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Abstract

We obtain some new examples of weakly distance-regular di-
graphs. Moreover, a class of commutative weakly distance-regular
digraphs of valency 4 and girth 2 is characterized.

1 Introduction

A digraph I is a pair (X, A), where X is a finite set of vertices and A C X?
is a set of arcs. Throughout this paper we use the term digraph to mean a
finite directed graph with no loops. We often write VT for X and AT for A,
respectively. An arc(u,v) of I' is said to be an edge if (v,u) € AT". A path of
length r from u to v is a finite sequence of vertices (u = wo, w1, , wr = v)
such that (w¢—1,w;) € AT, for t = 1,2, ,r. A path (wo, w1, - ,w,) is
said to be a circuit of length r + 1, if (wr, wo) € AL'. A shortest circuit is
called a minimal circuit. The girth of I is the length of a minimal circuit.
If a digraph contains an edge, its girth is 2. The number of arcs traversed in
a shortest path from u to v is called the distance from u to v in I, denoted
by 8(u,v). The maximum value of the distance function in I is called the
diameter of I'. A digraph is said to be strongly connected if, for any two
distinct vertices = and y, there is a path from z to y. For vertices z and
y of T', define 8(z,y) = (8(z,),8(y,x)). For a digraph T, we assume that
8(T") denote the set {5(x,y)|z,y € VT}.
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Definition 1.1 A strongly connected dzgmph T is said to be weakly distance—
regular, if for all h,7,j € T' and 8(z,y) =

pks = |{z € VI|8(z,2) = and 8(z,v) = j}|

depends only on h,i,7. The nonnegative p?; are called the intersection numbers

We say that I' is commutative, ifpg‘j = p;:.‘; forallh,i,jel .

For a strongly connected digraph T', let A;; denote a square matrix of
degree |VT'|, whose rows and columns are indexed by vertices of I' such

that -
L. -J 1 if 9(z, y) = (i,j),
(Aig)esy = { 0, otherwise.
We say that A; ; is the (i, j)th adjacency matriz of I'. It is easy to see that

T is a weakly distance-regular graph iff the span of the {A; ;|(,7) € 8(T")}
is closed under multiplication. Let

P‘vJ = {(:L‘, y) € VI' x VP'é(:c,y) = (7'7.7)}1

and .
Ty j(z) = {y € VT0(z,y) = (4,5)}.
Let T" be a weakly distance-regular digraph. For vertices z and y of T,
let

Pi(zy)={zec VT|8(z, z) =17 and 6(z,y) = 7}

If 8(z,y) = h, the | (@)l = p’.‘ Note that |['; ;(x)| does not depend
on the choice of z and w111 be denoted by ki, ;.

Definition 1.2 LetT'; and ' be digraphs. The lezicographic productT'1[T's)
from Ty to I' is a digraph with the vertex set {(u1,u2)lu1 € VI'y and up €
VT,} and the arc set {((u1,u2), (u}, us))|(u1,u]) € Al'y or vy = ug and (ug,up) !
AT3}. The directed productT'y xT'y fromT'y to T's is a digraph with the ver-

tez set {(ul,u2)|u1 € VT and uy € VT'3} and the arc set {((u1,u2), (u, u5))| (w1
AT and ug = uporuy = v} and (uz,up) € Al'z}.

Let x = (X, {Ri}o<i<d) denote an association scheme of class d. As
regards association schemes, we refer readers to [4]. For any two nonempty
subsets E,F C R := {R;|0 < i < d}, define

EF:={Ra Y 3 #bs #0},

R;€E R;eF
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and write R;R; instead of {R;}{R;}. For each nonempty subset F of R,
define < F' > to be the minimal equivalence relation containing F. For any
nonempty subset ' C R and z € R, let

F(z):={y € X|(z.v) € |J f}, X/F:= {F(z)|z € X},
feF

and

R{ = {(F(2), F(y))ly € FR:F(z)}.

Let I' be a strongly connected digraph of diameter d. In the rest of this
paper, we always assume that R = {I'; ;|(¢, j) € 3(1‘)} For any equivalency
relation F' C R, the digraph (VI/F, |, sedm 1 1) is said to be the
quotzentdzgraph of I' over F, denoted by I'/F, where I';; = {(z,y) €
VT x VI8(z,y) = (i, 5)}.

