MORE IDENTITIES ON THE TRIBONACCI NUMBERS
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ABSTRACT. In this paper, we use a simple method to derive different
recurrence relations on the Tribonacci numbers and their sums. By
using the companion matrices and generating matrices, we get more
identities on the Tribonacci numbers and their sums, which are more
general than that given in literature [E. Kilic, Tribonacci Sequences
with Certain Indices and Their Sum, Ars Combinatoria 86 (2008),
13-22.].

1. INTRODUCTION

The Tribonacci sequence is like the Fibonacci sequence, but instead of
starting with two predetermined terms, the sequence starts with three pre-
determined terms and each term afterwards is the sum of the preceding
three terms, that is

In=Th1+Th—o+ Tn—3y n>3 (11)
where Tp = 11 =0, T3 = 1. The first few tribonacci numbers are:
0,0,1,1,2,4,7,13, 24,44, 81, 149, 274, 504, 927, 1705, 3136, 5768, - - -

3 e, 3
The tribonacci constant 1+ ‘/19+3‘/3'—g+ V19-3v33 is the ratio toward which

adjacent tribonacci numbers tend. It is a root of the polynomial z3—z2—z—
1, approximately 1.83929 , and also satisfies the equation z% — 223 +1 = 0.
In (1], the author derives new recurrence relations and generating ma-
trices for the sums of usual Tribonacci numbers {S,} and 4n subscripted
Tribonacci numbers {7y}, and their sums {S4,}, where S, = p_o Tx. In
this paper, we intend to give the more identities on the Tribonacci numbers
{Th+w}, arbitrary subscripted Tribonacci numbers {Tw(nt+n}, and their
sums {Sn+w}, {Sw(n+n)}, Where w and h are arbitrary positive integers.

2. ANOTHER RECURRENCE RELATION

By the recurrence (1.1), we have two expressions: T}, = Ty—; + Th—2 +
Tn-3,and T,y = T, 3+ T3+ Tn-4, subtract the second expression from
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the first expression, we have another recurrence relation
Tn = 2Tn_1 - Tn_..;, n 2 4 (21)

with the initial conditions: Tp = T} = 0,72 = T3 = 1. This follows the
result on paper [2].

Comparing (1.1) with (2.1), we find that there are three differences: the
first is the initial conditions number, (1.1) is 3, but (2.1) is 4; the second is
the order, (1.1) is 3, but (2.1) is 4; the third is characteristic equation, (1.1)
isz® =22 -z —1=0, but (2.1) is z* — 223 + 1 = 0. Thus their companion
matrices [3] are also different, denote them by A, B. respectively,

010

A=|0 0 1|, (2.2)
111
0 100
0 010

B=| 4 001 (2.3)
-1 00 2

From the recurrence (1.1) and the initial conditions, summing up the
begin n recurrence relations, we can derive:

Spn=1+8p_1+Sn2+Sp-3,n23, (2'4)

where Sp = S; = 0, S2 = 1. Subtract the relation Sp_; = 1+ Sp—2 +
Sp—3 + Sn—4, (n = 4) from (2.4), we can obtain

Sn = 2Sn—1 - Sn—4, n 2 4, (2.5)

where Sp = 51 =0, S; = 1, §3 = 2. Its companion matrices also is B. The
first few tribonacci numbers’ sums are:

0,0,1,2,4,8,15,28,52,96,177, 326,600, 1104, 2031, 3736, 6872, - - -

Define the 3 x 3 matrix A,, and the 4 x 4 matrix B, as shown:
Tn Tn+l Tu+2
An=| Toy1 T2 Tnss |, (2.6)
Tn+2 Tn+3 Tn+4

Sn Snt1 Sn+2 Snis
Sn+1 Sn+2 Sn+3 Snia
= . 2.
Bn Sn+2 Sn+3 Snts Snis (2.7)
Sn+3 Sn+4 Sn+5 Sn+8
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Using direct computation, we have A, = AA,,_;, B, = BBy-1. by the
induction on n, one obtains that:

Apn=AAp 1 =A%A, 3 =..-= A"A,, (2.8)
B, =BB, ,=B’B, 5=---= B"B,. (2.9)

By the definition of the sums of the Tribonacci numbers, S, = Ty + T +
vt Thes + T3+ Thm2+ D1+ T = Snt + Tz + Th2+ Tn1) + T =
Sp—4 + 2T, then we get

1
T = 5(Sn = Sa-4) (2.10)

3. IDENTITIES ON THE TRIBONACCI NUMBERS AND THEIR SUMS
Suppose we want the identity of the form (w > 2 is an arbitrary given
positive integer)
Totw=21Tn + Z,Tnt1 + stn+2, (31)

By the recurrence theory, there are: Thiyt1 = z1Tn41 + 2,Tnye +
Z3Tnt3, Tntwi2 = 21Th42+2,Tn+3+T;Tn 44, thus the constants x3, 22, z3
follow the system:

T Ta+t1 Thto ) Tatw
To+1 Tni2 Tnys z2 | = | Tnqw+ |-
Trave Tots Tova 3 Thtw+2
From (2.8) we use elementary row operations on the augmented matrix [4]

Ag:
To T1 T Tw
A= T2 Tz Tw+ |, (3.2)
T; I3 T, Tus2
to obtain a classes of identities (for w various values):
Tn+5 = 2Tn + 3Tn+l + 4Tn+2;
Tn+6 = 4Tn + 6Tn+1 + 7Tn+2;
Tpt7 =TT + 11Ty + 13T 4 2;

