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Abstract
In this paper, we introduce a class of digraphs called ({, m)-walk-
regular digraphs, a common generalization of both weakly distance-
regular digraphs[l] and k-walk-regular digraphs[3] and give several
characterization of them about their regularity properties that are
related to distance and about the number of walks of given length
between vertices at a given distance.

1 Introduction

Let I' = (V,E) be a digraph with the vertex set V and the arc set
E. If (u,v) € E, we say that u dominates v. The set of vertices of I'
dominated by u is said to be the out-neighbors of u, denoted by I'f (u).
The set of vertices of I' dominating u is said to be the in-neighbors of u,
denoted by I'T (). A digraph is said to be out(in)-regular if the number of
out(in)-neighbors of u, |T'{ (u)|(|T'7 (u)]), is independent of u for any u € V
and the digraph is said to be regular if [['f (uv)| = |I'] ()| for every u € V.
A walk of length ¢ in T is a sequence (uo,uy, ..., u:) of vertices such that
(ui-1,u;) € E, i = 1,2,...,t. The number of arcs traversed in a shortest
walk from u to v is called the distance from u to v in T', denoted by 8(u, v).
The maximum value of the distance function in I is called the diameter
of I'. A digraph I is said to be strongly connected if, for any two distinct
vertices u and v, there is a walk from u to v. The distance—k digraph I'x
is the digraph with vertex set V and where there is an arc from u to v if
and only if 8(u,v) = k in T for any vertices » and v.
Let I be a digraph with diameter D. For 0 < k < D, the distance-k
matriz Ag, is defined by
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1 if O(u,v) =k,
0 otherwise.

(Ak)uv = {

In particular, Ag = I, A; = A is called the adjacency matrix of I and A;
is the I'y’s adjacency matrix.

The spectrum of the digraph I', consisting of the eigenvalues of A to-
gether with their multiplicities, is denoted by spI': spI’ = {Ag*®, AT, - , A"}
Thus m(z), the minimal polynomial of I' can be described as m(z) =
(z = Xo)™(x — M) -+ (x — Ag)™¢, where r; < my, i = 0,1,---,d, with
degree Zf=o r; £t+12>d+1 since A may not be a symmetric matrix .

Let A(I') be the adjacency algebra of I, that is, A(T') is the algebra
spanned by A in C. It is known that {I, 4,---, A'} is a basis of A(T") and
A(T) = C[A] = span{l, A, A%,-.. , At}. It is immediate that ¢t > D if we
notice that the powers I, A, A2,.-. , AP are linearly independent.

If AA* = A*A, where A* is the transpose of A’s conjugate, then A is
said to be normal and the digraph with A as its adjacency matrix is said
to be a normal digraph. About normal matrices, there are the following

properties:

Proposition 1.1 (1)) Let A be an n x n complez matriz with eigenvalues
Ao Ay-- -y An—1. Then A is normal if and only if any of the following as-
sertions holds:
(a) U*AU = D for some matriz U such that UU* = I,

and D = diag(Ao, A1, -+ s An-1)
(b) A* = p(A) for some polynomial p € C|z].
(c) tr(A4%) = Ty M2,

If T is normal, thenr; =1, ({ =0,1,--- ,d), t = d and from Proposition
1.1(a), we know that the eigenvectors of a normal n x n square matrix
constitute an orthogonal basis of the vector space C*. Notice that If I is
a normal digraph, then for any vertex u, we have |I'f(u)| = (44*)yu =
(A*A)yu = [T (v)| and then

Proposition 1.2 A normal digraph T" is out-regular if and only if " is
in-regular, further a normal digraph " is regular if and only if ' is out(in)-
regular.

In the next section, we will introduce the definition of (I, m)-walk-regular
digraphs, which is a generalization of weakly distance-regular digraphs(1],
a class of digraphs different with those defined in [2] by K.Wang and
H.Suzuki, and also a generalization of m-walk-regular digraphs[3]. The
following are the definitions about weakly distance-regular digraphs and
m-walk-regular digraphs.
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Definition 1.1 (1)) A digraph T’ of diameter D is weakly distance-regular
if, for each nonnegative integer | < D, the number al,, of walks of length
! from vertez u to vertex v only depends on their distance &(u,v) = k, for
anyl=0,1,--- ,D. In this case we write @', = ak,0 < k,l < D.

Definition 1.2 (/3/) T’ = (V,E) is said to be a k-walk-regular digraph
if, for a given integer k, (0 < k < D), the number of walks of length I,
al, = (AY)uy, from vertez u to vertex v only depends on the distance from
u to v, provided that this distance does not exceed k. In this case we just
denote the number by al,.

