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Abstract

Let G be a connected graph with edge set E(G). The Balaban
index of G is defined as J(G) = ﬁfzuues(a)(DuDu)'*, where
m = |E(G)|, and p is the cyclomatic number of G, D, is the sum of
distances between vertex u and all other vertices of G. We determine
n-vertex trees with the first several largest and smallest Balaban
indices.

1 Introduction

Let G be a connected graph with vertex set V(G) and edge set E(G).
For u,v € V(G), dg(u,v) denotes the distance (length of a shortest path)
between v and v in G [7]. Let D, or D(u|G) be the distance sum of
vertex u (sum of distances between u and all other vertices) of G, i.e.,
Dy = D(u|G) = ¥, cv () dc(u,v).

Let G be a connected graph with n vertices and m edges. The Balaban
index of G is defined as [1, 2]

@) =—"5 Y (DD,
wvE€E(G)

where i = m — n 4 1 is the cyclomatic number of G, which is the minimal
number of edges that must be removed from G in order to transform it to
an acyclic graph.

The Balaban index has been used very successfully for modeling, moni-
toring, and estimating physicochemical parameters as well as physiological
activities of the organic compounds acting as drugs, see, e.g., [3, 8-11,
13, 14]. It also found applications in polymers [4], and transfer RNA of
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Escherichia coli [6]. The discriminating ability and degeneracy of the Bal-
aban index were discussed in (5, 15]. Some combinatorial and algebraic
properties of the Balaban index have been established, see (12, 16, 17).

In this paper, we determine n-vertex trees respectively with the largest,
the second-largest, the smallest, and the second-smallest Balaban indices
for n > 4, and the third-largest Balaban index for n > 6. The fact that the
star S, and the path P, are the unique n-vertex trees with respectively the
largest and the smallest Balaban indices has been known in {12], for which
we give a different proof here.

2 Preliminaries

For a subgraph H of G, and u € V(G), let Dg(u|H) = 3 cv (s da(u,v).
In particular, D(u|G) = Dg(u|G).

Let M(G) = 3 uveE(c) (D,D,)~%. If T is a tree, then 4 =0, and thus
J(T) = (n-1)M(T).

Let |G| = |V(G)| for a graph G. For u € V(G), let Ng(u) be the set of
neighbors of v in G, and let G — u the graph obtained from G by deleting
the vertex u and its incident edges.

3 Trees with large Balaban indices

For a tree T with wv € E(T), let T, (T,, respectively) be the sub-tree
obtained by deleting the edge uv containing u (v, respectively). Let n, =
|Ty| and n, = |T;,|. Obviously, ny,n, > 1.

Lemma 3.1. Let T be a tree with wv € E(T). Then D(u|T) + ny =
D(|T) + n,.

Proof. Note that

D(|T) = Dr(u|T.)+ Dr(¥|Ty) = Dr(u|T.) + Dr(v|Ty) + n,
DW|T) = Dr(ulT.)+ Dr(|T,) +nu.

Then the result follows. O
Lemma 3.2. Let = be a vertex of a tree Ty with at least two vertices. For
integer r > 1, let T be the tree obtained from Ty by attaching a star S,y

at its center y to =, and T' the tree obtained from Ty by attaching r + 1
pendant vertices to x, see Fig. 1. Then J(T) < J(T").
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Fig. 1. T and T” in Lemma 3.2.

Proof. Denote by z a pendant neighbor of y in T' and a pendant neighbor
of z in T' outside Ty. Let ¢ = |Tp|. Obviously, D(u|T’) = D(u|T) — r for
u € V(To), D(y|T") = D(y|T) + r, and D(2|T") = D(2|T) — (¢ —1). For
w € E(Tp), D(u|T")D(v|T") < D(u|T)D(v|T). By Lemma 3.1, we have
D(z|T)+ c¢= D(y|T) +r + 1, and thus

D(z|T)D|T") = (D(z|T)—-r)D@IT)+r)
D(z|T)D(y|T) + r(D(=|T) — D(y|T) —7)
D(z|T)D(y|T) — r(c—1)
D(z|T)D(y|T),
(D(|T) = r)(D(2|T) — ¢+ 1)
(DWYT) —c+1)(D(2|T) —c+1)
< D(y|T)D(2|T).

