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Abstract
We show that if G has an odd graceful labeling f such that max{ f(x):f(x)is
even, x€ A} <min{ f(x) : f(x)is odd, x€ B}, then G isan o-graph, and if G
is an a-graph, then G ® K|, is odd graceful for all w> 1. Also we show that if
G, is an a-graph and G; is an odd graceful, then G,UG;isodd graceful. Finally
we show that some families of graphs are o-graphs and odd graceful.

0. Introduction )

In 1967, Rosa [6] called a function f a B-valuation of a graph G = (V(G) E(G),
with g edges if f is an injection from V (G) to the set {0,1,2,..., g} such that,
when each edge xy is assigned the label | Fx)-f@) [, the resulting edge labels
are distinct. Golomb [4] subsequently called such labelings graceful, and this is
now the popular term.

Rosa [6] defined an a-labeling to be a graceful labeling with the additional
property, that there exists an integer k so that, for each edge xy either
FQ)<k< f(y)or f(y)<k<f(x). It follows that such a ¥ must be the smaller
of the two vertex labels that yield the edge labeled 1.

Gnanajothi [3] defined a graph G with g edges to be odd graceful if there is an
injection f from V (G) to {0,1,2,..., 29 —1} such that, when each edge xy is
assigned the label | f(x) — £ (3)|, the resulting edge labels are{1,3,5,..., 2¢ 1}.
She proved that the class of odd graceful graphs lies between the class of graphs
with o-labelings and the class of bipartite graphs by showing that every graph
with an a-labeling has an odd graceful labeling and every graph with an odd cycle
is not odd graceful. She also proved the following graphs are odd graceful:
P, , C,if and only if n is even, K., ,combs P,® K; (graphs obtained by joining a
single pendant edge to each vertex of P,),books , crowns and C,® K,(graphs
obtained by joininga single pendant edge to each vertex of C,)ifand only if n
is even,
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Seoud and Abdel-Aal [7] determined all connected odd graceful graphs of
order <6, and they showed that if G is an odd graceful graph, then G U K, is
odd graceful for all m, n >1. Seoud, Diab and Elskhawi [8] showed that a
connected n-partite graph is odd graceful if and only if n =2 and that the join
of any two connected graphs is not odd graceful.

A detailed account of results in the subject of graph labelings can be found in
Gallian's survey [2]. Throughout this paper, we use the standard notations and
conventions as in [2] and [5]. This paper is divided into two sections. Sectionl,
in which we show that if G has an odd graceful labeling f such that,
max{ f(x) :f(x)is even, x€ A} <min{ f(x) : f(x) is odd, x € B}, then G is an
o-graph, and if G isan o-graph, then G @ K, is odd graceful for all w > 1.
We also show that if G; is an a-graph and G; is an odd graceful, then G,U G;
is odd graceful. In Section 2, we show that several families of graphs are odd
graceful and a-graphs.

1. General Theorems

Theorem 1.1. Gnanajothi [3] proved the following Theorem: Every a-graph is
odd graceful and every odd graceful graph is bipartite.

Theorem 1.2 Barrientos [1] proved the following Theorem: Any a-graph is odd
graceful.
Proof. Let G be an a-graph of size ¢, as a consequence G is bipartite with
partition {A,B}. Suppose that f is an o-labeling of G such that
max{ f(x) :xe A} <min{ f(x) : x € B}. Let g be alabeling of the vertices of G
defined by
ferm)  xea
$W=12fw)-1 ,xeB

Thus, the labels assigned by g are in the set {0,1,2,..., 2g -1}; furthermore, the
label of the edge xy of G induced by the labeling f, wherexe A and ye Bis
w=f(y) -f(x), soitslabel under the labeling g is g () —g) =[2f() -1] -
2f(x) =2[f () -Ff ()] -1=2w-1. Since 1 Sw<gq, we have that the label
induced by g are {1,3,5,...,2¢ —1}. Therefore , g is an odd graceful labeling of
G and max{ g (x): g (x) is even, xe A} <min{ g (x): g (x)is odd, x& B}.

