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ABSTRACT. An (a, d)-edge-antimagic total labeling for a graph G(V, E)
as an injective mapping f from VUE onto the set {1,2,---, |V| + |E[}
such that the set {f(v)+)_ f(uv)|uv€E} where v ranges over all of V is
{a,a+d,a+2d,--- ,a+(|]V|-1)d}. Simanjuntak et al conjecture: 1. C,
has a (2n + 3,4)-or a (2n + 4,4)- edge-antimagic total labeling; 2. cycles
have no (a,d)-edge-antimagic total labelings with d > 5. In this paper,

these conjectures are shown that they are true.
1. INTRODUCTION

Graph labelings were first introduced by Rosa [9] in the late 1960s,
most graph labeling methods trace their origin to one introduced by Rosa
[9] in 1967, or one given by Graham and Sloane (7] in 1980. With la-
beled graphs serving as useful models for a broad range of applications
such as: coding theory, X-ray crystallography, radar, astronomy, circuit
design, communication network addressing and data base management
(see [3], [4] and [11] for details), many new concepts were introduced by
experts. Hartsfield and Ringel (8] introduced antimagic graphs in 1990,
the concept of an(a,d)-antimagic labelings was introduced by Bodendiek
and Wagner [5] in 1993, Baéa et al [1] introduced the notion of a(a, d)-
vertex-antimagic total labeling in 2000, Simanjuntak et al [10] define an
(@, d)-edge-antimagic vertex labeling and an (a, d)-edge-antimagic total la-
beling. The problem of deciding whether a given graph is antimagic is
very difficult. Joseph A. Gallian introduced in [6] that Simanjuntak et
al conjecture: 1. paths have no (a, d)-edge-antimagic vertex labeling with
d > 2; 2. Cy, has a (2n+43,4)-or a (2n+4, 4)-edge-antimagic total labeling;
3. Cbpy1 has a (n +4,5)-or a (n + 5,5)-edge-antimagic total labeling; 4.
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cycles have no (a, d)-edge-antimagic total labelings with d > 5. Baca et
al [2] proved that paths have no (a, d)-edge-antimagic vertex labeling with
d > 2. In this paper, we show that Ca, has a (2n + 4, 4)-edge-antimagic
total labeling; cycles have no (a,d)-edge-antimagic total labelings with
d>5.

An (a, d)-edge-antimagic total labeling for & graph G(V, E) as an injec-
tive mapping f from VUE onto the set {1,2,:--,|V|+ |E|} such that the
set {f(v)+X_f(uv)|uveE} where v ranges over all of V is {a,a + d,a +
2d,--- ,a+ (V| - 1)d}.

Suppose the sets A = {a1,a2,+** ,an}, B = {b1,b2,--- ,bs}, therefore

A+ B={ay+bi,a2+ba, -+ 00+ b}

The vertices of C,, are denoted in proper order: xi,Z2, - ,Zxn.

2. MAIN-RESULTS
Theorem 1 . Cyy, has a (2n + 4, 4)-edge-antimagic total labeling.

Lemma 1. If n is even, Cap, has a (2n + 4,4) — edge — antimagic total

labeling.

Proof. when n > 2, we define the vertices and the edges of Ca, in
the following way: Suppose

A; = {znz1, 71, 7122},

Ay = {z2, zoz3, 23},

As = {2324, %4, T4T5},
Ap_1 = {a:g,;_:;:c;ﬁv_._mx%_z,z%_zzg’g_l}. Let

f(Al) = {2n+ la 1a2}a
f(Ak+1) =f(Ak)+{272)72}i k= 112"” sn-z;
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we get 3(n — 1) different numbers, and
UpZif(Ak) = {2n +1,1,2}U{2n + 8,3,4}U---U{4n — 3,20 — 3,2n — 2} =
{1,2,---,2n-2}U{2n+1,2n +3,--- ,4n - 3}; s0

f(z1) + f(z1320) + f(z122) = 2n + 4,

f(z2) + f(z172) + f(z273) = 2n + 8,

F@sp_o) + f(Tap_2T3p ) + f(Top_oTap_;) =8n—8.
For the remaining vertices and edges,let
(xan_l) =4n -4,
flzpe) = flme) -4 k=3 -1,3,... 2n-3,
f(z2n-1) =2n -1, f($2n) =4n,
flzyp_1z3p) =2n+2,
f@ezre) = f(meo1zk) +4 k=3p,3841,... 2n -2
f(@on—172n) = dn - 1;
thus, we obtain
Uz’;%_lf(zk) ={4n—4,4n~8,--- ,2n - 4,2n,2n — 1,4n},
there are § + 2 different numbers;
Ui';%uf(a:k_lmk) ={2n+2,2n+86,-- ,4n—2,4n ~ 1},
there are % + 1 different numbers, these n+ 3 numbers are different, and
these differ with the above 3(n — 1) numbers too.
flzsp 1) + f(msp_1Z3p o) + f(zap_173p) = 8n — 4,
f(zsp) + flzap_173p) + f(z3pTap 1) = 8,

f(zan) + f(z2n—1Z2n) + f(Z2nz1) = dn+4n -1+ 2n+ 1 = 10n.