2 Main Results

Definition 2.1 LetT be a strongly connected digraph with diameter D and
d+1 distinct eigenvalues. T is said to be (I, m)-walk-regular if the number
of walks of length i < 1 from u to v with 8(u,v) = k < m, ai, = (A")ue
does not depend on such vertices u and v, but depends only on i and k,
where | <t and m < D satisfying | > m are two given integers. In this
case we just denote the number by ai.

It is easy to see that if I is (!, m)-walk-regular and ” o ” is the Hadamard-
entrywise-product of matrices, then for each 0 < i < land 0 < j < m,
P A i i>

8’ 4 :;{hezm_ui]se . Also the (I, m)-walk-regular di-
graphs must be (I’, m')-walk-regular for any positive integers I/, m’ with
I/ <1land m' < m. And this concept does generalize the concepts of
weakly distance-regular digraphs and m-walk-regular digraphs. In fact,
(t,m)-walk-regular digraphs coincide with the m-walk-regular digraphs,
and (D, D)-walk-regular digraphs are exactly the weakly distance-regular
digraphs.

we have A0 A; =

Theorem 2.1 Let T’ be a strongly connected digraph with diameter D and
distance matrices {Ak}kD=0. Let m be an integer with 0 < m < D. Then
the following is equivalent.

(i) T is (m, m)-walk-regular;

(#t)The distance matrices Ax, k =0,1,--. ,m, is a polynomial of degree
k in the adjacency matriz A; that is, Ax = px(A), for eachk =0,1,--- ,m,
where p, € Clz];

(iii) For each pair of i,k, 0 < k< m, 0<i<m-—1, the number

Pia(uv) = [Py (u,)| = ITF (w) N T (v)]

is a constant for all u,v such that (u,v) = k.
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(iv) For each triple of i,j,k, 0 < 1,5,k < m and i+ j < m, the number,
¥ (u,v) == |P¥;(u,v)| := [T} (u) NT;(v)], is a constant for all u,v such
that 8(u,v) = k.

Proof.  (i)==>(ii): Suppose for any nonnegative integer ¢ < m, the number
a},, only depends on the distance from u to v. Then

A'=all +aiA+abAs +... +ai4;, (0<i < m), (1)

where, necessarily, a} # 0 and a = 0 for any k > {. In matrix form

I @ 0 0 0 ... 0 I

A a§ a8 0 0 ... O A

A2 | _ | a2 a? &2 0 ... 0 A |, @)
A™ ad* aP aft o ... af Am

where C := (a}) is a lower triangular matrix. Since a{ > 0 for any 0 <
i < m, the matrix C is non-singular and its inverse C~! is also a lower
triangular matrix. Hence Ax is a polynomial of degree of k in A for any
0<k<m:

Ar=pr(A) =afI +of A+ oA’ + ...+ af 4k, (0<k<m), (3)

where of # 0, as desired.

(i))==(i): Let us assume that there are constants of, with of # 0,
(0 £ k,i < m) satisfying (3). This implies that Equations (2) and (1) hold
with C = (a}) being the inverse matrix of C~! = (a}), and, hence the
number of walks of length i (0 < i < m) from one vertex to another vertex
only depends on their distance.

(ii)==>(iv) Suppose Ax = px(A), for k=0,1,--. ,m, is a polynomial of
degree k in A. Set M = {f(A)If(A) € A, deg f) <m}. Then M isa
subspace of A(T') and {I, A,--+,An} is a basis of M. Thus for any 4,7, k
such that 0 < 4,5,k <m and 0 <i4j<m,

AiAj = pi(A)p;(A) = Z 75 Ak
k=0

Let u and v be two vertices of digraph I such that 8(u,v) = k (0 < k < m).
Notice that the number p; J(u, v) representing the number of vertices at
distance ¢ from u and at distance j to v, comcldes thh the (u, v)-th entry
of the matrix A;A;, we have pm(u v) = 'ym = pm, 0<4,5,k<m0<
i+ j < m, for any two vertices u, v at distance k. (iv)==(iii) is obvious so
it suffices to prove (iii)=(ii).



Iffor0<i<m-1,
i+l

AAy =) Pk A
k=0

We can use an inductive argument starting from Ag = I, A; = A to deduce
that the distance matrix Ax (0 < k < t) is indeed a polynomial of degree
k in the adjacency matrix A. O

For a given digraph I" with adjacency matrix A, we consider the follow-
ing scalar product in C[z] :(see [1])

(pr0) = ~tr(p(A)a(4)")

It is obvious that the product is well defined in the quotient ring C[z]/(m(z)).
Notice that 1,z,22%,... ,z are linear independent in C;[z], then by using
the Gram-Schmidt method and normalizing appropriately, it is immedi-
ate to prove the existance and the uniqueness of the orthogonal system
of polynomials {pi}o<k<: called predistance polynomials, which, for any
0 < h,k < t, satisfy:

(1) deg(px) = k;

(3) Il Px 1= pr(X0).