Corollary 1.3. Any a-graph has an odd graceful labeling f such that, max{ f (x):
f(x)is even, x € A} <min{ f(x) : f(x) is even, x € B}.

Now, we give the following Theorems.
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Theorem 1.4. If G has an odd graceful labeling f such that, max{ f (x) : f (x) is
even,x€ A } <min { f(x) : f(x) is odd, x € B}, i.e. {A,B} is a partition of the
bipartite graph G, then G is an a-graph.

Proof. Let G = (V(G), E(G)) be an odd graceful graph with f :V (G) —
{0,1,2,..., 2q — 1} labeling of size g. Hence, G is a bipartite graph with partition
{A,B}, ie. V(G) = {A,B}, such that f(x)is even,if xe A and f(x) is odd, if
x€ B, and let max{ f(x):xe A} <min{ f(x) : x€ B}. Now, let g be another
labeling of G, defined as follows :

172)f (x) ,XEA
g ={(1/2) [f@)+] ,xeB

Thus, the labels assigned by g will bein the set {0,1,2,..., g}. Note that g
is injective, since max{ f(x):xe A }<min{ f(x): x € B }. Since the label of
the edge xy due tof, isw=|f () -f(x)|=f() -f(x), where xc A and ye B,
the label of the edge xy given by g will be gO))-g(x) =12[f(y)+1] -
12f(x)=12[f() ~f(x) + 1] =1/2 (w +1). Since 1 <w <2q - 1, the labels of
the set of edges of G induced by g will be {1,2,3,....,}, i.e. G is a graceful

graph. It remains to find an integer k such that for any edge xy g (x) <k <g (),
where x €A, y € B. Now, since G is now graceful, then there exists the labeling
|g(y)-g(x)|= 1, and since max{g (x) : x € A} <min{ g (y) : y € B}, then
take k = 1/2 max{ f (x) : x € A}, which is the required, and the proof is complete,

In Figurel, we show an odd graceful labeling of a bipartite graph K3 3, followed
by the corresponding a-labeling.

®® G ® ® o
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Corollary 1.5.The graph G is an a-graph if and only if G has an odd graceful
labeling f such that, max{ f(x) : f (x) is even, xeA} < min{ f () : f () is even,
ye B}, where{A, B} is a partition of the graph G.

Let G; and G; be two disjoint graphs. The corona (G; ® G:) of G; and G; is the
graph obtained by taklng one copy of G, (which has p, vertices) and pi copies of
G, and then joining the j” vertex of G; to every vertex in the j™ copy of G,.

Theorem 1.6. If G is an o-graph then the graphs G @ K,,, for w> 1, are odd
graceful.

Proof. Let G be an a-graph of size g and order p. By Theorem 1.1 every a-graph
has an odd graceful labeling f:W(G) — {0,1,2,..., 2g —1}. Hence, G is a bipartite
graph with partition {A, B} such that

Ui G =( fO), f(x2) . f(3) oo f (1)) L if fm)iseven,x; € A,| Ui (G) | =5,
Fa)<f)<fs)<...< flx),
UAG) ={ f(y1), f (¥, f(y3)o.. f (¥}, if f(ypisodd, y;€ B, | U; (G)|=t,
FOD>f(¥2)>f(3)>...>f (%) and | V(G)| =s+t=p.

Now, for K,, , let the copies z';, Z2, Z3,..., Z; , 1 <i<w be joined respectively
from the smallest even label f (x;) to the largest even label f (x;) and the copies
B, Ky Hs,..., Ky, 1<i < w be joined respectively from the largest odd label
f (y1) to the smallest odd label f( y) . It is clear that the number of edges of
G ® K, is g + wp . We define the labeling function

FV(GOK,)={012,...,2(q+wp)- 1} as follows:

_ fx) , if f(x)iseven , x€ A
Flvie)=

F(y)+2wp , iIf f(y)isodd , ye B
fE) = fa)+2i-1 , 1<i<w
ﬁz{z) = f(x) +2w+2i -1 , 1<isw
f@Z)=fxs) +dw +2i-1 , 1<isw
FE)=fx)+2w(s-1)+2i-1 ,15isw, s=|U(G)]
and
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FHDy=fOon 2wt -2i+1 , 1<i<w

FHD=f o) 92w (e ~1)~2i+1 , 1<Sisw
f(ha)-f(ys)+ZW(t-2) 2i+1 , 1<isw
f(h) =fO ) +2w=2i+1 , 1<isw,t=|Uy(G)].