We obtain

f(VUE) ={1,2,--- ,4n},

{f()+2f(w)|weE}={2n+ 4,2n +8,..- ,10n}.

Hence, C2n (n > 2) has a (2n + 4,4)-edge-antimagic total labeling;
when n = 2, the vertices and the edges labelings of C; are:

fl) =1, flz2)=4, f(z3)=3, f(zs)=38,

f(z1z2) =2, f(z2z3) =6, flxazs) =7, f(zqz1)=35.

219



Lemma 2. If n is odd, Ca,, has a (2n + 4,4) — edge — antimagic total
labeling.

Proof. when n > 3, we define the vertex and the edge labeling of Cs,

as follows:

flz) =1, fz2) = 2n+3,

f(zs) =5, f(z4) =4,

flzizan) =2n+1, f(z1z2) =2,

f(zoz3) =3, f(zazq) =2n +4,

f(zs) = 2n,

o) = fa) —4 k=56, 53T,

f(zazs) =8,

flzrzrsr) = flxr_1zi) +4, k=05,6,---, 2,
so we have

Ut f(z) = {1,2n +3,5,4}U{2n2n — 4,--- , 10,6},
there are 247 different numbers;
F@122n)ULE: f(@kzien) = {20 +1,2,3,2n + 4}U{8,12, - ,
2n + 6};
these are 1‘{—7 +1 different numbers, and these with th above 1‘-;51 numbers
are different too.
f(z1) + f(z1720) + f(z172) = 2n + 4,
f(z2) + f(z172) + f(z223) = 2n + 8,

f(a:#) + f(:v%v_lx#) + f(mgdz-lxg#+1) =4n+ 14.

For the remaining 3(n — 3) + 1 vertices and edges, we construct label as
follows: let

f(zﬁg'—"-a-l) =2n+5, suppose

A= {‘”%—’Hz%—’nvxl}'—wm“’2;-!+2“’ﬂ§—7+3}a

Az = {323£+3’z&3'—’+3x%'1+4’$£;—"+4}s
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An-3 = {Ton_1,T2n—1T2n, Ton}. Let
f(A1) ={7,2n+8,2n+ 7},
f(Ak1) = f(Ar) +{2,2,,2}, k=1,2,--- ,n—4
we obtain 3(n — 3) numbers:
f(A1) ={7,2n + 8,2n + 7},
f(A2) ={9,2n + 10,2n + 9},
f(An_3) = {2n-1,4n,4n - 1};
these numbers differ,as
UpZ3f(Ax) = {7,9,--- ,2n — 1}U{2n + 7,20 +8,--- ,4n}. And
f($£2ﬂ+1) + f(zl'!'r"x&g_’-u) + f(x-"—;_’-i-lw."-;'_’-p.z) =4n + 18,
f(ng_'_z) + f(xlF+1zl}z+2) + f(a:%_vﬂxq_v_,_s) =4dn + 22,
f(z2n) + f(T2n-1Z20) + f(T2nz1) = 100,
Therefore, we obtain
f(VUE) ={1,2,.-- ,4n},
{f(@)+2f(uv)|uwveE}={2n+ 4,2n + 8, ,10n}.
Hence, C2, (n > 3) has a (2n + 4,4)-edge-antimagic total labeling;
when n = 3, the vertices and the edges labelings of Cg are:
flz) =1, f(z2)=9, f(z3)=5,
f(zd) =4, f(zs)=6, f(ze)=11,
f(z122) =2, f(z23) =8, f(zaza) =10,
f(zazs) = 8. f(zsze) =12, f(zez1) =17.
Overall, Cz, has a (2n + 4,4)-edge-antimagic total labelings.

Theorem 2 . Cycles have no (a,d)-edge-antimagic total labelings with
d>5.

Proof. Suppose cycle has m vertices, the set
{1’2$°" ’lvl + lEl} = {1)2v" : )2m}9
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in this set, the maximum of the sum of arbitrary three numbers is 6m — 3,
the minimum is 6; in the set {a,a +d,a +2d,--+ ,a + (|V| — 1)d}, the
maximum is ¢ + (m — 1)d. If the cycle has a (a, d)-edge-antimagic total
labeling, then a > 5; suppose d > 5

a+ (m—1)d>6 + (m — 1)d>6 + (m — 1)6 = 6m > 6m — 3,
contradict. hence, cycles have no (a, d)-edge-antimagic total labelings with
d>5.
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