|G,)} =

max{d(“l ’ a]IGl)y d(uy, blIGl)} + max{d(uz’ %'Gz)a d(v,, azlcz)},

so part (ii) of Proposition 2.3, holds.
Using Proposition 2.1, we conclude two following Lemmas.

Lemma2d. Y doe, flGi+Gy)= 3 d,(e f|G +G,)=
{e.f}EA {e.fEA

jven|
IE(Gz)|W(61)+( 2' )'E(Gz)l

Proof. By part (i) of Proposition 2.1, we have:
> do(e,f|G|+Gz)= > d4(e,f|G,+Gz)=
{e./)EA {e.f)EA

z {d(“] ’ al IGI) +1 :{ev f}e Al = [(u] ’ uz)a (ul ’ v2 )]v f = [(alvuz)v(alvvz)]} =
S{du, a|G) {e, FYE A, €=Uy, ), (), V)], f = [(@y.2),(a,v,)]} + |4 =
vy

2

|EGy)| 3 d(u,,al|G,)+[ )|E(Gz)|=
{uy.a )V (Gy)
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[van)|
|EG,)WG,)) +( J]E(62 )|- O
2
Lemma 2.5. For i €{0,4}, we have:
) |EG2)|
3 di(e, f|Gi +Gy) = V(G W,,(G,) +2 W(G,)
{e.f M 2

Proof. By part (ii) of Proposition 2.1, for i €{0,4} we have:
( f)};a d;(e, f|G, +G,) = 3{d\([uz, 1,132, B]|G,) + d(y, 4|G)) : {e, FIE 4,,
€ 2

€= [(u]vuZ)’ (u]v Vz)], f = [(alv a2)1(a]1b2)]} = Z{di([uz' v2]! [a’l’bZIlGZ) H
{e, [YE A e =[(uy,u;5),(uy, vyl f =[(ay,a;),(a;,b,)]1}+
z{d(u]’allGl) :{e, f}EAzr €= [(ulvuz)t(u]rvz)]af - [(apaz)o(a]vbz)]} =

|E(G2)|
VG| (3, v, 1lay. 5, 1Gy) + 2 d(u,aG,) =
I ll{luz.nllaz?bzl}QE(Gz) % azbzli 2 ( 2 )(u,.a.)zv«a) ! ll Y
2 |EcG2)|
VG,)|*w, (Gz)+2( ]W(G,). 0
2

By Lemmas 2.4 and 2.5, we have the following result.
Corollary 2.6. For i €{0,4}, we have:
" 2 VG|

3 die, f|G, +Gy) = |[E(G,)['W(G) +[V (G|’ W, (G) + |EG,)|
{e./3CA 2
Proof. Since d, and d, are distances, so for every e€ E(G, +G,), we have:
do(e, |G, +G,) = dy(e, |G, +G,) = 0. Now by Lemmas 2.4 and 2.5, for
i€{0,4} we have:

> d(e.flGi+Gy= I di(e.f|G +Gy) =
te.f3CA (e.)Chens

S die.flIGi+G+ 3 di(e. f|G, +G,) = |E(G)W(G) +
(‘-f)EAl {e.f}EA
(lvwm

|£G2)|
. )IE(GZ)|+|V(G,)|2M‘.(GZ)+ 2[ ] )W(Gl)=

0

) ) VG|
|EG,)|'WG) +|V (G W,,(G,) + ) |E(G,)|.

Using Proposition 2.2, we conclude two next Lemmas.
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Lemma27. 3 dyle, f|G+G)= 3 dyle, f|Gi+G,) =
{e.f)EB {e.f}EB
V(G2
|E(G)IW(G,) + ) )|E(G,)|

Proof. The proof is similar to the proof of Lemma 2.4. O

Lemma 2.8. For i€{0,4}, we have:
2 |EG)|
S die f|G +Gy) = |[V(Gy)| W, (G) +2 W(G,)
{e.f}EBy 2
Proof. The proof is similar to the proof of Lemma 2.5. O
Lemmas 2.7 and 2.8, indicate the following Corollary.
Corollary 2.9. For i €{0,4}, we have:

2 2 V(G2
3 di(e, f|G) +G;) = |EG))| W(G,) +|V(G,)|*W,,(G)) + |EG))|
{e.f}SB 2
Proof. Similar to the proof of Corollary 2.6, we can obtain the desire result. O

Here, we introduce two topological indices of a graph G as follows:

MinG)= 3 3 min{d(u,q|G),d(u,b|G)}
w€V (G)(a.bIEE(G)

Max(G)= 3 3 max{d(u,d|G),d(«,bG)}
u€V (G)la,bEE(G)

Using Proposition 2.3, we have the following Lemma.