Since G is an a-graph, it is easy to show that fis injective.

The edge labels will be as follows :
o The edges x;z; , 1<i<w, 1< j< s, s=|U,(G)| take the labels

{L,35 ...2w=1},{2w+ 1, 2w+3,2w +5, ..., 4w~ 1}, (4w + 1,4w + 3,
4w + 5, .., 6w —1jand soonuntil { 2w (s = 1) + 1, 2w (s = 1) + 3,
2w(s—1)+5,...,2ws—1}. Since s=p —¢ then the labels are{2w (p—¢-1) + 1,
2w(p—t=-1)+3,2w(p-t-1+5,...,.2w(p-1t)-1}.

® The edges yh',1<i <w, 1<j<t, t=|U:(G)|

take the labels{2w (p -0+ 1, 2w (p-0D+3, 2w (p-0 +5,...,
w(p-t+D)-1}L,{2w(p-t+ D+ 1L, 2w(p-t+ 1) +3,2m(p—t+ 1) +5,...,
W(p-t+2) -1}, (2w(p-t+2)+ L, 2W(p—t+2)+3,2w(p—t+2) +5,...,
2w(p-t+3)-1),andsoonuntil{2w (p-1+ L 2w (p-1)+3,
2w(p-1)+5,....,2wp -1}

e The remammgedgelabels{pr+l 2wp + 3, 2wp +5,.. 2wp+2q 1}of the
graph G © K, come from the edge labels of the graph G, since G is an
a-graph and we added a constant number on its odd vertex labels .

In Figure 2, we use the odd graceful labeling obtained in Figure 1 to find an odd
graceful labeling of the graph K;,30 K.

AE® DD BB®®

OO E® ®@O®

Figure 2.
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Let G, and G; be two disjoint graphs. The union (G;UG;) of G; and G; is the
graph having vertex set V(G)) U V(G,) and edge set E(G,) U E(G;) .

Theorem 1.7, The graphs G;UG; are odd graceful if G, is an a-graph and G; is an
odd graceful graph.

Proof. Let G; be an a-graph of size g; and order p; . By the Theorem 1.1 every
a-graph has an odd graceful labeling f: V(G,)—{0,1,2,....2g;-1},and G isa
bipartite graph with partition {4,B}such that, max{ f(x) : f(x) iseven ,x € A}<
min{ f (x) : f (x) is odd , xe B}, there exists an integer & such that,
F(x) < k< f(y),where xe A and ye B, k = max{ f(x) : f(x) is even ,
x€ A} =min{ f(x):f(x) isodd,xe B} -1.

Let G, be an odd graceful graph of size g, and order p; with labeling
f* V(G2) —{0,1,2,..., 2g. - 1}. Hence, G; is also bipartite with partition {C, D}
such that, f*(x) is even, if xe C and f*(x)is odd , if xe D . Now, the number
of edges of G; U G2 is g1 +q>.

We define the labeling function f: V(G; UG;)— {0,1,2,...,2 (g, +q2) -1} as
follows :
f&x) , if f(x) iseven, xe A
Fx)== F(x) +2¢, , if f(x) is odd, xe B
*+(k+1) ,if xeCUD

It is easy to check that f~is injective.

The edge labels will be as follows :
e The edge labels of the edge xy of G, under the labeling f will be

[(F(N+2q:]1-F@ =[f(»)-f @]+ 22 =w +2q;, where w is odd . and
1< w < 2q; —1. Hence, the set of edge labels of G; induced by f will be
{ 1+2qz , 3+2q2 N 5+2q2 yerey 2q;+ 2q2 - 1}.

o The remaining edge labels {1,3,5,..., 2g,—1} come from the edge labels of the
graph G, , since G, is odd graceful and adding an integer k +1 to all the vertex
labels does not change the edge labels.

