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1 Introduction

A Steiner triple system (more simply triple system) of order n is a pair (S,T),
where T is a collection of edge disjoint triangles (triples) which partitions the
edge set of K, (= the complete undirected graph on n vertices) with vertex set
S. It is easy to see that |T'| = n(n — 1)/6. In 1847, T. P. Kirkman proved that
the spectrum for triple systems (= the set of all n such that a triple system of

order n exists) is precisely the set of all n =1 or 3 (mod 6) [3].
a

In what follows we will denote the triangle (triple) f E by {a,b,c}.
b

c

Example 1.1 (Two triple systems of order 7.)

Tl = {{1?2)3}9{1)4!5)},{1)617},{2,4,6},{2,5,7},{3,5,6},{3,4,7}} and
T = {{1,2,3},{2,4,5},{2,6,7},{3,4,6},{3,5,7},{1,5,6},{1,4,7}}.

Notice that [Ty NTp| = 1.

In [5], C. C. Lindner and A. Rosa gave a complete solution of the intersection
problem for triple systems. Let I(n) = {0,1,2,...,n(n-1)/6 = z}\{z -1,z —
2,z — 3,z — 5} and let Int(n) be the set of all k such that there exists a pair
of triple systems of order n having exactly k triples in common. Lindner and
Rosa proved that Int(n) = I(n) for all n = 1 or 3 (mod 6), except for n = 9.
In this case Int(9) = I(9)\{5,8} = {0, 1, 2, 3,4, 6, 12} [4].

In what follows we will denote by AK,, the graph on n vertices with each
pair of vertices connected by A edges. A A-fold triple system of order n is a pair
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(S,T), where T is a collection of triples which partitions the edge set of AK,
with vertex set S. It is well known that a necessary condition for the existence
of a 3-fold triple system of order n is that n is odd and the number of triples
is (3). The construction of 3-fold triple systems showing that this condition is
sufficent is quite easy and whoever did this for the first time is lost to history.
Just as we looked at the intersection problem for triple systems, we can
look at the intersection problem for 3-fold triple systems. It is not difficult
to see that if two 3-fold triple systems of order n have k triples in common
ke {0,1,2,...,(3) = z}\{z - 1,z — 2,z — 3,z — 5} = 3I(n). Several people
have shown, except for n = 5, that this necessary condition is sufficient [1].
The graph below is called a hezagon triple

and will be denoted by [a, b, ¢, d, e, f] or any cyclic 2-shift.

Notice that a hexagon triple consists of three triples.

A hezagon triple system is an edge disjoint partition of 3K, into hexagon
triples. Note that if we break up each hexagon triple, we have a 3-fold triple
system. Hence we can think of a hexagon triple system as the piecing together
of the triples of a 3-fold triple system into hexagon triples.

Example 1.2 (Two hexagon triple systems of order 7)

Hl = {[4v 3’2a 5;1’6]|[5a4y3» 1:2a 7])[6y5)4$ 7:3;217[7,6a 511)4’2]:
(1,7,6,2,5,3),[2,1,7,3,6,4],[3,6,1,4,7,5]} and
H, = {[4,6,2,5,1,7),(5,7,3,6,2,1),(6,5,4,2,3,1],[7,6,5,3,4,2],

3,1,6,7,5,4),(7,3,2,5,1,4),(7,2,6,4,1,3]}

If we break up H; and Hj into triangles (triples) we have a pair of 3-fold
triple system intersecting in 10 triples.

The object of this paper is the following twist on the intersection problem for
3-fold triple systems. For which k € {0,1,2,...,(3) = z}\{z-1,2-2,2-3,2-
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5} does there exist a pair of 3-fold triple systems intersecting in & triples, each
of which can be assembled into hexagon triples. We give a complete solution of
this problem modulo a few possible exceptions for n = 13.

2 Preliminaries

We collect together in this section some of the ideas and background material
necessary to obtain the main results.

We begin with partial triple systems. A partial triple system of order n is a
pair (X, P), where P is a collection of edge disjoint triples of the edge set of K,
with vertex set X. The difference between a partial triple system and a triple
system is that the triples in a partial triple system (X, P) do not necessarily
partition the edge set of K,,. Note that a triple system is also a partial triple
system.

Two partial triple systems (X, P,) and (X, P,) are said to be balanced if the
triples in P, and P cover the same edges.

Example 2.1 (Balanced partial triple systems of order 6)

{{1,3,4},{1,5,6},{2,3,5},{2,4,6}} and
{{1,3,5},{1,4,6},{2,5,6},{2,3,4}}

The following result is due to Lucia Gionfriddo.

P
P,

Lemma 2.2 (Lucia Gionfriddo [2]) Let(X, P,) and (X, P;) be partial triple
systems that are balanced and disjoint (having no triples in common). Then us-
ing each triple in P, three times, we can construct a partial hexagon triple system
whose inside triples are P;. |

Example 2.3 (Partial hexagon triple system constructed from
Example 2.1)

P(H) = {[3: 2’4’6: 1’5]v {51 216,4) 1’3]) [4’1v6: 5: 2’ 3]’ [3: 1’5, 67 2’ 4]}

Corollary 2.4 If k € Int(n) for Steiner triple systems, then 3k € 3Int(n) for
hezagon triple systems.

Proof Let (S,71) and (S,72) be a pair of triple systems intersecting in &
triples. Luc Teirlinck [7] has shown that every Steiner triple system has a
disjoint mate. So let (S,T7) and (S, T3) be triple systems such that Ty NTy =0
and T, N T3 = 0. If we place the triples of 377 on T} and the triples of 3T% on
T3, the resulting hexagon triple systems H, and H; have exactly 3k triples in
common. a
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{[5,3,4,7,1,6),(6,7,3,5,4,2],[3,1,2,7,5,4],[7,6,3,2,1,4],

6,3,7,2,5,1),[6,4,2,3,1,5,(7,5,2,6,4,1]}.

= {[6,3,5,4,1,7],[4,6,2,7,5,1],{2,5,7,6,1,3),(3,1,2,4,6,5],
(4,7,3,2,1,5],[4,3,7,1,6,2],(3,4,7,2,5,6]} and

H,

Example 2.5 (Hexagon triple systems of order 7 intersecting in
H,

9 triples)
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|Hs N Hy|

|H7ﬂH1|

36.

This gives a complete solution of the A-intersection problem for hexagon

triple systems of order 9.

.,36}\{35,34, 33,31}.

Lemma 4.1 3Int(9) = {0,1,2,..

n =13
The complete solution of the A-intersection problem for hexagon triple systems

To date we can show that 60 of the 75 intersection num-
Hopefully a complete solution can be obtained at a later

3Int(13)\{3k|k € Int(13)}. We will do this by listing 36 hexagon triple systems

date. Since {3klk € Int(13)} C 3Int(13), we need look only at numbers in
and 37 intersections between them.

bers are possible.

remains elusive.
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Lemma 5.1 3Int(13) D {3knjk € Int(13)}U{0, 1, 2, 4, 5, 7, 8, 10, 11, 13, 14,
16, 17, 19, 20, 22, 23, 25, 26, 28, 29, 31, 32, 34, 35, 38, 40, 43, 44, 46, 47, 50,
52, 56, 58, 62, 70, 74, 78}.
Proof To begin with 3Int(n) 2 {3klk € Int(n)} follows from Lemma 2.2.
We will list the remaining solutions. This will be done by listing 36 hexagon
triple system and then the various intersections between them for a total of
37. (I}