A

D(=|T")D(2|T")

Then

1 1
N — M(T) = -
MT) - M@ ,,,,g;%To)(\/———D(uIT’)D(vIT’) V—D(u|T)D<v|T))
1 1
* (\/———_D(xIT’)D(yIT') B \/—_D(wIT)D(yIT))
1 1
o (J_"‘D(z|T')D(z|T') B \/——D(ymv(zw“))
0

> 0,
ie., J(T) < J(T). g
By the previous lemma, we have immediately the following.

Theorem 3.1. [12] Let T be a tree withn > 3 vertices. Then J(T') < J(S,)
with equality if and only if T = S,,.

Let S,(a,b) be the tree formed by adding an edge between the centers
of the stars S, and Sy, wherea+b=nand 2 < a < [3]. We call S,(a,d)
the double star.

Lemma 3.3. For2<a < [3] -1, J(Sa(a,b)) > J(Sa(a+1,b—1)).
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Proof. By direct calculation, we have

_ 1 a—1
M(Sn(a,d)) = V@rn-a-2)(nta-2) + V(@n—a-2)(3n-a-4)
b—1

+\/(n+a—2)(2'n+a—4)

_ 1 +a—1+n—a—1
N TR ) Vis

where yy = (2n—a—-2)(n+a-2), y2 = (2n—a—2)(3n — a — 4), and
y3=(n+a-2)(2n+a—4). Notethat yo—ys = (2n—a—-2)(3n—-a—4) -
(n+a—2)(2n+a—4) = 4n?—6n+(12—8n)a > 4n*—6n+(12—8n)-3 =0
and (n—a—1)(3n+2a—6)—(a—1)(5n —2a —6) = 3n? —4n+ (8 —6n)a >
3n? —4n + (8 — 6n) - 3 = 0. Then,

d d 1 d 1 dys
L VTR G -~ SO S S o
2yt Y; 2y, Y3 2y3
1 1 n-2 (a—1)(5n—2a—6)
= I 3 37 7
Y2 Y3 2y{ 2y3
_(n—a—-1)(3n+ 22— 6)
2y§
< 0
Then the result follows. O

Theorem 3.2. Let T be a tree with n > 4 vertices different from S,. Then
J(T) € J(Sn(2,n — 2)) with equality if and only if T = Sp(2,n — 2).

Proof. If T has at least two non-pendant edges, then by Lemma 3.2, we
can obtain an n-vertex tree with exactly one non-pendant edge, which is a
double star with larger Balaban index than T'. Now the result follows from
Lemma 3.3. a

Denote P4 = vov1...vn. Let Sy(a,b,c) be the n-vertex tree formed
by attaching a — 1, b—1 and ¢— 1 pendant vertices to vg, v; and v2 in the
path Pa, respectively, where a,c¢ > 2, b > 1 and a + b+ ¢ = n. Then any
n-vertex tree with exactly two non-pendant edges is of the form S, (a, b, ¢).

Theorem 3.3. Let T be a tree with n > 6 vertices different from S,,
Sn(2,n — 2). Then J(T) < J(Sa(38,n — 3)) with equality if and only if
T =8,(3,n-3).
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Proof. IfT has at least two non-pendant edges and different from S,(2,n—
4,2), then by Lemma 3.2, we can obtain a tree with exactly one non-
pendant edge, which is a double star different from S,(2,n —2) with larger
Balaban index than T, and thus we have by Lemma 3.3 that J(T) <
J(Sn(3,n — 3)). Let f(z) = 71; - -\7:%;3 for z > 0. Then

M(Sn(3,n — 3)) — M(Sn(2,n — 4,2))

_ 1 + 2 + n—4
T \WV@rn-5r+1) /rn-50@n-7) @rn-1)(n+1)

2 + 2 + n—>5
\V@n-3)n+1) /@n-3)@3r-5) (@n-1)(n+1)

1 1 1 2
- \/_ﬁ(m_-:SJr\/fn_—T ﬁ)

2 2
+ (\/(217, —5)(3n-7) +(@n-3)@3n- 5))
—=g (f2n—5) - f(m-3)

> 0,

from which the result follows, where the last inequality follows because
f(z) = 71; - 7;1_1-5 is decreasing for = > 0. ]