In Figure 3, we show an o-labeling and an odd graceful labeling of the ladder
(Ps X Py).
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Figure 4. odd graceful labeling of the cycle Cg.
In Figure 5, we use the odd graceful labeling obtained in Figure 3 and the odd

graceful labeling in Figure 4 to find an odd graceful labeling of the graph
(P5 X Pz)UC5 .

© ® O DD ® G @

LI [ ]

@ @06 0w

Figure S.

Corollaryl.8. According to Theorem 1.7 numerous families of disconnected
graphs are odd graceful, e.g.

1. G; U G; ,if G, and G, are a-graphs.
2. C,UG ,if Gis odd graceful, n =0 (mod 4).
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3. TUG ,if Gisodd graceful and T'is a tree has an a-labeling.

4. GUC, ,if Gis an a-graph and C,is odd graceful for an even integer n.

(C, is an o-graph if and only if n =0 (mod 4) and C, is odd graceful for every
even integer n>4.)

2. Some Odd Graceful Graphs

A gear graph G, is obtained from the wheel by adding a vertex between every
pair of adjacent vertices of the cycle.

Theorem 2.1. A gear graph G,,for allm > 3 is an a-graph.

Proof. By Theorem 1.2, we want to show that a gear graph G, for allm > 3 has an
odd graceful labeling f such that, max{ f(x) : f(x) is even,, x € A}< min{ f(x) :
f(x)is odd , xe B}, when{A,B} is a partition of the bipartite graph G.

o If m is even,m=>4
Let G, be described as indicated in Figure 6.

Vsl

Figure 6 .

The number of edges of the graph G, is 3m.We define the labeling function
f:V(Gn)—{0,1,2,..., 6m -1} as follows :
f(vo) =6m—1 , f(van)= 2m -1

i-1 , i=13,5,...,2m-1
fW) =4m-i+1 , i=240,...,m

dm—i-1 ,if i is even and m+2<i<2m-2
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The edge labels will be as follows :
® The edges vov; , i=1,3,5,..., 2m —1 take the labels{6m —1, 6m - 3, 6m -5, ...,

4m+1}.

® The edges of the path v;v,v;vy...V,Vp,, take the labels{4m ~1, 4m —3,4m-5,...,
2m +1}.

o The edge v,v,, takes the label 2m —1.

oThe edges of the path Vv, VmVidVmed-:-VamoiVan take the labels
{2m-3,2m-5,2m-7,...,5,3,1}.

Hence, G,, for m is even, m 2 4 has an odd graceful labeling f and there exists
k=f (Vam-1) = 2m— 1 such that, k = max{ f (x) : f(x) is even , xe A}< min{ f (x) :
f(X) is (X!d, X€ B}, A= {Vl,Vg WVSy «oyVom.t }, B= {Vz, Vay V6y vo0 sVom }.

ByTheorem 1.4, the graph G,, for m is even, m > 4 is an a-graph.

o Ifmisodd,m>3
Let G, be described as indicated in Figure 7.

Vam

Vam-1
!
] V4
\
\\
Vin 43 Vin-1
Vma2 Vi
Vm+1
Figure7.

The number of edges of the graph G,, is 3m.We define the labeling function
f:V(G,) — {0,1,2,...,6m—1} as follows :
Fo)=6m=3, f(v)=0, fv)=6m—1, f(van) = 2m + 1

i+1 , i=357,...,2m-1

F) =44m-i+3 , i=46.8,...,m-1
dm-i+1 , if { isevenandm +1<i<2m-2

The edge labels will be as follows ;

® The edges v,v;, vgv;, v,v; take the labels 6m -1, 6m— 3, 6m — 5 respectively.
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e The edges vpv;, i=3,5,7,..., 2m—1 take the labels
{6m-7,6m-9,6m-11,..., 4m-3}.

o The edges of the path v;vvsvs... v, v, take the labels
{4m-5,4m-7,4m-9,...,2m + 3}.

o The edge v,v,, takes the label 2m +1.

o The edges of the path Vv, Vi 1Vms2Vme3. . Vam-1Vam take the labels {2m -1, 2m - 3,
2m-35,...,5,3,1}.

