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ABSTRACT. The main purpose of this paper is to define pair of Kon-
hauser matrix polynomials and obtain some properties such as recur-
rence relations and matrix differential equation for Konhauser matrix
polynomials.

1. INTRODUCTION

In [10], the pair of Konhauser polynomials are defined as
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where @ > —1 and k € Z%. These polynomials are biorthogonal with
respect to weight function z*e~* over the interval (0,00). Actually, it is
hold that
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Furthermore, Y;*(z; k) is a polynomial with respect to =z and Z2(z;k) is a
polynomial with respect to z*. As equivalent to (1.1) biorthogonal condi-
tion, the following orthogonality properties can be
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For k = 1, conditions (1.1),(1.2) and (1.3) reduces to the orthogonality
requirement satisfied by the generalized Laguerre polynomials.

In the recent papers, matrix polynomials have significant emergent.
Some results in the theory of classical orthogonal polynomials and special
functions have been extended to orthogonal matrix polynomials and special
matrix functions, see [2, 3, 5, 6, 8]. In [7], these matrix polynomials are ort-
hogonal as examples of right orthogonal matrix polynomial sequences for
appropriate right matrix moment functionals of integral type. Laguerre,
Hermite and Gegenbauer matrix polynomials have been introduced and
studied in [3, 8, 9] for matrices in C¥*N. Our main aim in this paper is
to define and to prove new properties for the pair of Konhauser matrix
polynomials.

Throughout this paper, for a matrix A in CV*¥ | jts spectrum o(A)
denotes the set of all eigenvalues of A. If f(z) and g(z) are holomorphic
functions of the complex variable z, which are defined in an open set §2 of
the complex plane and A is a matrix in CV*¥ with o(4) C Q, then from
the properties of the matrix functional calculus in [4], it follows that:

f(A)g(A) = g(A)f(A). (1.4)
Hence, if B € CV*¥ is a matrix for which 0(B) C Q and AB = BA, then
f(A)g(B) = g(B)f(A).

We say that a matrix A in CV*¥ is a positive stable if Re()\) > 0 for all
A € o(A). Furthermore the identity matrix and the zero matrix of CV*¥
will be denoted by I and 0, respectively.

Let A be a matrix in CVN*V satisfying (—k) ¢ o(A) for k € Z* and A be
a complex number whose real part is positive. Then the Laguerre matrix

polynomials L") (z) are defined by [8]:

LA (g) = Z - ((nl) S Dald+ D7 00, n20. (15)

Such matrix polynomials have the following generating matrix function:

YL@t =(1-t)"4Te % ; zeC ,teC, |t| <1 (16)

n=0

2. THE DEFINITION OF COUPLE KONHAUSER MATRIX POLYNOMIALS

In this section, we define the pair of Konhauser matrix polynomials with
the help of generating matrix functions. Let us suppose that A is a matrix
in C¥*N satisfying condition

Re(p) > —1 for every u € o(A) (2.1)
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and A is complex number with Re(\) > 0. Let us consider the function
F(z,w) = (1 - w)~#A4+D exp [—Ax {(1 —w)"F - 1}] (2.2)

defined for complex values of z and w with |w| < 1. Note that F(z,w) be
holomorphic matrix function in |w| < 1. Therefore, we can write

F(z,w) = f: Y4 (z; k)yw™ (2.3)

n=0
at |w| < 1. By Taylor expansion at |w| < 1 and binomial expansion, we get
r
o (Az{1-(1-w)?
F(:z:, w) = (1 _ ,w)-—-k(A+I) Z ( { })

r=0

— oo T (Ax)r T _ ) s
- §3=0 r! (—1) (s)(l w) *(( +1)I+A)

[eod r T r o (1
- E O fon()(Ederea.)

r=0 b oe=0 n=0

- f:{ - Qa)f (Zr:(—l)’ (:) (%((s+1)I+A))n)} =

n=0 \ r=0 =0
(2.4)

7!