Lemma 2.10.
B 3 dole |G +Gy) = V(G| [V(G,)| |EG)| |EG)| +
eEA, fEB

V(Gy)| |EG)|Min(G) +|V (G| [EG)|Min(G,)
(i 3 dif|G +G,)=
A, fEB

V(Gy)| |EG)|Max(G) +|V(Gy)| |E(G|Max(G,)

Proof. (i) By part (i) of Proposition 2.3, we have:
ﬂgfeg dy(e, f|G, +G,) = {1+ min{d(u,,q |G, ), d(uy, by|G)}+ min{d (u,, a,|G,),

d(v,4,|G,)}: €€ A, f EB, e =[(u,u), (4, %)), [ =l(a,a,), (b, a,)]} =
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|4] |B]+ 3 {min{d(u,a|G)).d(u,B|G)}: eE A, f EB, e=[uy,u,), Uy, v,)],
f =l(a, @), (b, a)1}+ 3 {min{d(u3,a|G,),d (v, 8,|G,)}:e € A, f €B,
e =[(u,up), 4, )}, f =(a), @), (b, a,)]} = |V(Gl)| |V(Gz)| IE(GI)I |E(Gz)| +

V@G, |EG,) 3 S min{d(u,a|G)).d(u,5|G)}+
u&(G))la; b EE(Gy)

VG [EGY 3 3 min{d(,8|G,).d(v2,a|Gy)} =
a26V(G2)uz v2 JEE(G2)

VG| V(G| [EG) |EGy)|+ V(G| |E(G,)|Min(G,) +

V(G| |E(G))|Min(G,) .

(ii) By part (ii) of Proposition 2.3, we have:

PRI £|G + Gy) = 3{max{d(4,a,|G,).d (u,5|G))} + max{d(u. a,|G,),

d(Vz,azlcz)}5 e€A, fEB,e=[(uy,u3),(u1,v,)), f =l(a,a), (B, a)]} =
E{Nax{d(ulvallcl)vd(“bbl|G|)}f e€A, fEB,e=[(uy,uy),(u;,v,)],

f =[(@,8), (4, @) 1}+ I{max{d(u,2,|G,).d(v,,.0,|Gy)}: e E A, f EB,
e = [y, ()], £ = [(31,2,), (6. 0)]} =

VG| |EG)| 3 S max{d(u;,a|G).d(u,b|G)}+
WV (G Ya.h EE(GY)

VG |EG) 3 3 max{d(4,4|G,).d(v;,4)|Gy)} =
@€V (G2 )luz v2 EE(G?)

IV (G,)| |E(G,)|Max(G)) +|V(G))| |E(G))|Max(G,). o

Finally, as the main purpose of this paper, we express Theorem 2.11, which
characterizes the edge Wiener indices of the sum of two graphs.

Theorem 2.11. Let G, = (V(G)), E(G)))and G, = (V(G,), E(G,)) be two
simple undirected connected finite graphs, then

@) W, (G +Gy) = |EG,)'W(G) + [EG)'W(Gy) + [V(G'W,, (G +
) viGp)| V(G2
VG| W,O(Gz)+( ) )lE(Gz)|+( )|E(G,)|+
2

VG| [V(G,)| |EG)| |E(Gy|+ V(G| |E(G,)|Min(G)) +
V(G| |E(G)|Min(G,)
@) W,,(G; +Gy) = |EG)'W(G) + |[EG)'W(G,) + [V(Gy)['W,, (Gy) +
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V(G| [vG2)|
. }|E(Gz )|+ ( |15(Gl )|+
2

V(Gy)| |E(Gy)|Max(G)) + [V(G)| |E(Gy)|Max(G,)

I
V(G| W,,(Gy) +

Proof. Since E(G, +G,)=AUB, AIB=¢, for i€{0,4} we have:

W, (G, +G,) = s die, fIG+Gy))= 3 dile, f|G +Gy) +
{e.f)GE(G+Gy) {e.f}GA

> de, flcl"'Gz)"' > dl(evfIGl +G,).
{e.f}CB €A, fEB
Now by Corollaries 2.6, 2.9 and Lemma 2.10, the proof is clear.