Hy =[[2,10,3,13,1, 7], 2, 4, 6,10, 11, 3], [11, 9, 7, 5, 4, 3], [4, 13, 8, 9, 3,
7,8, 8,9, 2,6, 5), [6, 12, 10, 8, 7, 13, [7, 4, 5, 1, 8, 10], [8, 2, 12, 10, 9, 5), [9,
2,13, 11, 10, 5], [10, 4, 1, 11, 5, 7, [5, 11, 2, 1, 12, 13}, 12, 4, 11, 8, 13, 5], [13,
10,4,9,1,3),[1,6,9,7, 11, 12, [2, 3, 10, 1, 4, 6], [3, 4, 11, 2, 5, 6], [4, 9, 12, 7,
6, 8), [3, 9, 13, 6, 7, 12], [6, 9, 1, 5, 8, 11}, [7, 1, 2, 13, 9, 11], (8, 6, 11, 13, 10,

5, 10], (10, 1, 3, 8, 12, 6], [5, 3, 6, 1, 13, 12], [12, 3, 7, §, 1, 11],

(13, 4, 8,12, 1, 7))

Hy, =[2,11,3,1
7], 3, 13,9, 1, 6, 5
9,2, 13, 4, 10, 5], |
(13,8, 4,9, 1, 3], [1,

2

3
2], 19,12, 4, 2,
1,
1

0,1,7),(29,6,8,11,3], (11,9, 6, 3, 4, 12], [4, 6, 8, 12, 3,
[6, 11, 10, 8, 7, 12}, [7, 10, 5, 9, 8, 1], [8, 2, 12, 10, 9, 3}, [
10,4, 1,11, 5, 7], [ 5, 4, 2, 1, 12, 13],[1211110135]
4, 1
3

9,7,11, 5], [ 2,3, 10, 13, 4, 5, [3, 4, 11, 2, 5, 6], [4, 11,
, 6,9, 11], [8, 13, 11,
13,

l,
12, 10, 6, 2], [3, 9, 13, 6, 7, 12], 6, 13, 1, 5, 8, 4], [7, 13, 1
6 1), 12,6, 7, 8, 1,

[ 8, 4]
6,10,2], [9, 12,4, 7, 5, 8], {10, 1, 3, 8, 12, 9], [5, 3, 6, 1,
2], 13, 11, 8, 10, 2, 7]]
Hs =[[2, 11, 3,10, 1,12}, [2, 9, 6, 10, 11, 3], [11, 9, 7, 3, 4, 12, [4,
3,7, 3, 13,9, 2, 6, 5], [6, 11, 10, 5, 7, 12], [7, 10, 5, 9, 8, 1], [8, 3, 12,
[ [ 2,13 4,

8, 12,

10,9

9, 3, 13, 4, 10, 12], [10, 3, 1, 11, 5, 7], [5, 4, 2, 8, 12, 13], [12, 4, 11, 8, 13,
] : 5,6

3,

1

6,
0

1
(13,10, 4,9,1,11], (1, 4,9, 7, 11, 5], [ 2, 1, 10, 13, 4, 5}, 3, 2, 11, &, 5, 6],
11,12,7,6, 1], 3, 9, 13,2, 7, 4], 6, 13, 1, 7. 8, 4], [7, 13, 2, 6, 9, 11], [8, 1
6,10,2), [9, 8, 4, 2, 5, 1], (10, 8, 3, 1, 12, 9}, [5, 3, 6, 1, 13, 12}, [12, 6, 7, 8, 1,
(13, 6, 8, 10, 2, 7))

Hy = [[12, 8,3, 13,7, 5], [12, 10, 4, 2, 9, 8], [9, 11, 1, 12, 6, 10], {6, 2, 5, 11,
3,4, 3,9, 11, 13, 4, 6), [4, 12, 10, 5, 1, 13], [1, 4, 5, 9, 8, 6}, [5, 6, 2, 12, 11,
10}, [11, 12, 13, 1, 10, 8], [10, 3, 7, 4, 8, 2], [8, 3, 12, 5, 2, 10}, [2, 7, 9, 12, 13,
8], [13, 5, 6, 10, 7, 2], 7, 6, 11, 3, 9, 1, [12, 3, 10, 9, 6, 1], [3, 6, 9, 5, 8, 4], [6,
11,2,9, 4,12), [3, 5, 13, 10, 1, 2], [4, 11, 7, 8, 5, 1], [1, 7, 12, 2, 11, 8}, [5, 4, 9,
13, 10, 11), {11, 7, 6, 13, 8, 1), [10, 7, 3, 1, 2, 4], [8, 7, 4, 11, 13, 6], [2, 3, 1, 9, 7,
13), [13, 3, 5, 7, 12, 9))

Hs = [[12, 8,3, 10, 7, 1], [12, 6, 4, 2, 9, 13], [9, 11, 1, 12, 6, 3}, [6, 13, 5, 11,
3,9], [3, 5, 11, 13, 4, 8], [4, 12, 10, 13, 1, 5], [1, 10, 5, 9, 8, 6], [5, 12, 2, 6, 11,
10}, [11, 12, 13, 9, 10, 8}, [10, 6, 7, 5, 8, 2], 8, 9, 12, 5, 2, 13), [2, 7, 9, 10, 13, 8],
(13, 5,6, 11,7, 3], [7, 4, 11,1,9, 2, [12, 3, 10, 7, 6, 4], [3, 11, 9, 12, 8, 4], [6, 5,
2,10,4,3), (3,7, 13,4,1,2], [4,11,7,8,5,9], [1,7, 12,2, 11, 8, [5, 4, 9, 6,
10, 1], (11, 2, 6,1, 8,10] , (10, 12, 3,1, 2,4], [8, 7, 4, 1,13, 6], 2, 3, 1, 9, 7, 13),
(13, 3,5, 7, 12, 11])

2
5]
5],
4,
11,
2,



.6, [4,2,13,12,11, 3], [5, 9, 1, 7,
(8,6,4,1,7,3), (9, 1, 5, 13, 8, 11],
18, 7,3, 1], [13, 7, 9, 4, 12, 11}, [1,

He=[[2,5,3,12,1, 8], 11, 13, 12, 7,
4,10, [6, 11,2, 3, 5,12, [7, 5, 11, 2, 6, 1
(10,7,6,3,9,2), (3,8, 7,6, 10, 1], [12, ,
11, 10, 3, 13, 6], (11, 9, 8, 2, 1, 10}, [4, 12,9, 10, 2, 13}, [5, 4, 10, 1, 11, 7], [6, 9,
3,11, 4, 8], [7, 2, 12,6, 5,11], [8, 5,13, 1,6, 4], [9, 5, 1, 4, 7, 13, [10, 9, 2, 1, 8,
12), [11, 4, 3,6, 9, 8], [12, 9, 4, 5, 10, 8], [13, 8, 5, 2, 3, 10], [1, 13, 6, 5, 12, 3],

2
0l,
10

[2,12,7,9, 13,4

Hy =2 8 3, 12,1, 5, 11,13, 12, 7, 2, 6], [4, 2, 13, 12, 11, 1], [5, 9, 3, 7,
4,10}, [6, 11,2, 1,5, 12], [7, 5, 11, 2, 6, 10}, [8, 6, 4, 3, 7, 1], [9, 3, 5, 13, 8, 11],
[10,7,6,1,9, 2, [L 8,76, 10, 13], [12, 10,8, 7, 1, 3], [13, 7, 9, 4, 12, 11], [3,
11,10, 1, 13, 6, [11, 9, 8 2, 3, 10}, [4, 12, 9, 10, 2, 13], [5, 4, 10, 3, 11, 7], [6, 9,
1,11, 4, 8], [7, 2, 12,6, 5, 11, [8, 5, 13, 3, 6, 4], [9, 5, 3, 4, 7, 13}, [10, 9, 2, 3, 8,
12], [11, 4,1, 6,9, 8] , [12, 9, 4, 5, 10, 8], [13, 8, 5, 2, 1, 10}, [3, 13, 6, 5, 12, 1],