4 Trees with small Balaban indices

Lemma 4.1. Let P, = u, ... ujuovovy - . . Up, wherea > b, and a+b+2 = n.
Then D(v;|P,) = D(u;|Pp) + (a — b)(2i + 1) fori =0,1,...,b.
Proof. Let Dy = D(w|P,) for w € V(P,). Obviously, D,,_, = D,,,_, and
Dy, ;+(@+1)=Dy,_ gy, +n—(i+1) fori=0,1,...,b Then
D, = Dua-(a-i)!
Duu_ooinsy = Dua_poipjy =1 —2(b—i+7+1),
where 7 =0,1,...,a—b—1,and i =0,1,...,b. Thus

a—b—1
Dup ooy —Du; = Y [n—20b-i+ji+1)=(a—b)(2i+1),
j=0

implying that D,, = D, + (a —b)(2i +1) for i =0,1,...,b, as desired. 0]
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Lemma 4.2. Let = be a verter of a tree Ty with at least two vertices. For
integersa > b+ 1, let T (T, respectively) be the tree obtained from Ty and
the path Py ipy2 = Ua ... u tovov: .. . Up by identifying  and ug (z and vy,
respectively), see Fig. 2. Then J(T) > J(T").

ul'--o—y-l?—o---o-—ya Yo u!'-—o—y—b—o---o——ya
@) @ )
Vo vi' Up vi o b

T /i
Fig. 2. T and T’ in Lemma 4.2.

S T 1 :
Proof. For r,z,y >0, let fr(z,y) = e Ry e e & Since
afr(xa y) - _ 2r+y
Oz 2z(z + y)/z(z + y)
+ 2z+r)+y
2z +r)(c+r+y)VE+n)+r+y)

we have

s-M -2z +y)(z+r)z+r+y)V(E+r)(z+r+Y)

oz
+(2z+ 2r + y)z(z + y)Vz(z + )
< 0,

where s = 2z(z+y)(z+7)(z+r+y)V/z(z + y)(z +7)(x + 7 +y) > 0. Then
828 < 0. Similarly, 2522 < 0. It follows that f.(z,y) is decreasing
for £ and y.

Now we are ready to prove our result. Let ¢ = |To|. Let D,, = D(w|T)
for w € V(T') and D}, = D(w|T") for w € V(T").

Obviously, for u € V(Tp — z), we have D!, = D, + a — b, and thus for
uv € E(Tp — z), we have D, D!, = (D, + a — b)(Dy +a - b) > D, D,.

For u; € V(Pyay41) withi =0,1,...,a, we have D}, = Dy, +¢c— 1, and
for v; € V(Poy1) with i =0,1,...,b, we have D;, = Dy, —c+ 1. Then

D, D, > Dy Dy, fori=0,1,...,a—1,

Uil
D,’,,D,', < D,D,,, forj=0,1,...,b-1

i+l
By Lemma 3.1, we have D,, + b+ 1 = D,, + ¢+ a, and then

Dt’loDilJo = (D‘UO +c - 1)(.Dv° - C‘I" l)
DuyDyy + (c = 1)(a — b) > Dyy Dy,
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D.D, = (Dy—c+1)(Dy+a—b)
(Dyo+a—-b)(Dy+a—-b)>D,D,

for y € Ng,(z).
Fori=0,1,...,b, we have D,, = D,, + (a — b)(2i +1) + ¢ — 1, and for
t=0,1,...,a—1,we have Dy, , = Dy, +c+2i —a+b+1. Since

D,, = D(v|Patss2) + D(wi|To — 2)
D(vi|Pays2) + (i + 1)(c — 1) + D(z|To),
D(ui| Poyor2) + D(ui|To — z)
D(ui}Potbs2) +1i(c— 1) + D(z|To),

we have D, = Dy, + (e —b)(2i +1)+c—1for i =0,1,...,b. Note also
that Dy, = Dy, +c+a+b+1-~(a—i)—(a—1i) =Dy, +2i+c—a+b+1
fori=0,1,...,a—1.

Fori=0,1,...,b—1, we have

D,,

DuDy,yy, = Dy(Dy,+2i+c—a+b+1)=2z(z1+y1),
D,"“DL (Du; +¢—1)(Duy;yy +c—1)
(Dy; +c=1)(Dy, +¢c—-14+2i+c—a+b+1)
(1 +7) (@1 + 7 +31),
DL.'DL;.H (D'"i —c+ 1)(D‘vi+1 -c+ 1)
[Du; + (a — b)(2i + 1)][Du,y, + (a — b)(2¢ +3)]
= [Dy, +(@a—5b)(2i +1)][Dy, + (a—b)(2i +1)
+2i+c+a—-b+1]
= z2(72 +12),
DyDy,y, = [Du,+(@=0)2i+1)+c—1]
‘[Dusyy + (@ =0)(26+3) +c— 1]
= [Dy,+(@a-b)(2i+1)+c—1]
(Du; +(@=b)(2i+1)+c—1+2i+c+a—b+1]
= (zz+7)(T2+7+72),

i+1

where z1=Dy,, 1 =2i+c—a+bdb+1,z2=D,, +(a—b)(2+1) >z,
yo=2i4+c+a—-b+1 >y1,’and'r=c—1. For i =0,1,...,b, let A; =
(D4 Diy )" + (D4, D;,, )74, and Bi = (Du, Dusy) ™% + (Duy Doy )3
Th, ’

i Uigd Vig1
en

Uit

- ((Du.'D‘u(.n)_% - (D‘:HD‘:R-'-])—%)