Proposition 1.1 ([3]) Let " be a commutative weakly distance-regular di-
graph of valency k, diameter d, and girth 2. Ifk — K1y = 1, then T is
isomorphic to one of the following digraphs:

(1) Ca.y(Z4, {1$ 2})

(2) Kn[C4]'

(3) A[Cs].

(4) A x C,, wherer is odd ord < r/2.
Here K, is a complete graph with n vertices, C, = Cay(Z,, {1}), and A is
a distance-regular graph.

In [4] Kaishun Wang and Hiroshi Suzuki defined weakly distance-regular
digraphs and determined all commutative 2-valent weakly distance-regular
digraphs. In [2] Suzuki proved the nonexistence of noncommutative 2-
valent weakly distance-regular digraphs. In [3] and [5] Kaishun Wang gave
a classification of weakly distance-regular digrphs with girth 2 and k—k;; =
1. In this paper, a family of commutative weakly distance-regular digraphs
of valency 4 and girth 2 is characterized.

2 Main Results

Proposition 2.1 Let C, = Cay(Z,,1), and let K, be a coclique. Then
C:|K:) is a weakly distance-regular digraph with valency t and diameter r.

Proof. LetT' = C,[K,]. Let A; ; be the (4, j)th adjacency matrix of C,. By
choosing the suitable ordering of rows and columns , the (3, j)th adjacency
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matrix of I" is as follows:

Ir®It, ifi=3=0,
A=l Aw-i®J, ij=r—il<i<r-1,
YY) L®U: - L), fi=j=r
0, otherwise,
0 Ir—i

where A;y.; = ( ) So for any 4,5 € {0,1,--- ,7}, we have

I, 0
AO.OAi,j = -‘ii,jx‘io.o = fii,j-
For any i,j € {1,2,.--,r —1},if i + j <, we have
fii,r—u‘ij,r—-j = Air—ifljr—j ® JeJt = Aijir—(ivs) OtJe = t“ii+j,r—(i+j)a
and if i + j > r, we have

Air—iAjr—j
= Air-iljr—i @ty
= Asr(i4j)(i+5)—r Ot
= tAor—(i44).(i+5)~-r

and - -
A~i.r-jAr,r
= Ar,rAi,r—t .
= (I;® (;It —L)(Air-i ® Jtl
= (t - I)A",r_,- RJ = (t - l)A,",-_,'.
Note that
Az,
= (I, ®((Je - L))
= Ir®(t—2)J¢+Ig _ .
= I,- ® (t - 2)(Jt - Ig) + (t - I)Ig = (t - 2)Ar,r + (t - l)Ao‘o.
Hence the desired result follows. (m}

Proposition 2.2 Let C, = Cay(Z.,1), and let K, be a cligue. Then
Cr[K:] is a weakly distance-regular digraph.

Proof. LetT' = C[K). If r # 2, then suppose that A;; is (4, j)th adja-
cency matrix of Cr. By choosing the suitable ordering of rows and columns,
the (i, j)th adjacency matrix of I’ is as follows:

I,-®Ig, if’l=]=0,

A= FOU 1), ifi=j=1,
7 Ai,r—i@-’t: lfj=7'—l,1$'ls1'—1,

0, otherwise,
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where A;,_; = ( 2 I’d‘i )

Since -
A%,
I, ® (tJy — 2J; — I)
t-2),®(Lh-L)+(t-3) QL
(t—2)A11 + (t - 3) Aoy,

for any i,j € {0, 1,-.- ,'I’}, we have Ao,oz‘ig,j = A,’,,’Ao,o = /ii,j.
For any ¢,j € {1,2,--- ,7 —1},if i+ j < r, then

A-»i,r-i-‘ij,r—j
Air—iljr—; ® JtJy
Aigjr—(its) Ot
tAigjr—(i+4)

Ifi+j > r, then 3 _
Ai,r—iAj,r—j
Air—iAjr—; ® JtJy
Agr—(i+),(i4)-r ® s
tAor— (i), (i+4)—rs
jl,l-‘ai,r—i
Air—i ® (Je — I)J;
(t = 1)Ai -,

and _ ~

Air_iA1)

Airi ® Je(Je — I)
(¢ = 1) As s

Hence if r # 2, C,[K}] is a weakly distance-regular digraph.
If r = 2, we have C,[K}] is a clique. Thus C,[K}] is a weakly distance-
regular digraph. O

Theorem 2.3 Let T’ be a weakly distance-regular digraph of valency t. If
every arc of I is contained in a minimal circuit with length r, and kyr_o =

pg::;;,(r—m) > 1. ThenT ~ C.[Ky).