[2,12,7, 9, 13, 4]
Hg=[2,1
3,7), 3 13,9, 2,
[9, 3. 13, 4, 10, 1
10, 4, 6, 1, 11), [
12, 7, y]-],[ 9,
8,4,2,

6

9

2

2,9, 6, 10, 11, 8], 11, 9, 7,3 4,12),[4,9, 8,1
1, 2,

(2,9,

10, 5, 7, 1), [7, 10, 5, 11, 8,2 1
9,5,7 1,
]

12,1, 1
5), [6, 1
1,

3, 0 9, 8, 10,
6, N 10,9, 4),
2], (10, 2, ,[ 4, 11, 1, 13, 5), 13,
1,5,9,7 11, 13], [2, 11, 8, 5, 6], [4, 11,
,2,7,4), 6,4, 1, 9, 11, [8, 5, 11,
. 1], [10, 8, 3, 1 1, 3,

(10,
5,9,
3,2 ) 5,
/12, 9), 5, 3, 6, 8, 13, 12), [12, 6, 7, 8,

6,
6, 1], [3 6,
10, 3], [9, 8, 4 3
13, 6, 8, 12, 2, 7]
={21 1,12, 2,9, 6, 10, 11, 8], [11, 9, 7, 3, 4
9, 1, [6, 11, 10, 5, 7, 12], [7, 10, 5, 9, 8, 1], | 10,
10, 11,5, 7), 5, 4, 2, 1, 12, 18], [12, 4, 1,8,1
], 11,1, 5,6
3 1

ot
H
w
=
Lo

1,

Hy = [[2, 11,
3,7, [3,13,9,2,
[9, 3, 13, 4, 10, 12],
[13,10, 4, 9, 1,
12,7, 6, 8], [3,
10, 2]) [9, 1,425,

(13, 11, 8, 10, 2, 7]]
' Hp=[12,6,3,21,8], (7,132, 11, 12, 5, [9, 12, 13, 2, 7, 3], 6, 4, 1,
9,10], [5, 7, 12, 3,6, 2], [7, 6, 11, 10, 5, 12}, [8, 5, 9, 1, 11, 3], [4, 1, 6, 13, 8,
(10, 11, 5, 3, 4, 12], [3, 8, 11, 5, 10, 13], [2, 10, 8, 11, 3, 1], [13, 11, 4, 9, 2,
(1,7, 10,3, 13, 5], 7, 4, 8, 12, 1, 10], [4, 2, 9, 13, 12, 10], [6, 9, 10, 1, 7, 11],
4,3,7,9,8), (11, 12,2, 5, 6, 7], [, 6, 13, 1, 5, 9], [4, 6, 1, 9, 11, 13], [10, 4,
1,8,2,[7,9 3,5, 4,8, (24,9, 6 10, 8], [13, 8, 6, 12, 3, 10}, [1, 13, 5, 6, 2, 3),
[12, 2, 11, 4, 13, 9]]

Hy=([1,23,8,12 6], [12, 11,2, 13,7, 5], [7, 2, 13, 12, 9, 1], [9,
6, 10), 6, 1, 12, 7, 5, 2), [5, 10, 11, 6, 7, 12], [11, 3, 9, 5, 8, 1], [8, 13, 6
[4, 1, 5, 11, 10, 12], [10, 5, 11, 8, 1, 13], [L, 11, 8, 10, 2, 3], [2, 9, 4, 11,
(13,1,10, 7, 3, 5], 3, 12, 8, 4, 7, 10}, [12, 13, 9, 2, 4, 10), [7, 3, 10, 9, 6, 11], (9,
7,1,4,5,8], 6,5, 2,12, 11, 7], [5, 3, 13, 6, 8, 9, [11, 9, 3, 6, 4, 13], [8, 3, 12,
10,2), [4,5,1,9, 7, 8, [10, 6,9, 4, 2, &, [1, 12, 6, 8, 13, 10), 2, 6, 5, 13, 3,
(13, 4, 11, 2, 12, 9]

)
£'°
=5
o

1
5

]

3, 10,
6,5
2], [10, 3, 1, [

11,4, 9,7, 11, 5], [2, 8 10, 13, 4, 5, [3, 2,
a13v2’7’4], [le :1 ) ) ’ 1
8, (10, 1, 3, 8, 12, 9], [5, 3, 6, 1, 13, 12], [12, 6,7,8, 1,

11, 3, 4
,3,4,7)
13, 7],
11), [9
4
3, 1),
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3, 10,12, 7}, [7, 10, 6, 4, 12, 1], [9, 1, 11, 4, 7, 2], [1, 10, 5, 4,
13, 18] [11, 8, 10, 7, 6, 2), [5, 3, 11, 10, 8, 7], [4, 10, 2, 12, 5,
9), {10, 9, 13, 1, 4, 2] 8, 4, 3, 12,10, 11], [2, 5, 12, 9, 8, 18], [13, 3,7, 9, 2, 8],
3, 6,9, 10, 13, 7], [7, 11, 4, ,3,13] [9, 13, 10, 3, 12, 8}, [8, 5, 7, 12, 1, 6], [6,
11,2,7,9, 3, [11, 12,13, 4, 1, 9], [5, 11, 3, 9, 6, 13), [4, 6, 12, 13, 11, 7}, 10, 6,
7,8, 5, 1],[8,12,9, 5,4, 3, [2, 3, 1, 5, 10, 4] [13 56,1,8,2),135,11,6,2,
1, [12, 2, 5, 6, 13, 11]]

Hiz =([3, 2,1, 6, 12, 10], [3, 12, 10, 6, 9, 4], [3, 5, 11, 1367],[, , ,9
11][38131249][36710813][12581197][1,1 5, 6,
(12, 3, 10, 13, 5, 8], (12, 4, 13, 6, 11, 2], (12, 11, 2, 13,7, 9], [1, 8,4, 3, 9, 3]
5,7, 3,612, (1, 10, 11, 3, 5, 7}, [1, 9, 13, 5, 10, 11], [1, 3, 2, 6, 8, 4], [9, 2
6,10), [9, 12, 7, 4, 11, 8], [9, 1, 13, 7, 2, 5], [6, 8, 2, 4, 10, 9], [6, 11, 13, 3
1, (5, 12, 8, 1, 4, 6], (5, 1, 7, 2, 10, 13}, [11, 9, 8, 7, 10, 1), [11, 12, 2, 10, 4,
7), {10, 8, 7, 11, 4, 2]]

H14=[[1,13,3,10 2,7],[ 1,8,6,4,2,5],[4,579,11,3],(3,09,8, 13, 4,
11],[6, 1,9, 8, 3, 5}, [7 10 12,6 13] 8,1,5,4,7,10],[9, 4, 12, 2, 8, 3], [10,
11,13, 2,9, 5], [2, 12, 8, 1 9],[ 814109] [128211513] (13, 10,
11,1,12,5), (1, 10, 4, 8, 13, 3, (11, 7,9, 6, 1, 12], [4, 1, 10, 3, 2, 6], [5, 2, 11, 4,
3, 6] 6, 10, 12, 9, 4, 2] (7,6,13,1,3,12], 8,5, 1,9, 6, 11), [9, 13, 2, 1, 7, 11],
(10, 13,11, 6, 8, 7], [5, 7, 4, 12, 9, 01, (12,7, 3,2, 10, 6], (13, 7, 6, 3, 5, 12], [1,
2,7,3,12, 11]]