4i-Bi = ((DyDi,)t ~ (DuDu)?)
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= fr(z2ay2) - fr(mlsyl) <0.

Thus
MT)-MT) = Y (DD~ - > (DuDy)?
wweE(T") wweB(T)
= ( > oy t- 3 (DuD,,)-*)
uveE(To—x) wweE(To—x)
+( > ow)t- Y (D:Dy)-*)
y€ Nro (=) YENT, (x)
a—1
+( S (oL Dh, ) Z(Du.-DuH,)-*)
i=b i=b
-1 1
+( dim ,)
=0 =0
+ (DDl = (Do Duo)})
< 0,
ie., J(T) > J(T"). O

By the previous lemma, we have immediately the following.

Theorem 4.1. [12] Let T be a tree withn > 3 vertices. Then J(T) > J(FPn)
with equality if and only if T = P,.

Let P,_1,; be the tree obtained by attaching a pendant vertex to vertex
v; of the path Pay =vvg-+-vn_1, 1 <i < | 252 Clearly, P, = Paoy,1.
Theorem 4.2. Let T be a iree with n > 4 vertices different from P,. Then
J(T) > J(Pp-1,2) with equality if and only if T = Pp—1,2.

Proof. Let d be the diameter of T. Thend < n—2. If d < n —2, then by
Lemma 4.2, we can obtain an n-vertex tree with diameter n — 2, which is
of the form P,_;; with smaller Balaban index than T.

Suppose that T = P,_;;. Denote by = the pendant vertex incident
with v; outside P,_;. By Lemma 4.2 with Tg = zv;, we have

J(Pn_l'i) > J(Pn_l,i_1) >0 > J(Pn_l,a) > J(P _1,2)
for 3 <i < |231]. The result follows. O

Let P,_2(i,7) (2 < i £ j < n— 3) be the n-vertex tree formed by
attaching a pendant vertex at v; and v; of the path P,_2 = v1v2...vn-3,
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respectively. In particular, P,_»(%,%) is tree formed by attaching two pen-
dant vertices at v; of the path P,_s.

Suppose that T is an n-vertex tree with diameter d < n — 3. If the
number of pendant vertices of T is three, then by Lemma 4.2, we can
obtain an n-vertex tree 7" of diameter n — 3 and a P, attached to some
vertex v; of the diameter-achieving path, say P,_3 = vjv2...vVn_2, Where
3 < j £ n — 4, with smaller Balaban index than T. It is easily seen that
J(T) > J(T') > J(Pn-1,3). If the number of pendant vertices of T at least
four, then by Lemma 4.2, we can obtain an n-vertex tree with n — 3, which
is of the form P,_5(3, 7) with smaller Balaban index than T.

Suppose that T' = P,_s(i, j) different from P,_2(2,n — 3). It is easily
seen that J(P,—2(2,2)) > J(Pa-1,3). Suppose without loss of generality
that 3 < ¢ < I_l;—l- ]. Denote by x the pendant neighbor of v; outside
the diameter-achieving path P,_3 in T. By Lemma 4.2 with Ty being the
component containing v; of the tree obtained from P,_5(i,j) by deleting
edges v;v;41 and v;z, we have a tree P,_; ;, for which

J(Pn-2(%,7)) > J(Pn-1,i) 2 J(Pn=1,3)-

Thus we have: If T is a tree with n > 6 vertices different from P, and
P,_1,2, then J(T) > min {J(Pn_1,3), J(Pn-2(2,n — 3))} with equality if
and only if G is P,,_1,3 or P,_2(2,n — 3) with smaller Balaban index [After
computing by Matlab, we find that J(Pn_1,3) < J(Pr-2(2,n — 3)) though
their difference tends to zero as n — oo, and thus J(T') > J(P,h-1,3) with
equality if and only if G is P,_13).
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