Corollary 2.12. For every two simple undirected connected finite graphs
G, =(V(G)), E(G))) and G, =(V(G,), E(G,)) , we have:

W, (G, +G,) - W, (G +G,) = |V(Gz)|2(w¢4 (G -W,(G)) +
VG W, (Gy) =W, (Gy)) + [V(G,)| |E(Gy)|(Max(G,) - Min(G,)) +
IV(Gy)| |E(G)(Max(G,) - Min(Gy)) - [V(Gy)| [V(G,)| |EG)| |E(G,)]

Proof. The proof is straightforward.

3. Computation of Min(G) and Max(G) for some familiar graphs

Let P,, C,, S, and K, , denote the n-vertex path, cycle, star and complete
graph, respectively. Let K, be complete bipartite graph on a +b vertices.
In this section, we want to compute Min(G) and Max(G) for these familiar
graphs. This can be done as follows:

(i) Computation of Min(P,) and Max(P,)
Min(P)= 3 3 min{d(u,a|P,),dw,bP,)}=

u&V (P, Ma.bEE(R,)
n}-:(k) 2'-2- k? -k . "2 "ﬁlk . (n-l)n6(2n—l) _ n(n2-l) .
kal\ 2 k=l k=l kwl
n(n-(n-2) - 2(")’
3 3
Max(P)= 3 > max{d(u,a|P,),d(u,b|R,)} =
u€V(Py){a.bEE(P,)
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n n 22 N .
zk%(k) = k§|u= Ekz -Sk= n(n+1)(2n +1) _n(n +1) i}

2 2 kel k=l 6 2
2 _ n+l
=D ™
3 3

(ii) Computation of Min(C,) and Max(C,)
We consider two following cases:
Case 1. If n is odd, then

Min(C,)= 3 3 min{d(s,a|C,),d(u,H[C,)} =
u€V (Cy)a.bEEE(Cy)

n-1 n-1 n-1
n0+142+...+( 5 -D+ 3 +( 3 “D+.4+2+1+0) =
n-1 n-1. n(n-1)>*
n20+1+2+...+¢( 3 )+ > ) = 7
Max(C,)= I max{d(u,a|C, ),d(u,5|C,)} =

uSV (Cp )a.bEEE(Cy)

a+243+.+ 220,82l 20l 324
2 2 2

n-1 - n(n-1)(n+3)

2 ) 4

n1+2+3+...+ n;1)+

Case 2. If n is even, then

Min(C,)= 3 > min{d(s,a|C,),d(u,b|C,)} =
. uev(cﬂ )‘aobEE(Cn )

n(0+l+2+...+(§-l)+(§—l)+...+2+1+0)=2n(0+l+2+...+(§-l))= '

n¥(n-2)
4 »

Max(C,)= 3 S max{d(u,a|C,),du,b|C,)}=
UV (Cy)la.bEE(C,)

nt(n+2)

n(l+2+3+...+£+£+...+3+2+1) =2n(1+2+3+...+£) =
2 2 2 4

(iii) Computation of Min(S,) and Max(S,)

Min(S,)= 3 S min{d(,d|S,),d(u,bS,)} =
uEV (S, )a.bIEE(Sy)

Ox|E(S,)| + V(S )| - DOx1+(E(S,)|-DxD) = (n=2)(n~1) = 2("'1),
2
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Max(S,)= > max{d(u,alS,),d(bS,)} =
ueV(Sp)a.bEE(Sy)

[ES)]+ V(S| - DA +2(ES,)]| - D) = 2(n -1

(iv) Computation of Min(K,) and Max(K,)

Min(K,)= 3 3 min{d(,aK,),du,bK,)}=
ueV (Kp)abEE(Ky)

S (deg(u)x 0+ (|E(K )| -deg)xD = 3 (|E(K,)|-deg)) =
uEV(Ky,) ueV(Ky,)
K| V(K| -2E K, =|EK,| (VK] -2) = (J(n -2)-
n n
-Z-(n -DH(n-2) 3(3),

Max(K,)= 3 S max{d(u,alK,),d,bK,)}
ueV (Kp)[a.bEEE(K )

ny n(n-1)
1 = VK| EK)|=n| |=———=.
:ev(x,n[amezak,,) Vel | (2) 2

(v) Computation of Min(K , ,) and Max(K, ;)

Min(K, )= 3 3 min{d(u,le,,,,,).d(u, le,,,,,)}ﬂ
u€V(Kg,p)vi2EE(Ka,b)

al(0xb) + (1% (ab- b))+ b{(0xa) + (1x(ab-a))) = a(ab-b) +b(ab-a) =
a*h-ab +ab®-ab = ab(a +b-2),