Hys ={[2, 11, 8, 13, 1, 10], [2, 9, 6, 10, 11, 3], [11, 9, 7, 3, 4, 12), 4, 9, 8, 10,
3,7,[813,9,1,86,5), [6, 11, 10, 5, 7, 12), [7, 4, 5, 11, 8, 10], [8, 2, 12, 10, 9,
31, [9, 2, 13, 4, 10, 5], [10, 4, 1, 8, 5, 7), [5, 11, 2, 8, 12, 13], [12, 4, 11, 1, 13, 5],
(13, 8,4,6,1,11), [1,5,9, 7, 11, 12], [2, 1, 10, 13, 4, 5], (3, 4, 11, 8, 5, 6], [4, 9,
12,10, 6,2, [3,9, 13,2, 7,12}, (6,4, 1, 7, 8, 13], (7, 1, 2, 6, 9, 11], [8, 6, 11, 13,
10,3, [9, 8, 4, 2, 5, 1], (10, 2, 3, 1, 12, 9], [5, 3, 6, 7, 13, 12}, [12, 6, 7, 8, 1, 3],
(13, 6, 8, 12, 2, 7]]

Hg = (6, 11, 3, 12, 1, 10], 6, 9, 2, 8, 11, 5], [11, 9, 7, 5, 4, 3], [4, 13, 8, 10,
3,7,8,8,91,2,5], [2 11, 10, 8, 7, 13, [7, 10, 5, 11, 8, 1], [8, 6, 12, 4, 9, 3],
[9, 38, 13, 11, 10, 12], [10, 4, 1, 8, 5, 9], [5, 4, 6, 8, 12, 13], {12, 4, 11, 1, 13, 5],
[18,10,4,2,1, 3], (1, 5,9, 7,11, 12], 6, 3, 10, 1, 4, 2], [3, 4, 11, 6, 5, 2), [4, 9,
12, 10, 2, 6], (3, 1, 13, 6,7, 12], [2, 9, 1, 5, 8, 13}, [7, 1, 6, 13, 9, 11], [8, 2, 11,
18,10, 7}, [9, 8, 4, 7, 5, 10}, 10, 6, 3, 7, 12, 2], [5, 3, 2, 7, 13, 12}, [12, 2, 7, 6, 1,
11), [13, 4, 8, 12, 6, 9]]

Hyz =2, 11, 8,12,110}, [2, 9, 6, 8, 11, 5, [11, 9, 7, 5, 4, 3], [4, 13, 8, 10,
3,7,[8,8,91,86,5)], 6,11, 10, 8, 7, 13], (7, 10, 5, 11, 8, 1], [8, 2, 12, 4, 9, 3],
[9, 3, 13, 11, 10, 12, [10, 4, 1, 8, 5, 9], [5, 4, 2, 8, 12, 13], [12, 4, 11, 1, 13, 5),
(13,10, 4, 6,1, 3), [1, 5,9, 7, 11, 12), [2, 3, 10, 1, 4, 6], [3, 4, 11, 2, 5, 6}, [4, 9,
12, 10,6, 2, [3, 1, 13,2, 7, 12), (6, 9, 1, 5, 8, 13], [7, 1, 2, 13, 9, 11], 8, 6, 11
13, 10, 7), [9, 8, 4, 7, 5, 10}, [10, 2, 3, 7, 12, 6], [5, 3, 6, 7, 13, 12], [12, 6, 7, 2, 1,
11), [13, 4, 8, 13, 2, 9]]

Hiz =[[1,2,3

9, 11, [6, 12, 4,
31,

3,

-

-

-

5,
1},
L,
5, 4,
8, 2



Hyg=][6,7312,1, 10]
11), 3, 8,9, 1, 2, 5], [2, 7, 10
3,13, 7, 10, 12, [10, 4, 1, 8, 5, 9], [,
12
9
3

,[6,9,2,8,7,5],[7,9,11,5, 4, 3], [4, 13, 8, 10, 3,
7,10, 8

1
4,2,1,3],(1,5,9, 11,7, 12], (6, 3, 10, 1, 4,

2

6

8,7
, 8,11, 13], [11, 10, 5, 7, 8, 1], [8, 6, 12, 4, 9, 3], [9,
4,6,8,12,13), [12, 4, 7, 1, 13, 5], [13, 10,
2,(3,4,7,6,5, 2, [4,9,12, 10, 2,
1,6,13,9,7, [8, 2,7, 13, 10, 11],

2 3

6], 3,1, 13, 6, 11, 12], [2, 9, 1, 5, 8, 18], [11,
, 11, 13, 12], [12, 2, 11, 6, 1, 7),

]
[9, 8, 4, 11, 5, 10], {10,
[13, 4, 8, 12, 6, 9]]

Hyo =[[1, 18, 3,10, 2, 11}, [7, 8, 6, 4, 2, 5, [4, 5, 11, 9, 7, 3, [3, 9, 8, 13, 4,
7,6, 1,9 8, 3, 5, 11, 8, 10, 12, 6, 13], [§, 1, 5, 4, 11, 10], [9, 4, 12, 2, &, 3],
[10,7,13, 2,9, 5], 2,12, 8, 4, 13, 9], [5, 8, 1, 4, 10, 9], {12, 8, 2, 7, 5, 13], [13,
10,7,1, 12, 5], [L. 10, 4, 8, 13, 3], [7, 11, 9, 6, 1, 12], [4, 1, 10, 3, 2, 6], [5, 2, 7,
4,3, 6], (6,10, 12, 9, 4, 2], [11, 6, 13, 1, 3, 12}, 8, 5, ,9,6,7],[9,13,2, 1, 11,
7], [10, 13, 7, 6, 8, 11], [5, 11, 4, 12, 9, 10], [12, 11, 3, 2, 10, 6], {13, 11, 6, 3, 5,
12] 1,2, 11, 3, 12, 7))

Hy =[[6,7,3,12,1, 10), 6,9, 2, 4, 7, 5), [7, 9, 11, 5, 8, 3], 8, 13, 4, 10, 3,
11}, (3,4, 9,1, 2, 5], [2, 7, 10, 4, 11, 13), 11, 10, 5, 7, 4, 1], [4, 6, 12, 8,9, 3], [9,
3,13, 7, 10, 12], [10, 8, 1, 4, 5, 9], [5, 8, 6, 4, 12, 13, [12, 8, 7, 1, 13, 5], [13, 10,
821,3],1,5,9,11,7 12, [6, 3, 10, 1,8, 2], [3, 8, 7, 6, 5, 2], [8, 9, 12, 10, 2,
2,9 1
6,3 2

, 11, 12, 2), [5, 3,

6, [3, 1,13, 6, 11, 12], 1,5,4,13], (11,1, 6, 13, 9, 7], [4, 2, 7, 13, 10, 11],
9, 4, 8, 11, 5, 10], [10, 6, 3, 11, 12, 2], [5, 3,
13, 8, 4, 12, 6, 9]

Ha =[[2, 10, 3,13, 1, 7], {11, 1, 12, 8, 2, 5], [11, 10, 13, 8, 4, 3], [4, 7, 5, 6,
1,10], [5,1, 6, 4, 2, 11}, [7, 9, 11, 8, 6, 13}, [7, 10, 8, 13, 4, 5}, [8, 1, 9, 10, 5, 3],
[9, 5, 10, 12, 6, 3}, [7, 8, 10, 2, 3, 12, [8, 2, 12, 7, 3, 5}, [12, 5, 13, 2, 9, 4], [10,
11,13, 3,1, 4], [8, 6, 11, 12, 1, 9), [4, 12, 9, 13, 2, 6, [10, 13, 11, 2, 5, 9], [4, 2,
6,9,3,11], [7, 3, 12, 13, 5, 4] 8, 4, 13, 7, 6, 11], [7, 11, 9, 8, 1, 2], [8, 7, 10, 3,
2,12], [9, 7, 11, 4, 3, 6], [10, 6, 12, 9, 4, 1], [5, 12, 13, 1, 3, 8], [6, 10, 12, 11, 1,
5], [7, 6,13, 9, 2, 1]]