Combining (2.3) and (2.4) and by identification of the coefficients of w™, we
obtain explicit expression for Y,-SA"\)(:U; k) Konhauser matrix polynomials
which is defined

Y@k = 23 QSN oM (Liernren) . @5
n ’ n! 7! s) \k ) )

r=0 8=0 n
Let us suppose that A and B are matrices in CV*¥ satisfying conditions

Re(u) > —}éor_ every p € o(A), } (2.6)

- ,

and X is complex number with Re(A) > 0. Let us consider the matrix
function

B
_ —t(Az)*
F(z,t)=(1-1t)"8 F i _(ltf t)zck
HA+TD) .5 LA+kD)
(2.7
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where { F, is defined as

B
le[ ] Z(B)n [(Ak)a] ™" [(A1)n] ' 2"
3 eeey Ak

A; n=0
for Ay, ..., Ax and B are matrices in C¥N*¥ satisfying condition A; + sI is

k
‘ (lt(’\;;ck < 1. Note that
—t(Az)*

F(z,t) be holomorphic function in domain || < 1 and l a—Dk*

invertible for s > 0, i = 1,...,k and |¢]| < 1,

< 1.

Therefore, we can write

F(z,t) = i(B)nZ,(,A"\)(z; k) [(A+ Dia) " (2.8)

n=0
at the domain. By (2.7), we get
F(z,t) =

(14)432%( (A+kI)>-l (%(A+I)): [(lt()‘t’)’ik] . (29)

From Pochhammer symbol, we have

" -1 -1 »
k ( (A+I)) (k(A+kI)) =T(A+DT (A+(kr+1()211;])

Substituting (2.10) in (2.9) and using Taylor series of (1—t)~3~"/, it follows
that

F($1t) = ( )-BZ(B)TF(A+I)P-1(A+(]CT+1)I) [_(?E_A:);Z;]r

r—O

rA+nY { Brp-1(4 4 (kr + 1))
r=0 7!
x ( l)rtr(Az)kr(l )—B—rI}

= T(A+]) Z { Bep T3 (A+ (kr + D) (-1)7¢ (a)*r

r=0

Z (B+ ’I)"t"} (2.11)

n=0
Using following equation
(B)r(B+7rI)p—r=(B)n ,
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we have

3 (B)nZ) 3 8) (A + Din] 87

n=0

= T(A+]) z { (B?" (- 1)'( )1“1 (A+ (kr+ 1)I)(Az)’"} .

n=0 r=0
By identification of the coefficients of t", we obtain explicit expression for
zh A)(z, k) Konhauser matrix polynoxmals which is defined

Z(A A)(z k) F(A+ (k;l + l)I) Z( l)r( )P—I(A + (Icr + 1)I)()\x)'°".
(2.12)

r=0

3. BIORTHOGONAL PROPERTY OF THE PAIR OF KONHAUSER MATRIX
POLYNOMIALS

For the pair of Konhauser matrix polynomials, we will discuss the fol-

lowing integral
[~

Jmn = / zhe=22 Z(AN (z; k) YA (z; k) dz. (3.1)
0
Now, we try to evaluate the integral in (3.1). Substituting (2.5) and (2.12)

in (3.1), we have
(=]

_ _xz D(A + (kn+ 1))
Impn = /{er A i

0

X i(—l)j (;,‘)r-l(A + (kj + 1)I)(Az)*?

Z(Ax) Z( 1)3( ) (%((8+1)I+A))m}dw

r=0 =0

- DAt GneD g gy (;‘) =1 (A+ (ki + 1))

=0

A5 Eer() (esren).

r=0

x (/\) (kJ+r)I/xA+(kJ+r)Ie—Azdx.
0
By using Gamma matrix function from [6], we can write
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A+ (kn+ l)I)
nl m!

xzr(A”’“’*"“mZ( 1)*()( (s+1)I+A)) . (32)

r=0 m

Jm n= (/\)—A—I

Z( 1)1( )I‘“’(A+ (kj+1)I)

Let f(t) be a polynomial of degree m. By using the method in [1], we have

m

10=3 (})arso), 4750 = g(—lr-’ (7)1

r=0
or
10 =3 G 31 () 0 (33)
r=0 i =0
Taking the following matrix polynomials
£(t) = (%((t +1I+ A))

m

in (3.3), we can write

(%((t+1)I+A)) ,;o( f)' g( 1)*( ) (%((s+1)I+A))m.
Also for t = —(kj + 1)1 — A, we get
(=D m Z (('”H)“"A)" Z( 1)’( ) (%((s+1)I+A)) :

m

By using Pochhammer symbol, it follows that
((kj + 1) + A), =T((kj +r + 1) + AT~ ((kj + 1)T + A).
By latest equation and (1.4), we have