Max(K, ;)= 3 > max{d(u,vK,,).d, 2K, )} =
eV (Kg p)vi2EE(K g b)

a((1x b) +2(ab - b))+ b{(1x a) + 2(ab-a)) =
a(b+2ab-2b)+b(a+2ab-2a) = ab(2a+2b-2) = 2abla+b-1).
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4. Edge Wiener indices of the sum of some familiar graphs

In the previous section, we found Min(G) and Max(G) the familiar graphs
B, C,, S,, K, andK,, . The Wiener index and edge Wiener indices of these
graphs have been computed previously [13, 10). So, we have the following

tables.

Graph p C, C,
G) " nis odd n is even
[viG)| n n n
|EG)| n-1 n n
n+l 3
w Bn? - L
G) ( 3 J 3 (n* -1 3
n 3
W, (G B - n
2 (G) (3) g - -
W, (G n~N\pe3 | g 2 n,,
2, (G) . 5 g +n-13) | (P edn-8)
Min(G) A" Zin-1y? " -2
3 4 T("- )
n+l n 2
Max(G) 2( ] =(n-1)(n+3) —(n+2)
3 4 4

Table 1. Some topological indices of P, and C,,
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Graph
(&)

V@) n n a+b

n
|E@G)| n-1 ( 2) ab

") (@a+b)? -ab

2
W) | (-1 “

n-1 -1\ | 4
W, (G) ( ] ( ) —(2ab-a-b)
2 2

n-1 n+l
We, (G) 2( 2) 3( ] ab(ab - 1)

n-1
Min(G) 2( ]
2

n
3( ) ab(a+b-2)

n
Max(G) | 2(n-1)? n( ) 2ab(a+b-1)
2

Table 2. Some topological indices of S,,, K, and K,

According to the tables, Theorem 2.11 and Corollary 2.12, we can easily obtain
the edge Wiener indices of the sum of each pair of the above-mentioned graphs.
Specially, we can obtain the edge Wiener indices of graphene, C,-nanotubes

and C,- nanotori as P, + P,, P, +C,, and C, + C,,, respectively [11, 2].
Example 4.1. Suppose that G = P, + P,,, where n and m are not necessarily
equal, then G is graphene. The edge Wiener indices of G, are as follows:

3 2
W,y (P, + Py) =-";—(2n -1? +-’5’6—(4n3 -12n2 +8n-3) -

%m’ —an? +2n-l)+%(n2 -3n+2),

3 2
W, (P, + B,) -=Ln6—-(2n-1)2+m?(4n3—7n+3)—%(4n3+7n2—2n-2)+

n 2
—(n“+3n+2
6( )
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Example 4.2. Suppose that G = F, + C,,, where n and m are not necessarily
equal, then G =TUC 4[m,n] is a C4-nanotube [11]. The edge Wierer indices of

G , are as follows:
Case 1. If mis odd, then

2
W, (P, +Cp) = %(2:: -2 +-”;—(4n3 -6n +5n-3) +%-(4n2 -8n+3)

3 2
W,,(B, +C,) =%(2n-l)z »f"‘?mn3 +6n% =10n+3) -g(Ian ~3)
Case 2. If mis even, then

3 2
W, (B, +C,) = %(Zn-])z +-”;—(4n3 -6nz+5n-3)+%(n -1)

3 2
W,, (P, +Cp) = 1”5-(2;1-1)2 +-”;—(4n3 +6n? -10n+3)—'—;-(nz +2n-1)

Example 4.3. Suppose that G =C,, +C,,, where n and m are not necessarily

equal, then G =TC4[m,n] isa C,- nanotorus [2]. The first edge Wiener index
3 2
of G is equal to: W, (C, +C,) = %-nz + an(nz +1) +-’-;—n(n -2)

The second edge Wiener index of G is as follows:

Case 1. If m, n are odd, then

m3 2 m2 2 .
W, (C, +Cm)=7n +-—2—-n(n +4n-4)-mn(2n+1)
Case 2. If m, n are even, then

3

2
W, (C, +c,,,)==ﬁ2—n2 +ﬁ2-n(n’ +4n-1)-%n(n+2)

Case 3. If n is odd and m is even, then
3 2
W,, (C, +Cp) anz +"’Tn(n2 +4n-4) -%n(n +2)
Acknowledgment. The authors would like to thank the referees for the valuable
comments.
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