Hy = (2,11, 3,12, 1, 10], (6, 10, 11, 3, 2, 9], [7, 9, 11, 12, 4, 3], [4, 6, 8, 10,
3,7, 6, 2,9, 13, 3,5, 7, 5, 10, 11, 6, 12), [7, 1, s, 9, 5, 10}, [9, 10, 12, 2, 8, 4],
(10, 4, 13, 3, 9, 12], [5 7,10,2,1,11), [5, 13,12, 1, 2, 4], [12, 5, 13, 1, 11, ], [4
10,13,6,1,9],[9, 7, 11, 13, 1, 5], [4, 13, 10, 8, ], 5,8, 11,2, 3,6], 6,7, 12,
11,4, 1), [7, 2, 13, 9, 3, 4], [6, 13,8, 7, 1, 4], [7, 11, 9, 6, 2, 13], [10, 6, 11, 5, 8,
3, 5,1, 9, 8 4, 2], [10, 9, 12, 8, 3, 1), [6, 8, 13, 12, 5, 3], [, 6, 12, 3, 1, 8], [8,
11,13, 7, 2, 12]]

Hy = [12, 10,3, 13, 1, 7}, [11, 1, 12, 7, 2, ] [11,12,13,8,4,3], (4,7, 5,8,
1, 10), [5, 3, 6, 4, 2, 11], [7, 9, 11, 8, 6, 10}, [7, 3, 8, 13, 4, 5], [8, 3, 9, 10, 5, 1),
[9, 2, 10, 12, 6, 1], [7, 8, 10, 13, 3, 12, [8, 2, 12, 1, 3, 9], [12, 5, 13, 2, 9, 4], [10,
11,13,6, 1, 4], 8,9, 11, 10, 1, 2}, [4, 12, 9, 13, 2, 6], [10, 13, 11, 2, 5, 9], (4, 8,
6,5, 3,11, 7, 3, 12,6, 5, 11), (8, 5, 13,7, 6, 11), [7, 13,9, 5, 1, 4], [8, 7, 10, 3
2,12), (9, 7, 11, 4, 3, 6}, [10, 8, 12, 9, 4, 5}, [5, 12, 13, 1, 3, 2], [6, 10, 12, 11, 1
9] [7, 6,13, 4, 2,1])

, 11, 18, 12, 12, 2, 11, 6, 1, 7),

1
7,

-

*
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Haa = {[2, 10, 3,13,1, 7], [11, 1, 12, 8, 2, 5], [11, 10, 13, 8, 4, 3], [4, 7, 5, 8,
1, 10], [5, 3, 6, 4, 2, 11], [7, 9, 11, 8, 6, 13), [7, 10, 8, 13, 4, 5], [8, 3, 9, 10, 5, 1],
9, 5, 10, 12, 6, 1, [7, 8, 10, 2, 3, 12}, [8, 2, 12, 7, 3, 5, (12, 5, 13, 2, 9, 4], [10,
11,13,3, 1, 4], [8, 6, 11, 12, 1, 9], [4, 12, 9, 13, 2, 6}, (10, 13, 11, 2, 5, 9], [4, 2,
6,9,3,11), [7, 3, 12, 13, 5, 4], 8, 4, 13,7, 6, 11], [7, 11, 9,6, 1, 2], (8, 7, 10, 3,
2,12, [9, 7, 11, 4, 3, 8], [10, 6, 12, 9, 4, 1], [5, 12, 13, 1, 3, 6], [6, 10, 12, 11, 1,
5], [7, 6, 13,9, 2, 1]]

Hos = [[2, 10, 3,13, 1, 7), [11, 1, 12, 8, 2, 5], [11, 10, 13, 8, 4, 3], [4, 7, 5, 6,
1, 10), [5, 3, 6, 4, 2, 11), [7, 9, 11, 8, 6, 13, [7, 10, 8, 13, 4, 5], [8, 3, 9, 10, 5, 1],
9, 5, 10, 12, 6, 1], [7, 8, 10, 2, 3, 12], [8, 2, 12, 7, 3, 5, [12, 5, 13, 2, 9, 4), [10,
11,13, 3,1, 4], [8, 6, 11, 12, 1, 9], [4, 12, 9, 13, 2, 6], [10, 13, 11, 2, 5, 9, 4, 2,
6,9,3,11], [7, 3,12, 13,5, 4], [8, 4, 13,7, 6, 11], [7, 11, 9, 8, 1, 2], [8, 7, 10, 3,
2,12}, 9, 7, 11, 4, 3, 6], [10, 6, 12, 9, 4, 1], [5, 12, 13, 1, 3, 8], [6, 10, 12, 11, 1,
5, [7, 6, 13,9, 2, 1])

Has = [[2, 10, 3,13, 1, 7], [11, 1, 12, 6, 2, 5], [11, 10, 13, 6, 4, 3], [4, 7, 5, 8,
1,10], 5,1, 8,4, 2, 11}, [7, 9, 11, 6, 8, 13}, [7, 10, 6, 13, 4, 5], [6, 1, 9, 10, 5, 3],
9, 5, 10, 12, 8, 3], [7, 6, 10, 2, 3, 12, [6, 2, 12, 7, 3, 5], [12, 5, 13, 2, 9, 4], [10,
11,13, 3,1, 4], 6, 8, 11,12, 1, 9], (4, 12, 9, 13, 2, 8, [10, 13, 11, 2, 5, 9], [4, 2,
8,9,3,11], [7, 3, 12, 13, 5, 4, [6, 4, 13, 7, 8, 11}, [7, 11, 9, 6, 1, 2], [6, 7, 10, 3,
2,12), 9, 7, 11, 4, 3, 8], 10, 8, 12, 9, 4, 1], [5, 12, 13, 1, 3, 6], [8, 10, 12, 11, 1,
5], [7, 8,13, 9, 2, 1]]

Hyr = [[2, 3,10, 13, 1, 7}, [11, 1, 12, 6, 2, 5], [11, 3, 13, 6, 4, 10}, [4, 7, 5, 8,
1,3],[5, 1,8, 4,2 11), [7, 9, 11, 6, 8, 13], 7, 3, 6, 13, 4, 5], [6, 1, 9, 3, 5, 10], [9,
5,3, 12, 8, 10), [7, 6, 3, 2, 10, 12}, [6, 2, 12, 7, 10, 5, [12, 5, 13, 2, 9, 4], [3, 11,
13,10, 1, 4, (6, 8, 11, 12, 1, 9], 4, 12, 9, 13, 2, 8}, (3, 13, 11, 2, 5, 9], (4, 2, 8, 9,
10, 11, [7, 10, 12, 13, 5, 4], [6, 4, 13, 7, 8, 11], [7, 11, 9, 6, 1, 2], [6, 7, 3, 10, 2,
12], (9, 7, 11, 4, 10, 8), [3, 8, 12, 9, 4, 1), 5, 12, 13, 1, 10, 6], [8, 3, 12, 11, 1, 5|,
7, 8,13,9, 2, 1]