Hence G,, for m is odd, m >3 has an odd graceful labeling f, and there exists
k = f (V2n-1), similar to the case m is even, m > 4, the result follows by
Theorem 1.4, so the graph G, for m is odd, m > 3 is an a-graph.

The dragon (or ballon) D,,, is a graph formed by identifying the end vertex of
the path of m edges (m > 1) and any vertex in the cycle C,(n 2 3).

Theorem 2.2. The dragon is odd graceful when niseven,n>4 andm>1, and it

is an a-graph if n=0 (mod 4), m2 1.
Proof. Let D,,, be described as indicated in Figure 8.

ur
uz
1] uJ

Um
Vi=Um+1
V2 Vn
V34 P Vi1
] ]
] ]
) ]
: :
Vn/z\/' Vai2+2
Vniz+1
Figure 8.

The number of edges of the dragon is m + n. We define the following function
iV (Dup) — {0,1,2,...,2(m +n) -1} as follows :
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Case 1.

o If mis odd and n is even, n > 4
f(u) ={&:l1 ’ i=1’3s5’~--,m

2m+n)—-i+1 , i=246,...,m+1

¢ Ifn=0 (mod 4)

m+j—l , j=2,4,6,...,n12
fW)=<m+2n-j+1 , J=357,..,n-1

m+j+1 , if jisevenand n/242<j<n
e Ifn=2 (mod 4)

n+j— 1 , j=2,46,..,n-2
fo) ={m+2n—j+l » J=3,3,1,..., 072

m+2n—j-1 , if jisoddandn2 42 < j<n -1

f) = m+n+1

e
e If misevenandniseven,n>4
_Ji-1 , i=135,..,m+1
F=Vomeny-i+1  ,i=246...m
o If n=0(mod4)
m+j—1 , j=35,7,...,n-1
f)=<m+2n-j+1 , J=24,6,...,n2
m+2n—j-1 , if jis even and n/2+2< j<n
oIf n=2(mod4)
m+2n—-j+1 , j=24.6,...,n-2
f)=<qm+j-1 , j=3,57,...,n12
m+j+1 , if jisodd and /2 42< j<n-1

f)=m+n-1

The edge labels will be as follows :
® The edges of the path u; uz u;3 ... U4 take the labels

{2(m +n) = 1, 2(m +n) - 3,2(m +n) = 5,..., 2n +1}.

® The edges of the path v v, v3... Va4 take the labels (27— 1, 2n - 3,
2n-35,...,n+1}.

o The edge v, v, takes the label {n-1}.

¢ Finally, the edges of the path V241 Va2 Van1 ... Va—1 Va take the labels
{(n-3,n-5,..,53,1}.
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So we obtain the edge labels. Hence D,,, is odd graceful for m > 1, n is even,
n 2 4. In the case n =0 (mod 4), mis odd, m = 1 there exists k = f (v,) such that,
k=max{ f(x):f(x)iseven,xe A}<min{ f(x) : f(x) is odd, x € B}.

By Theorem 1.4 the graph D, in case n =2 (mod 4) is an a-graph similar the
case n =0 (mod 4), m is even, m > 2, there exists k = f (v,-1) = m+n — 2, the result
follows by Theorem 1.4, i.e. the graph D,,, in this case is an o-graph .

In the following Theorems we mention only the vertex labels, the reader can
fulfill the proof as we did in the previous Theorems.

The graph obtained from a gear graph G,, by attaching n pendant points to each
vertex between the vertices of the rim of the wheel, will be denoted by G, ..

Theorem 2.3, The graph G,,, is odd graceful when m>3,n2>1.
Proof.

o If miseven,m=>4

Let G, be described as indicated in Figure 9.

Figure 9.