Tn+8 = 13Tn + 20Tn+1 + 24Tn+2;
Tnto = 24T, + 37T 41 + 44Ty o;

We use the principle of induction on w to get

Totw =Tw-1Tn + (Tw-2 + Ty-1)Tn41 + TpTni2, n 2 0, w > 2. (3.3)
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For the sums of the Tribonacci numbers {Sy+v }, we use the same method,
use elementary row operations on the augmented matrix Bj
So S S2 Sz Su
S1 S2 S3 Si Swn
S2 S3 Si S5 Swyz |’

S3 Sa S5 S Swis

for various positive integer w, we get identities:

B} = (34)

Sn+6 = _4Sn - 2sﬂ+1 - Sn+2 + 8Sn+3

Spi7 = —88y —4Sn41 — 25n42 + 155n+3;
Snig = —158, — 85n+1 — 4Sn+2 + 28Sn+3;
Sni9 = —285, — 158 +1 — 85n42 + 525n+3;
Snt10 = =525, — 285,41 — 15542 + 96Sn+3;

We use the principle of induction on w to get
Sn+w = —Sw—ZSn - Sw—3sn+1 - Sw-—4sn+2 + Sw—lsn+3a n>0,w 24
(3.5)
4. IDENTITIES ON THE ARBITRARY SUBSCRIPTED TRIBONACCI NUMBERS
AND THEIR SUMS

Suppose we want the identity of the form (w and h > 2 are arbitrary
given positive integers)

Tw(n+h) =Z1Twn + szw(n+1) + msTw(n+2)! (4.1)
we construct the 3 x 3 generating matrix C and Al,:
0 1 0
cC=|0 0 1 (4.2)
r1 X3 T3

Tw(n+1) Tw(n+2) Tw(n+3) (43)
Tw(n+2) Tw(n+3) Tw(n+4)
Using direct computation, we have Al, = CAl,.;. by the induction on n,

one obtains that:
Al, = CAl,_; =C%Al,_2 =--- = C"Al,. (4.4)

Thus, in order to solve the constants z;,z3,z3, we use elementary row
operations on the augmented matrix Alg,

TO Tw T2w Twh
Alg= | Ty Tow Tsw Twn+)
Tow T3w Taw Twrs2)

Tun Tw(n+1) Tw(n+2)
Aln -—
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to obtain a classes of identities (for w and h various value):
To(n+9) = 1316T2p + 1705T5(n 1) + 4452T5(n 1.2);
T3(n+5) = 44T3n - 213T3(n+1) + 274T3(n+2);
Ty(nt4) = 11Tan + 56Ty(n11) + 126T4(n42);
T5(n+s5) = 442T5p + 463T5(n 1) + 9304T5(, 1.9);
Tr(n+s) = 1825767089T7,, + 27412145228 T (5, 1) + 130014406756 T7(n1.2);

Especially, there are:
Ton = 3T5(n—1) + To(n-2) + To(n-3);
Tsn = TT3(n-1) — 5T3(n-2) + T3(n—3);
Tyn = 11Ty(n_1) + 5Ty(n—2) + Ta(n-3);
Tsn = 21T5(n-1) + T5(n-2) + Ts(n-3);
Ton = 39T(n—1) — 11T5(n—2) + To(n—3);

Suppose we want the identity of the form (w and h > 3 are arbitrary
given positive integers)

Sw(n+h) = 21Sun + xQSw(n-H) + zssw(n+2) + z4Sw(n+3)r (4-5)
we can construct the 4 x 4 generating matrix D and Bl,,:
0 1 0 O
0 0 1 0

D=9 0 0o 1 |°

Ty T2 T3 T4

Swn Sw(n+1) Sw(n+2) Sw(n+3)
S, S, S, S,
Bl = w(n+1) w(n+2) w(n+3) w(n+4) 4.6
" wint2) Swn+3) Swntd) Swnts) (46)
Swin+3) Swin+d) Swn+s) Sw(n+6) |
Using direct computation, we have Bl, = DB1,_;. by the induction
on n, one obtains that:

Bl,=DBl,_ =D?Bl,_3=-.-= D"Bl,. (4.7)

Hence, in order to solve the constants z,,z2,z3,,z4, we use elementary row
operations on the augmented matrix B1§,

gﬂ gw §2w §3w SSwh
* __ w 2w 3w 4w w(h+1
Blo - S2w SSw Saw SSw Sw§h+2; ’ (4'8)
S3w Stw Ssw Sew Sw(h+3)
for w and h various values, we obtain a classes of identities:
Sa(n+9) = —55282, — 163Sy(nt1) — 115255(n42) + 1868S2(n+3);
S3(n+5) = —8S53n + 47S3(n+1) = 90S3(n+2) + 52S3(n+3);
Sy(n+6) = —138S4n — 564S4(n+1) — 877S4(n42) + 15808 4(n+3);
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Ssn+7) = —9768S5s — 464S5(n41) — 19538285(n42) + 20561555 (n+3);

Especially, there are
San = 4S2(n-1) — 252(n-2) — S2(n-4)," 2 4
S3n = 8S3(n—1) — 1253(n-2) + 6S3(n-3) — Sa(n-4),n 2 4;
San = 1284(n—1) = 6S4(n—2) — 4S4(n-3) — Sa(n-4),n 2 4;

This shows that our identities are more general than that given in paper

[1].
5. CONCLUSION

In this paper, we use a simple method to give different recurrence re-
lations on the Tribonacci numbers and their sums, we use the companion
matrices and generating matrices to derive more identities on the Tribonacci
numbers and their sums, which are more general than that given in paper

[1].
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