Has = [[7, 10, 3,13, 1, 2], 11, 1, 12, 8, 7, 5, [11, 10, 13, 8, 4, 3], [4, 2, 5, 6,
1, 10), [5, 1, 6, 4, 7, 11}, [2, 9, 11, 8, 6, 13], [2, 10, 8, 13, 4, 5], [8, 1, 9, 10, 5, 3],
[9, 5, 10, 12, 6, 3, [2, 8, 10, 7, 3, 12}, [8, 7, 12, 2, 3, 5), [12, 5, 13, 7, 9, 4], [10,
11,13,3,1,4], [8, 6, 11,12, 1, 9], [4, 12, 9, 13, 7, 6], [10, 13, 11, 7, 5, 9], [4, 7,
6,9, 3,11), [2, 3, 12, 13, 5, 4, [8, 4, 13, 2, 6, 11], [2, 11, 9, 8, 1, 7], [8, 2, 10, 3,
7,12), 9, 2, 11, 4, 3, 6], 10, 6, 12, 9, 4, 1], [5, 12, 13, 1, 3, 8§], [6, 10, 12, 11, 1,
5], [2, 6, 13,9, 7, 1]]

Hao = [[2, 10, 3,13, 1, 7], 11, 1, 12, 6, 2, 5}, [11, 10, 13, 6, 4, 3], [4, 7, 5, 8,
1,10], [5, 3, 8, 4, 2, 11}, [7, 9, 11, 6, 8, 13], [7, 10, 6, 13, 4, 5}, [6, 1, 9, 10, 5, 3],
[9, 5, 10, 12, 8, 1}, [7, 6, 10, 2, 3, 12], [6, 2, 12, 7, 3, 9], [12, 5, 13, 2, 9, 4], [10,
11,13, 3, 1, 4], [6, 8, 11, 12, 1, 5], [4, 12, 9, 13, 2, 8], [10, 13, 11, 2, 5, 9], [4, 2,
8,9,3,11), [7, 3, 12, 13, 5, 4], [6, 4, 13, 7, 8, 11}, [7, 11, 9, 6, 1, 2], [6, 7, 10, 3,
2,12), (9, 7, 11, 4, 3, 8], [10, 8, 12, 9, 4, 1], [5, 12, 13, 1, 3, 6], [8, 10, 12, 11, 1,
5, [7, 8,13, 9, 2, 1]]
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Hso = [[2, 10, 3,13, 1, 7], [11, 1, 12, 6, 2, 5}, [11, 10, 13, 6, 4, 3}, [4, 7, 5, 6,
1, 10], [5, 3,8, 4,211, [7,9, 11, 6, 8, 13], [7, 10, 6, 13, 4, 5], [6, 1, 9, 10, 5, 3,
9, 5,10, 12, 8, 1, [7, 6, 10, 2, 3, 12, (6, 2, 12, 7, 3, 9], [12, 5, 13, 2, 9, 4], [10,
11,13, 3,1, 4], [6, 8, 11, 12, 1, 5], [4, 12, 9, 13, 2, 8], [10, 13, 11, 2, 5, 9], (4, 2,
8,93 11), [7, 3, 12, 13, 5, 4], [6, 4, 13, 7, 8, 11], [7, 11, 9, 8, 1, 2], [6, 7, 10, 3,
2,12, 9, 7, 11, 4, 3, 6], [10, 8, 12, 9, 4, 1], [5, 12, 13, 1, 3, 8}, [8, 10, 12, 11, 1,
5}, [7, 8, 13,9, 2, 1))

Ha = [[2, 10, 3, 4, 1, 7), [11, 1, 12, 8, 2, 5], [11, 3, 13, 8, 4, 10], [4, 7, 5, 6,
1,3],[51,6,4,2 11], (7,9, 11, 8, 6, 13, [7, 10, 8, 13, 4, 5], [8, 1, 9, 10, 5, 3]
9, 4, 12, 10, 6, 3}, [7, 8, 10, 2, 3, 12}, [8, 2, 12, 7, 3, 5], [10,1, 13, 2, 9, 5], [12, 5,
13, 10, 1, 11], [8, 6, 11, 12, 1, 9], [4, 12, 9, 13, 2, 6], [10, 13, 11, 2, 5, 9], [4, 2, 6,
9,3, 11, [7, 3, 12, 13, 5, 4], 8, 4, 13, 7, 6, 11), [7, 11,9, 8, 1, 2), [8, 7, 10, 3, 2
12), 9, 7, 11, 13, 3, 6], [10, 6, 12, 9, 4, 11], [5, 12, 13, 1, 3, 8], [6, 12, 10, 4, 1
[7,6,13,9, 2, 1]]

Hsz = [[1, 13, 3, 10, 6, 11], [7, 8, 2, 4, 6, 5], [4, 5 8,13, 4
7,12 1, 9, 8, 3, 5], [11, 8, 10, 12, 2, 13), [8, 1, 5, 4, 11, 10], [9, 4, 12, 6, 8, 3]
(10, 7, 13, 6, 9, 5], 6, 12, 8, 4, 13, 9], [5, 8, 1, 4, 10, 9], [12, 8, 6, 7, 5, 13], 13,
10, 7,1, 12, 5), [1, 10, 4, 8, 13, 3}, [7, 11, 9, 2, 1, 12], [4, 1, 10, 3, 6, 2], [5, 6, 7,
4,3,2,[2 10,12,9, 4, 6), [11, 2,13, 1, 3, 12}, [8, 5, 1, 9, 2, 7], [9, 13, 6, 1, 11,
7, [10, 13, 7, 2, 8, 11}, [5, 11, 4, 12, 9, 10}, (12, 11, 3, 6, 10, 2}, [13, 11, 2, 3, 5,
12], 1, 6, 11, 3, 12, 7))

Has = [[2,12,8,4,13,9], [1,13,3,10,2,7), [11, 8, 6, 4, 2, 5], |4, 5,7, 9, 11,
3}, (3,9,8,13,4,11), (6, 1,9, 8, 3, 5, [7, 3, 10, 12, 6, 13], [8, 1, 5, 4, 7, 10], 9,

10, 11 , 3,211, 5, 13],
i )

15],

9 11’ g’ 73 8]’ [37 9’ ? 13, 1
11,1 2

8

1 6 4,
4,12,2,8, 3], [10, 11, 13, 2, 9, 5, [5, 8, 1, 4, 10, 9], [12, 3, 2, 11, 5, 13 [13 10,
11,1, 12,5}, [1, 10, 4, 8, 13, 3}, (11, 7, 9, 6, 1, 12], [4, 1, 10, 8, 2, 6], [5, 2, 11, 4,
3,6], 6, 10, 12,9, 4, 2, [7, 6, 13, 1, 3, 12, {8, 5., 1, 9, 6, 11}, (9, 13, 2, 1, 7, 11],

(10, 13,11, 6,8, 7], [5, 7, 4, 12, 9, 10}, [12, 7, 3, 7,6, 3

2,7, 8,12, 11])

Haq = [[2,12, 8, 4
13), 3,9, 8, 13, 4, 11],
1
4

Y

Y

2, 10, 6}, [13, 7, 6, 3, 5, 12], [1,
12,7, [11,8,6,4,2,5], [4,5,7,9, 11,
12,6, 13}, [8, 1, 5, 4, 7, 10}, [9,
. 1,4, 10, 8], [12, 3, 2, 11, 5, 13], [13, 10,
9,6, 1, 12), [4, 1, 10, 8, 2, 6], [5, 2, 11, 4,
10, 8, 5, 1, 9, 6, 11, [9, 13, 2, 1, 7, 11],
(12,7, 3, 2, 10, 6}, [13, 7, 6, 3, 5, 12), [1,