Proof. If r = 2, we have ka0 > 1; but k2 = 0, this is a contradiction,
hence r > 3. Suppose that (29,2, ,2Zr—1) is & minimal circuit, for all
i, where all subscripts of z are taken modulo r. Since k = ¢ and every arc
of I is contained in a minimal circuit with length r, k; r.; = k = t. Note
that

1! _l)
k2r_2 = sz,:_z),(r-l,l)’
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and (2,r—2) (1,r=1)
Dt =
F2ir—2P(1r1),1,0-1) = Blir=1P(2}r Z2) (-1,

2,r-2) =
Hence p§1,1_1>.u.r-1> =t.

Since z; € P((lz”::f))’(l.,_l)(xi_l,z.-.,,l),i =0,1,..-r =1, for every i €

{0,1,..-r —1}, there are only ¢ — 1 vertices yfj ) other than vertices z; such
that
j 2,r— .
y:(]) € P((l,:—)?)),(l‘r_l)(xi—lami+1)’ i=01,.--t-2
Since k = t and every arc of I is contained in a minimal circuit with
length r, k1,r—1 = k = t. It follows that I'y r_1 (zi—1) = {z&, ¥, 9}, y?"z)},
i=0,1,.-.7 — 1. By proposition 2.1, we have ' >~ C,.[K,). o

Theorem 2.4 Let T be a commutative weakly distance-regular digraph of
valency 4, diameter d, and girth 2. If every arc of I is contained in
a minimal circuit with length r not containing any edge, and kor—2 =
pg:::;;’(r_l,l) > 1. ThenT is isomorphic to one of the following digraphs:

(1)T is a distance-regular graph of valency 4.

(2) K5[Cs).

(3) A x C,., where r is odd or d < r/2 and A is a distance-regular graph
of valency 3.

(4) A x [C.[Ky)], where A is a circuit.

(5) K X [C:[Kal).

Proof. 1If k1,1 = 4, then (1) is obvious.

If k1,1 = 3, since k = 4, then (2), (3) holds, by proposition 1.1(3)(4).

If k1, =2, we have ky,_; = 2. Let F =< T, >. Since every arc of
T is contained in a minimal circuit with length 7 not containing any edge,
T'/F is a circuit. It follows that the valency of I'(z) is k = k1,»—1 = 2 and

kne—2 = Pgrep r-1,1y = 1. By Theorem 2.3, we have F(z) =~ C,[Ka)].

Therefore I’ ~ A x [C,[K3]], where A is a circuit.
If ky; = 1, then ky ,—; = 3. Let F =< T'y,r_y >. Similar to the proof
of above, we have I'/F is a edge. It follows that the valency of I'(z) is

k=kiy—1=3,and kg r2 = pg:::;;|(r_l,1) > 1. By Theorem 2.3, we have
F(z) ~ C,[Kj]. Hence I’ ~ K, x [C,[K3]]. m]

Acknowledgement The authors are grateful to the referee for his valu-
able suggestions. This paper is supported by Natural Science Foundation
of China, (No0.10971052).

306



References

(1] E. Bannai, T. Ito, Algebraic Combinatorics I, Benjamin/Cummings,
California, 1984.

(2] H. Suzuki, Thin weakly distance-regular digraphs, J. Combin. Theory
Ser. B 92 (2004) 69-83.

[3] Kaishun Wang, Commutative weakly distance-regular digraphs of
girth 2, European Journal of Combinatorics 25 (2004) 363-375.

[4] Kaishun Wang, Hiroshi Suzuki, Weakly distance-regular digraphs, Dis-
crete Math. 264 (2003),225-236.

[5] Kaishun Wang, A family of weakly distance-regular digraphs of girth
2, Discrete Math. 306 (2006) 2811-2815.

[6] P. H. Zieschang, An Algebraic Approach to Association Schemes, Lec-
ture Notes in Mathematics, vol. 1628, New York/Berlin, 1996.

[7] A. E. Brouwer, A. M. Cohen and A. Neumaier, Distance-Regular
Graphs, Springer Verlag, Berlin, Heidelberg, 1989.

307