(=jDm = Z T((kj+r+1)I+ AT)!I‘-I((ch +1I+ A)

r'-'O

x g( 1)’( ) (%((s+1)I+A)) : (3.4)

m
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Substituting (3.4) in (3.2), we can write

()\)—A IP(A+(kn+1)I) Z( 1)]( )( JI)m

!
n! = m!

= (e LAt DD 3 > (7))

n:

(/\)—A—I P(A + (:n + l)I) ( )(1 )n—m

Jm,n

—A—IF(A + (kn + l)I)
n!

Jn,m.

o)

Thus, this equation show that zZ4 ) (z; k) and VAL (z; k) Konhauser mat-
rix polynomials are biorthogonal with respect to weight matrix function
zAe~*%_ For k = 1, we meet orthogonality properties of A (z) Laguerre
matrix polynomials (see [8]).

4. 28 (z; k) KONHAUSER MATRIX POLYNOMIALS

Now, we show that Z{*" (z; k) Konhauser matrix polynomials are ort-

hogonal with respect to (Az) basic polynomial of AR '\)(z, k). It is hold
that

o0
A=z 7 (AN) (o iy 0 ; i=0,1,2,..,n-1
/a: =¥ 74 (x,k)()\x)d:c—{yéo ; b2 . (@)

0
Substituting (2.12) in left-hand side of (4.1), we get
00

/ zhe=2 2N (z; k) (Ax)idz
0

LA+ (:"n + 1)I) jz:;(_l)j (?)F—I(A + (kj + 1)I)(2)ei+dI

o0
x/zA+(kj+1)Ie—Azdx
0

\-A=I (A + (kn+1)I)
n!

X Z( 1)1( )I‘“(A + (ki + 1)I)T(A + (kj + i+ 1)I).

3=0
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Furthermore, we can write

=D(A+ (kj+i+1)DT YA+ (kj +1DI). (4.2)

L ths+01+4]
z=1

dzt

By using (4.2), we obtain
oo

/ ghe=2 284N (z; k) (\z)idz
0

\—A- DA+ (kn+ 1)) & Z( 1):( ) { d [z(kJ+')I+A]

n! dz*

)

=1

j=0

\—A- IP(A+(:!T¢+1)I) d’ { A+tIZ( 1).1() }

3=0

1T(A+ (kn + 1)I) i
n! dzi

ATA- {zAH1(1 - 25"}, (4.3)

which is zero matrix for ¢ = 0, 1, ..., (n—1), but is different from zero matrix
for i = n. Therefore, the matrix polynomials (2.12) satisfy orthogonality
condition (4.1).

Next we obtain recurrence relations and matrix differential equation of
(k+1) order satisfied by A (z; k) Konhauser matrix polynomials. Con-

sidering the difference
nkZ$N (z; k) — k((kn — k + 1)1 + A)p 24 (z; k)
from (2.12), we have
nkZAN (z; k) — k((lm — k4 )T + A28 (z; k)
ap DAt Ut D) $o (5)r+ i+ DDy

j=0
—k((kn = k+ 1)I + A)x LA+ E:n—_l)]‘: +1)I)

X Z( 1)3( )I‘“(A + (kj + 1)) (Az)*. (4.4)

j=0

By Pochhammer symbol, we get

((kn —k+ 1)+ Ak =T"Y(A+ (kn — k+1))T(A + (kn + 1)I). (4.5)
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Combining (4.4) and (4.5), we can write
nkZ{A (z; k) — k((kn — k + 1) + A), 2% (z; k)