,90, 1,13, 3, 12, 2
.9, 8,3, 5], (7,3, 10,
9, 5], [5, 8, 1, 4, 10,
11, 7,

1 1) 3!
10],

.13
6, 1
3,2,
3,3,

4,12, 7,8, 3], [10, 11,1
11, 1,12, 5], 1, 10,4, 8, 1
3,6], 6,10, 12,9, 4,2, [7
(10, 13, 11, 6, 8, 2], [5, 7, 4,
2,7,8, 12, 11]

Hass = [[2, 3,10, 13, 1, 7], [5, 1, 12, 6, 2, 11], [5, 3, 13, 6, 4, 10], [4, 7, 11, 8,
1,3),(11,1,8,4,2,85,[7,9,5,6,8, 13, [7, 3,6, 13, 4, 11], [6, 1, 9, 3, 11, 10],
(6, 2
1

, 6,13
12,9,

9, 11, 3, 12, 8, 10], [7, 6, 3, 2, 10, 12], [6, 2, 12, 7, 10, 11], [12, 11, 13, 2, 9, 4),
3,5,13,10,1,4], 6, 8, 5,12, 1, 9], [4, 12,9, 13, 2, 8], [3, 13, 5, 2, 11, 9], [4, 2,
8,9, 10, 5], [7, 10, 12, 13, 11, 4], [6, 4, 13, 7, 8, 5], [7, 5, 9, 6, 1, 2], [6, 7, 3, 10,
2,12],[9, 7, 5, 4, 10, 8], [3, 8, 12, 9, 4, 1], [11, 12, 13, 1, 10, 6}, [8, 3, 12, 5, 1,
11], [7, 8,13, 9, 2, 1]]
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Hse = [[1, 13, 3,12, 2, 7), [2, 3, 12, 6, 10, 8], [4, 8, 13, 11, 10, 1], [1, 6, 5, 7,
4,10, [2, 4, 6, 1, 5, 11], [6, 12, 10, 3, 7, 13], [4, 13, §, 12, 7, 5], 5, 10, 9, 1, 8,
3,6,8,11,7,9,3],(3,4,11,9, 7,10}, [3, 2, 12, 7, 8, 5], [9, 2, 13, 5, 12, 4], [1,
3,13, 10, 11, 12], [1, 4, 10, 2, 8, 9), 2, 13, 9, 12, 4, 6}, [5, 2, 11, 13, 10, 9], [3, 9,
6,2, 4, 11], [5, 13,12, 8,7, 4], [6, 7, 13, 4, 8,11, [1, 8,9, 11, 7, 2], [2, 5, 11, 6,
8, 10], [3, 7, 10, 5, 9, 6], [4, 9, 12, 1, 11, 3], 3, 1, 13, 12, 5, 8], [1, 11, 12, 10, 6,
5], [2, 9, 13,6, 7, 1]]

|Hi2NHig| = 1, |HuNHyg| = 2, |HiNHg| = 4, |HyNH7| = 5, |H12NH30| = 7,
|HsNHyg| =8, |HsNHy4| = 10, |HiaNHpg| = 11, |H3N Hyg| = 13, |HgNHag| =
14, |Hg N Hyg| = 16, |H3z N Hgs| = 17, |His N Hy| =19, |Hs; N Hj,| = 20,
'HgﬂHu' =22, |H14NHg| = 23, |HasNHay| = 25, IHanml = 26, |HsNHy, | =
28, |Has N Hog| = 29, |Hig N Hag| = 31, |Hy7 N Hyg| = 32, |Hyy N Hys| = 34,
|Hys N Hig| = 35, |Hyz N Hag| = 38, |Haz N Hag| = 40, |Hyz N Hag| = 43,
[Haa N Haog| = 44, |Hy N Hys| = 46, |Hyz N Hyy| = 47, |Hig N Hyg|l = 50,
|Hia N Hgo| = 52, [Hy4 N Hy7| = 56, |Ha N Hyg| = 58, |H21 N Hss| = 62,
|[Hig N Hys| =70, {Hia N H24| = T4.

Combining all of the above gives the following lemma.

Lemma 5.2 3Int(13) 2 {0, 1,2, 3, 4,5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16,
17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 38,
39, 40, 42, 43, 44, 45, 46, 47, 48, 50, 51, 52, 54, 56, 57, 58, 60, 62, 66, 70, 74,
78}. _ O

6 n=15

Let (X, F) and (X, G) be two 1-factorizations of Ka,, where F = {F}, F3,...,
Fyp_1} and G = {G,,Gy,...Gan_1}. We say that (X, F) and (X,G) have k
edges in common provided 2?;‘;1 |F; NG| = k. The intersection problem for
1-factorization of K, was solved in 1982 by C. C. Lindner and W. D. Wallis
[6]. In particular, for 2n = 8 the intersection numbers are
{0,1,2,...,28}\{27,26,25,23}.

We will need the following construction: the 2n+1 Construction specialized
to2n+1=15.

Let (S,T) be a 3-fold triple system of order 7 where S = {1,2,3,4,5,6,7}.
Let (X, F) be 1-factorization of Kz where SN X =0 and F = {F,, 3, F3, F},
F;, Fs, Fr}. Define a collection of triples T* as follows:

(1) TCT* and
(2) for each edge {z,y} € F;, place three copies of {¢,z,y} in T*.

Then (SU X, T*) is a 3-fold triple system.
The following lemma is immediate.
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Lemma 6.1 Let (X, F) and (X,G) have k edges in common. Then the type
(2) triples have 3k-triples in common. O

Lemma 8.2 If (S,T) can be organized into hezagon triples, then (S U X,T*)
can be organized into hezagon triples.

Proof It is only necessary to organize the triples of type (2) into hexagon
triples. This is quite easy. Let (X, G) be a 1-factorization of Kg where GNF = {.
Then by Lemma 2.2 we can place the triples of type (2) on the triples {i,z,y} €
G; € G to obtain a collection of hexagon triples. O

Corollary 6.3 If z € 3Int(7) and k € {0,1,2,...,28}\{27,26,25,23}, then
z + 3k € 3Int(15).

Proof Let (S,Ti) and (S,T:) be 3-fold triple system having k triples in
common which can be organized into hexagon triples and let (X, F) and (X, G)
be 1-factorizations of Kg having & edges in common. Then the 3-fold triple
systems (SU X, T7) and (SU X, Ty) constructed using the 2n + 1 Construction
can be orgenized into hexagon triple systems having z + 3k triples in common. O

Lemma 6.4 3Int(15) = {0,1,2,...,78}\{77,76,75,73}.
Proof Each n € 3Int(15) can be written in the form n = = + 3k, where
z €3Int(7) and k € {0,1,2, ..., 281\ {27, 26,25, 23}. 0

7 The 6n + 1 > 19 Construction

Since we have a solution for 7,13 (modulo a few exceptions), and 15 we need
consider only the cases 6n + 1 > 19. Before giving the 6n + 1 Construction, we
need the following example.

Example 7.1 ' (Two decompositions of 3K3 33 into hexagon triples
having no triples in common.)
Let 3K3 33 have parts {1,2,3}, {4,5,6}, {7,8,9} and let

Hy, ={[4,3,8,6,1,7],5,3,7,4,1,9),[6,3,9,5,1,8],[4,1,7,6,2,9], [5,1,9,4, 2,8],
6,1,8,5,2,7,[4,2,9,6,3,8),[5,2,8,4,3,7,(6,2,7,5,3,9]}, and

H; = {[4,2,7,5,1,8},[5,2,9,6,1,7],[6,2,8,4,1,9],[4,3,9,5,2,7], [5,3,8,6,2,9],
6,3,7,4,2,8,[4,1,8,5,3,9],(5,1,7,6,3,8], 6, 1,9,4,3,7]}.