The number of edges of the graph G,,, is 3m + mn . We define the labeling
function f :V(Gma) — {0,1.2,...,2 3m +mn)— 1} as follows :

i-1 ,i=135,...,2m-1
fW) =<4m+2mn —i+1 , i =246,...,m
4m +2mn—i-1 Jifi isevenandm +2<i<2m-2

f(w) = 6m+2mn-1, f(van) = 2m+2mn-1
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f(Z’:l)=f(V2)“2j+1 , 1<j<n

f@Zh)=fv)-2n-2+1 , 1<j<n
f@)=fe)—4n-2j+1 , 1<j<n
f@)=f(ve)—6n-2+1 , 1<j<n

}(zﬂ.):f(v;,,,)-2n(m-l)-2j+1 » 15jsn
F@)=fv)=2n(i-1)=2+1 » 1<i<m, 1< j<n

elf misodd, m>3
Let G, be described as indicated in Figure 10.

2
Z mi1/2

n
Z 4112

Figure 10.

The number of edges of the graph G, is 3m + mn. We define the labeling
function f : V(Gns) — {0,1,2,..., 2 3m +mn) — 1} as follows :

f(w) =6m +2mn=3, f(v;)=0, f(v2)=6m +2mn -1,

i+1 , i=3,57...,2m-1
F) =<4m+2mn—i+3 , i=4,68,...,m~1

4m +2mn—i +1 , if i is even and m+1<i<2m
f@)=f)-2+1 , 1<j<n
f@D)=fv)-2n-2j+1 , 15 j<n
f@)=f(ve)—4n-2j+1 , 1<jsn
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f@ly=f(vd)—6n-2+1 ,1<j<n

F@) =fvan) =20 (m-1)=2j +1 ,1<j<n
f@)=fp-2n(i-1)=2+1 ,1<i<m ,1<j<n

Theorem 2.4. The graphs C, ®K,,are odd graceful for w> 1, niseven, n>4.
Proof. Let C, OK,, be described as indicated in Figure 10.

Figure 10.

The number of edges of the graph C,© K, is n + wn. We define the labeling
function f:V(C,®K,) — {0,1,2,...,2 (n + wn) — 1} as follows :

o If niseven,n=2 (mod 4)

i-1 ,i=135,...,n2
Fw) =<i+l ,if i isoddand nf2+2<isn-1
2n+2wn —i + 1 ,i=246,..., n-2

f) =n+2wn-1, f@)=2wn+1, f@/D=2-3 ,25j<w
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f@h) = fo)+2w+2j-3 » 1<sjsw

f@%) = f(vs) +dw+2j-3 » 1<j<w

f@%) =fv)+6w+2j-3 , 1Sj<w

F@h) = fWnr) + 2w (n/2-1) + 25 -3 , 15j<w

f@h) = fou)+2w(i-1+ 2j-3 , 1gjsw,2<i<n2
and

f) =fw)-wn-2+3 , 1<jsw

Fh) = f(v)-wn—-2w-2j+3 , 15j<sw

F%) = f(vs) —wn—4w-2j+3 , 1<j<w

Fh’) = f(vs) —wn - 6w=2j+3 , 1<j<w

fhp) = f)-wn-2w@2-1)2i+3 , 1<j<w

o If niseven, n=0 (mod 4)
Rosa [6] showed that the n-cycle has an a -labeling if and only if n = 0 (mod 4).
By Theorem 1.6 C,®X,, is odd graceful, when n =0 (mod 4).

Theorem 2.5. The graph Cy, is shown in Figure 11. It is odd graceful, when m
is even and m >4.

399



Proof. The number of edges of the graph C,, is 2m +mn. We define the following
function f:V(Cm) — {0, 123,...,2(2m +mn)—1} as follows :

fw) =22 ,i=123...m

4m +2mn-2 i +1 , 1 =123,...,m2
f@uw) =

4dm +2mn-2 i —1 , mi2+1<i<m
fG) = 4m +2mn - 2i ,1<i<n
f(¥) = 4m +2mn - 2i-2(n +1) ,1<i<n

}(;J,,,,z) = 4m+2mn=2i -2(m2-1) (n+1) , 1<i<n
and

fGman)= 3m+mn—2( + 1) 1<i<n
F(Xmns2) = 3m+mn=23i + 1) =2(n +1) ,1<i<n
fEmp)= 3m+mn=2(i + )=4n+1) , 1<i<n

f(dn) = 4m+2mn +2n-2i —2m(n +1) ,1<i<n

The graph C},.is a graph obtained by identifying an endpoint of a star S,, with a
vertex of a cycle C,.