Recall that, in a weakly distance-regular digraph, we have D = d =
t([1],Theorem 2.2) and such polynomials satisfy px(A) = Ak, 0 < k < d.
If the d + 1 distinct eigenvalues Ao, Ay, ..., Aq satisfy the condition that
|Ao| = |M1| = ... 2 |Ad, then by the Perron-Frobenius theorem, )¢ is simple
and has a positive eigenvector v. Further if I' is k-regular, then we may pick
v = j, where j denotes the all 1- vector, and Ao = k. Consequently, if T is
regular and (m, m)-walk-regular, Axj = pr(A)j = pr(Xo)j. So the number
ny of vertices at distance k from any given vertex is equal to px(Ag), for
each k = 0,1,--- ,m. In the following we will give some characterization
of (!, m)-walk-regular digraphs,

Lemma 2.2 Let I' be a (I, m)-walk-regular digraph, then for any p € A,
with deg(p) = h < | and any integer j with0 < j < m, p(A)oA; = ri(p)A;,
where 7;(p) is a real number depending only on the polynomial p and the
integer j.

Proof. Let p(z) = ap + a1z + - -+ +apz™. Then
p(A)o Aj = (ao + a1 A+ - +apA*)o A;j

h h
= (a0])oA;+(a14)04;+ - +(anA")oA; = 3 aiafA; = (Y aial)A; 2 ri(p)4;,

i=f i=j
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where 7;(p) = 21_7 a;a}, a real number depending only on pand j. O

Theorem 2.3 Let I be a regular digraph with predistance polynomials
P0,P1, - ,Pt- Then the following statements are equivalent.

(i) T is (I, m)-walk-regular;

(i‘i) p,(A) OAj = 6,']'/1,', 0 S ) _<_ l, 0 S] S m.

Proof. (i)=(ii). Suppose that [ is (/, m)-walk-regular, we have that p;(A4) =
A;, 0 < i £ m by Theorem 2.1. It is obvious that p;(4) o A; = 6;;A; for
0<i,j<m.
Form+1<i<1{0<j<m pi(d)oA; =rj(p;)A; from the
Lemma above. Notice that I' is regular and (I, m)-walk-regular we have
pi(M) = LSum(A;) = LSum(p;(4)). So

ri(pi) - B3(0%0) = 5(p) - ~Sum(p;(A)) = = Sum(r;(pe)ps(4))

- -::Sum(r,-(pi)Aj) - %Sum(pi(A) 0 Aj) = %Sum(pg(A) op;(A))

1 —_ 1 .

= —Sum(pi(4) o p;(4)) = ~tr(p(A)p;(4)") = (P, p5) = 0.

Thus rj(p:) = 0 for p;(Ao) # 0. Therefore p;(A) o A; =0, as desired.
(ii)=>(i). Let =" = 3", alp; for h < I. Then for each pair of vertices

u,v with 8(u,v) = 7 < m and h <! we have

h
(A")uy = (A" 0 Aj)uy = D al(pi(A) © Aj)uy = a}.

=0

Consequently, I is (!, m)-walk-regular. O
We define the preintersection number in the same way as in [4]:

{pipj, Pk) 1 o )
€= Tz~ e T AR (ApA)).

Proposition 2.4 Lett > 1> m < D, T be a (!, m)-walk-regular digmph,
and let i,5,k < m. Ifi+j < l, then the preintersection numbers §,,
equals the well defined intersection numbers p{-‘j Ifi+j 2 1+1, then
the preintersection numbers equal the average ﬁfj of the values p,J (u,v) =
ITF (w) NT5 (v)| over all vertices u,v with (u,v) =k

Proof. Fori+j <l

€ = St A AIAY) = s Sum( (s (4) )
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——=Sum(pi(A)p;(4) o pr(4)) = ()\ )Sum(A iA;j 0 Ar)

= 0
1
=% Z lr:'(u)nr;(v)u=|r;r(u)nr;(v)|
k 8(uv)=k

with 8(u,v) = k and the number is pf;.
Fori+j>141,

gl = ———Sum(A:id;j 0 Ar) = (Aid;)uv
i~ np ()\ ) npk()\o) 8(§_k
=— Y D (Auul4 )m=— 3 ITHw) NIy @) =7
3(“ v)=k w B(u,v)=k
o
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