= e CU(ORED)

j=0
x P™YA+ (k5 + 1)I)(/\z)'°’}

r(A+(kn+1)I) (- 1)f( )1“ “HA + (kj + 1)I) (Akj) (Az)*i-1

j=0

- m%Z,(,A"‘) (2 k).
Thus, we have following matrix recurrence relation:
nkZ$AN (z; k) - k((kn—k+1)I1+A) 248D (z; k) = x%Z,(,A"‘) (z; k). (4.6)
Also, we get
nkZ{AN (z; k) — k((kn k+ 1)1 + A)k 28D (z; k)
l"(A+(kn+1)I) { (() ( 1))
= 1 J
e R P () j
x T=1A + (ki + 1)I)(Az)*} . (4.7)

Using the relation
()-(57)=G)
j j i-1)

nkZ{N (z; k) — k((kn — k + 1) + A) 284D (23 k)
),, T(A+kI+ (k(n—1)+1)I)
(n-1)!

x f:(-nf (P=DT YA + kI + (k(7 — 1) + 1)I)(Az)*U=1) (4.8)

i-=1

we have

k(Az

j=1
Taking (j + 1) instead of 7, (4.8) can be written
nkZA (z; k) — k((kn — k + 1)I + A)p 2840 (; k)
_ kD(A+EI+ (k(n—1)+1)I)
k(Az) =1

9 z 17 ("7 )T Ak R (kDO

= —k(/\w)"Z,(;ﬁ” N(z; k). (4.9)
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From (4.6) and (4.9), we have

d
T2 2 (a3 k) = kb 2 (@ k). (4.10)

For k = 1, (4.6),(4.9) and (4.10) reduces to recurrence relations for the
Laguerre matrix polynomials.
With the help of (4.7), we try to find matrix differential equation satisfied

by zA (z; k) Konhauser matrix polynomials. By using the relation
nkZE (z; k) — k((kn — k + 1)I + A) 284D (z; k)

I"(A '(Fn(knl;'- 1)]) z_:o(_l)i ((?) _ (n;-l)) T=Y(A + (kj + D) (M)

and (4.6), we get

d (AN .1y _
zden (a:, k) =

(A + (kn +1)I) &

k —

Z( 1Y (O A+ (ki + DD (Az)¥.  (411)

Multiplying (4.11) by z# and taking the k-th derivative with respect to z,
we lcli%ve P
(AA) (...
Ek— [$A+I'a;zn (:E, k)]
T(A + (kn + 1)I)
(n-1)!

x ;( 1y (" 11) YA+ (kj+ 1)1)—(Ax)’°ﬂ+A
A—A+EI, rA -('-n(knl-)'; 1I)
x znj {( ~1)f ( )I‘“(A + (kj + DI (k5T + A)

J=1

A4k

x ((kj = 1) + A)...((kj — k + 1)I + A)(Az)kﬁ-l)“"} .(4.12)
From Pochhammer symbol, we get

L~YA + (kj + D)I)(kiI + A)((kj — 1)I + A)...((kj — k+ 1)I + A)
= I YA+ (k( —1)+1)I). (4.13)
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Combining (4.12) and (4.13), we can write

ke

d(ik [ A+1 dd Z(A A) (:B k)]

A-A-Hdk F(A + (kn + l)I)
(n—1}!

X g(—l)j (j___ ;)F"I(A + (k(] —_ ]_) + 1)[)(/\z)k(j-1)I+A.

Using the relation
D((kn+ 1)1 + A) = ((kn — k+ 1)I + A), T((kn — k + 1)I + A),

we have

* [ a+1 8 Z“‘ M (g k)]

dx Py
=AMk ((kn = k+ 1)I + 4), ATED znlz ﬂ;)})f +4)
X i( 1y (" i 1) T~ A + (ki + 1)) (o)
j=0
= k(- kO AR,

From (4.6) and (4.14), we find

@ [ avr @ can... wlgatr 4 Z(A) kI A Z(AN)

s [:v -d—zZ,, (z; k)] A d:c (z; k)—nk Z M (x5 k)
(4.15)

Thus, matrix differential equation of (k 4 1) order satisfied by Zn (42) (z; k)

Konhauser matrix polynomials is found. For k£ = 1, (4.15) reduces to the

matrix differential equation for the L (z) Laguerre matrix polynomials
[8]. That is, it is hold that

wd%;f«%"’*’ () +(A+1- z\xI)Zd;Lf,A"‘) (z) + AL (z) = 0
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