Corollary 7.2 There exists a pair of 3K3 3 3 hezagon triple systems having 0
or 27 triples in common. O

With this example in hand, we can proceed to the 6n+1 > 19 Construction.
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The 6n + 1 > 19 Construction

Let (X, G, T) be a group divisible design (GDD) of order 2n > 6 with at most
one group of size 4 and the remaining groups of size 2. If 2n =0 or 2 (mod 6)
all groups are of size 2 and if 2n = 4 (mod 6) exactly one group is of size 4, the
others of size 2. Let S = {00} U (X x {1,2}) and define a collection of hexagon
triples H as follows:

(1) For each g € G, let ({oo}U(gx {1,2,3}), H(g)) be a hexagon triple system
of order 7 or 13, as the case may be, and place the hexagon triples of H(g)
in H.

(2) For each block t = {a,b,c} € T, let (3K3,3,3, T(t)) be a decomposition of
3K3 33 with parts {a} x {1,2,3},{b} x {1,2,3}, and {c} x {1,2,3} into
hexagon triples and place these hexagon triples in H.

Then (S, H) is a hexagon triple system.

Lemma 7.8 There exists a pair of hexagon triple systems of order

6n+ 1 > 19 having k triples in common for all k € 3Int(n).

Proof Let k € 3Int(n). If 2n =0 or 2 (mod 6), we can write k=) .., a; +
217_:'1{0, 27} where the a;'s belong to 3Int(7). If 2n = 4 (mod 6), we can write

k= a1+ X0 2a; + 2T {0,27}, where a; € {0,78} (see Lemma 6.4) and

a2,a3,...,8p—2 € 3Int(7). O
We have the following theorem.

Theorem 7.4 3Int(n) = 3I(n) for all n = 1 (mod 6), with possibly a few
ezceptions for n = 13 (see Section 5). a

8 The 6n + 3 Construction
Before giving the 6n + 3 Construction we will need the following lemma.

Lemma 8.1 There ezist a pair of partial hezagon triple systems of order 9
which are disjoint, balanced, and cover the edges of 3Ko\3K3.

Proof Let (S,T1) and (S,T;) be a pair of triple systems of order 9 having
ezactly the one triple t* in common. Then (S, T1\t*) and (S, T2\t*) are disjoint
and balanced. Putting the triples of T7\t* on the triples of To\t* and vice versa
gives the desired pair of partial hexagon triple systems. O
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Example 8.2 (A pair of partial hexagon triple systems of order 9.)

T = {{1,2,3},{1,4,7},{1,5,9},{1,6,8}, {4,5,6},{2,5,8}, {2,6, 7},
{4,5,6},{7,8,9},{3,6,9},{3,4,8}, {3,5,7}}, and
T2 = {{1’213}’ {175’8}’ {1’4’6}7 {1’ 7’9}v {5’ 6’7}i{21 6’9}’ {2: 7)8})

{2,4,5},{4,8,9},{3,4,7},{8,5,9}, {3,6,8}}
t* = {1,2,3}

N\t = {{1,4,7},{1,5,9},{1,6,8},{4,5,6},{2,5,8},{2,6,7},{2,4, 9},
{7,8,9},{8,6,9}, {3,4,8},{3,5,7}}, and
\t* = {{1,5,8},{1,4,6},{1,7,9},{5,6,7},{2,6,9},{2,7,8},{2,4,5},
{4,8,9},{3,4,7},{83,5,9},{3,6,8}}
Hl. = {[5a2r8’6’ 1,9],[4,5,6,8,1,7],[7,8,9,5,1,4],[6,2,7,3,5,4],

[6,3,9,4,2,7],[7,9,8,5,2,6],(4,6,5,8,2,9),[8,7,9, 2,4, 3],
{4’ 1: 7, 51 37 8]1 [51 1) 9’ 6’ 31 7]’ [67 11 8: 4, 3) 9]}: and

H, = {4,3,7,9,1,6],[5,3,9,7,1,8,[6,3,8,5,1,4],(5,6,7,1,4,2],
[51 lr 87 7: 2) 4]) [6, 5’ 77 8) 2a 9]7 [4» 8: 9s 61 2, 5]7 [81 4’ 9: 17 73 2])
[6,2,9,5,3,8],4,9,8,6,3,7,[5,6,7,4,3,9]}.

We can now give the 6n + 3 Construction.

Let (X, G, B) be a GDD of order 2n with at most one group of size 4 and
the remaining groups of size 2. Set S = {001,002,003} U (X x {1,2,3}) and
define a collection of hexagon triples H as follows:

Let G = {g{,92,93,...,92n} be the groups of G with |g}| = 4 if G contains
a group of size 4. ’

(1) Place a hexagon triple system on {00, 002,003} U(g} % {1,2, 3}) and place
these hexagon triples in H.

(2) For each g; € G, i > 2, place a partial hexagon triple system on {oo;, 0oy,
ooz} U {g; x {1,2,3}) as in Lemma 8.1

(3) For each triple {a, b,c} € B, place a hexagon triple system on 3K3 3,3 with
parts {e} x {1,2,3}, {b} x {1,2,3}, and {c} x {1,2,3}.

Then (S, H) is a hexagon triple system of order 6n + 3.

Theorem 8.3 The intersection numbers for hexagon triple systems of order
n =3 (mod 6) are precisely {0,1,2,...,(3) =z}\{z -1,z -2,z - 3,z - 5}}.
Proof 9 and 15 are taken care of in Sections 4 and 6. So we need only concern
ourselves here with 6n + 3 > 21.

In case |g;| = 4, any number in {0,1,2,...(3) = z}\{z—1,z-2,z-8,z-5}
can be written as asum a+3_ b;+3_{0, 27}, where a € 3Int(15) and b; € {0,33}.
If |g7| = 2 then any number in {0,1,2,...,(3) =z}\{z -1,z - 2,z - 3,z = 5}
can be written as a sum a + Y b; + 3_{0, 27} where a € 3Int(9). (|

255



9 Summary

Combining Lemmas 3.1, 4.1, and 5.2, along with Theorems 7.4 and 8.3 gives
the following theorem:

Theorem 9.1 3Int(n) ={0,1,2,...,(3) =z}\{z - 1,2 - 2,z - 3,2 - 5} for
alln =1 or 3 (mod 6) with the possible exceptions of {37, 41, 49, 53, 44, 49, 61,
63, 64, 65, 67, 68, 69, 71, 72} for n = 13. O

References

[1] S. Ajodani-Namini and G. B. Khosrovshahi, On a conjecture of A. Hart-
man, in Combinatorics Advances (Ed. C. J. Colbourn and E. Mahmoodian),
Kluwer Academic, Dordrecht, (1995), 1-12.

[2] Lucia Gionfriddo, Bullentin of the ICA, 48 (2006), 73-81.

(3] T. P. Kirkman, On e problem in combinations, Cambridge and Dublin
Math. J. 2, 1847, 191-204.

[4] E. S. Kramer and D. M. Messner, Intersections among Steiner systems, J.
Combinat. Theory (A), 16 (1974), 273-285.

[8) C. C. Lindner and A. Rosa, Construction of Steiner triple systems having
a prescribed number of triples in common, Canad. J. Math., XXVII (1975),
1166-1175.

[6] C. C. Lindner and W. D. Wallis, A note on one-factorizations having a
prescribed number of edges in common, Annals of Discrete Mathematics 12
(1982), 203-209.

[7] L. Teirlinck, L., On making two Steiner triple systems disjoint, J. Combi-
nat. Theory (A) 23, 1977, 349-350.

256