Theorem 2.6. The graph C,, is odd graceful when n is even,n >4, m >3 and it
is o-graph if n =0 (mod 4), m>3.
Proof. Let C)¥,, be described as indicated in Figure 12.



ur Um

Vn

V-1 V3
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The number of edges of the graph Cy, is m + n. We define the labeling function

f:V(C) — {0,1,2,...,2(m +n)-1} as follows:
fQu)=0, f(u) = 2m+2n-2i+1 ,1 <i<m

e Ifn=0 (mod 4)
J , if jisevenand 2< j<n/2
fp=<9j+2 , if jisevenand n/2+2< j<n
2n-j+2 ,if jisoddand 3< j<n-1
o Ifn=2 (mod 4)
J , if jisevenand 2< j<n-2
fW)=<2n-j+2 , if jisoddand 3< j<n/2
2n-j , if jisoddand n2+2< j<n-1
fVa)= n+2

In the case n =0 (mod 4), m > 3 there exists k = f (v,) such that, k= max { f(x):
f(x)is even, x € A}< min { f(x): f(x) is odd, x € B}. By Theorem 1.4, the graph
C.%, is an a- graph. Similarly, for the case n =2 (mod 4).

A butterfly BF, . ,consists of two even cycles of the same order n sharing a
common vertex with an arbitrary number of pendant edge m attached at the
common vertex as indicated in Figure 13.

Theorem 2.7. The butterfly graphs are odd graceful.
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Figure 13.
The number of edges of the butterfly graph is 2n +m. We define the following
function f: V(BF, ) — {0,1,2,3,..., 2 (2n + m) — 1}as follows :
fo)sfup=0, fW)=4n +2m-2j+1, j=1,23,...m

o Ifn=a0(modd)

i-1 , i=246,.., 02
fw) i+1 , if i isevenand n2+2<i<n
2n—i+3 ,i=357,...,n-1
i-1 , i=357..,n-1
fw) :{4n—i+l , i=24,6,...,n2
dn—-i-1 , if i isevenand nR2+2<i<n

o Ifn=2(mod4)
fw)=1, f(v,) =3n-3

i+1 ,if iisevenand 4 <i < n
fw) =< 2n—-i+5 , if i isoddand 3 <i<n/2
2n—i+3 , if i isoddand n24+2<i<n-1
i-1 , i=357,..,n-1
fw) =<4n-i+1 , i=24.6,..., n/2+1
4n-i-1 ,if iiseven and n/2+2 <i < n-2



The graph C3* consists of two cycles of the same order m joined by a bridge as
shown in Figure 14,

Theorem 2.8.The graphs C7 *are odd graceful when m is even and m > 4.
Proof.
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Figure 14.

The number of edges of the graph Cf* is 2m + 1. We define the following
function f:V(CX*) — {0,1,2,3,...,4m +1} as follows:
oIlfm=0(mod4)

fn=0
i-1 , i=246,..., m2
fw)=<i+l ,if { isevenand m24+2<i<m
2m—i+3 , i=35,7,..,m-1
i , i=2,4,6,...,m2
f) = i+2 , if i isevenand m/2+2<i<m
am—-i+2 , i=1,357,..,m-1
oIf m=2(mod4)
i , i=2,46,..., m=2
fu) =q4m—-i+2 ,i=1,35,...,m/2
dm - ,if i isodd and m/2+2<i<m -1
fun) = m+2, f(v)=0, f(n)=1
i+1 ,i=4,68,...m
W) =9 2m+5-i , i=3,57,...,m2
m+3—i ,ifi isodd and m242<i<m -1
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