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Abstract
A graph G is called H —equicoverable if every minimal H-covering
in G is also a minimum H —covering in G. In this paper, we give the
characterization of connected Ma—equicoverable graphs with circum-
ference at most 5.
Keywords: H—covering, coverable, H—equicoverable.

1 Introduction and preliminaries

The problem that we study stems from the research of H—decomposable
graphs, randomly packable graphs and equipackable graphs. For further
definitions and results refer to 1], [3], [4], [5].

Let H be a subgraph of G. By G — H, we denote the graph remaining
after we delete from G the edges of H and any resulting isolated vertices.
Let L = {Hy, Hy,- -+ , H} be a collection of copies of H. If Hy, Hy, - -- , H
are edge-disjoint, L is called an H—packing in G; if every edge of G appears
in at least one member of L, then L is called an H — covering of G. If
G has an H—covering, G is called H — coverable. A graph G is called
H — decomposable if it has an H—packing which is also an H —covering.
A matching with ¢ edges is denoted by M;. Caro ([2],(3] ) characterized
Mj—decomposable graphs:

Theorem 1.1. Let G be a graph of size 2m > 0 and without isolated
vertices. Then G is My—decomposable if and only if A(G) < m and G is
not isomorphic to Kz U K.

*This research was supported by National Natural Science Foundation of
China(10926071, 11071055).
YE-mail addresses: yqinzhang@163.com; yuqinzhang®126.com

ARS COMBINATORIA 101(2011), pp. 45-63



An H—covering of G with k copies Hy, Ha, - - - , H of H is called mini—
mal if, for any Hj, U§=1 H;—Hj is not an H—covering of G. An H—covering
of G with k copies Hy,Ha,--- ,Hi of H is called minimum if there ex-
ists no H—covering with less than k copies of H. A graph G is called
H — equicoverable if every minimal H-covering in G is also a minimum
H —covering in G.

All P;—equicoverable graphs are characterized in [6]. In [7], we ob-
. tain some results of M;—equicoverable graphs. In this paper, we give the
characterization of connected graphs with circumference at most 5.

Obviously, if G contains an edge e which is adjacent to all the other
edges, e belongs to no copy of M,. Consequently, e can not be covered by
any M;, and G is not Mp—coverable. It is easy to see that a graph G is
May—coverable if and only if there exists no edge in G which is adjacent to
all the other edges.

The following observation is crucial to our work:

Observation: If a graph G is not M;—coverable, there are three
possibilities:

(1) There exists only one edge e; in G which is adjacent to all the other
edges; that is, G — e; is May—coverable.

(2) There exist exactly two adjacent edges e; and e; in G each of which
is adjacent to all the other edges, respectively; that is, G — e; — ¢e; is
M,—coverable.

(3) There exist at least three edges in G each of which is adjacent to all
the other edges, respectively; that is, G is Kj x(k > 3) or K3.

If G is not Ms—coverable, G can not be Ma—equicoverable. So the
graphs that we’ll characterize are all Mz—coverable.

The non-adjacent edge-degree of an edge e in a graph G, written by
dy(e), is the number of edges which are not adjacent to e. Denote by N(e)
the set of all the adjacent edges of e and denote by co(e) the number of
M, in the minimum M;—covering of N(e)(if N(e) is not Ms—coverable,
co(e) = 0).

Lemma 1.2. [7] If there ezists an edge e in G such that d;(e) + co(e) >
¢(G), G is Ma—equicoverable.

If there exists an edge e in G such that dy(e) + co(e) = ¢(G) and the
neighbor set N(e) contains two edges which are non-adjacent to the same
edge of G — N(e), G is not Ma—equicoverable.



Lemma 1.8. Let F be a subgraph in G which is not My—equicoverable. If
G —~ F is Ma—coverable, G is not My—equicoverable.

Proof. Take a minimal My—covering of F which is not & minimum Ms—cov-
ering, then take any minimal M;—covering of G — F. Their union is a
minimal M2—covering of G which is not minimum. By the definition, G is
not Ma—equicoverable. (]

2 Connected M,;—equicoverable graphs with
circumference 5

Theorem 2.1. Let G be a connected graph with circumference 5 and girth
5. Then G is Ma—equicoverable if and only if G is Cs.

Proof. Let G satisfy ¢(G) = g(G) = 5, then G only contains 5—cycles. Let
C = v1v2v3v4v5v; be a 5—cycle in G. Let vyv; = ey, vou3 = €3, v3v4 = €3,
V4VUs = €4, UpV1 = €5.

If G = C, it is easy to verify that G is My—equicoverable.

If G is not a cycle, there must exist an edge e € E(G) such that
eo is incident to some vertex of C(assume it is v;). Let C U ey = Go.
Then {{eo,e3}, {e1, €3}, {es, 3}, {e2,e4}} is a minimal M;—covering of Gy
which is not minimum. So Gy is not Ma—equicoverable. If G — Gy is
Mj—coverable, G is not Ma—equicoverable by Lemma 1.3; if G — Gy is not
M_y—coverable, there are three possibilities:

Case 1: There exists only one edge e in G — Gy such that G — Gy — e
is My—coverable. Since G contains no 3—cycles, e can not be adjacent to
both e; and e4. Assume that e is non-adjacent to e, then {{eo, €3}, {e1, €3},
{es, e}, {e, €2}, {e2,e4}} is & minimal Mj—covering of Gy U e which is not
minimum, so G U e is not Ma—equicoverable. By Lemma 1.3, G is not
My—equicoverable.

Case 2: There exist exactly two adjacent edges e; and e; in G — - Go
such that G — Go — e; — ¢; is Ma—coverable.

Subcase 1: Neither e; nor e; is adjacent to e3. Then {{e, e3}, {e1, €3},
{es, €3}, {ei, e3}, {ej, e}, {e2, e4}} is a minimal My—covering of Go Ue;Ue;
which is not minimum. So Gp U ¢; U ¢; is not M;—equicoverable.

Subcase 2: At least one edge of e;,e; is adjacent to e3. Denote the
common vertex of e; and e; by v.

(i) v is v3(v4). Since G contains no 3—cycle, neither e; nor e; is adjacent
to eq(or ez). Then {{eo,es},{e1,e3}, {es,es},{e: e}, {ej,eq}, {€2,€4}}
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({{eo, €3}, {e1, €3}, {es,ea}, {ei,e2},{ej, €2}, {€2,€4}}) is a minimal Mp—
covering of Gp Ue; U e; which is not minimum, so Go U e; U ¢; is not
M;—equicoverable.

(ii) v is neither v3 nor v4. Then at most one of e; or e; can be adjacent
to e3(Otherwise, G contains a 6—cycle). So exactly one of e;, e; (assume it
is ¢;) is adjacent to es. Obviously, e; can not be adjacent to ez and e4 at
the same time. Assume e; is non-adjacent to e;. Then {{eo,es},{e1,e3},
{es, e3}, {ei, €2}, {ej, €3}, {e2, e4}} is a minimal Ma—covering of GoUe;Ue;
which is not minimum, so Go U e; U e; is not Mz—equicoverable.

By Lemma 1.3, G is not M;—equicoverable.

Case 3: G — Gy is K1 k(k > 3). Denote the k edges of K1,x(k 2 3) by
€01, €02, * * - » €or and denote the center by v.

Subcase 1: None of the k edges of the star is incident to vs or vs.
That is, none of the k edges is adjacent to e3. Then {{eo,es}, {e1,e3},
{{es, 3}, {e2, €4}, {€o1, €3}, {€o2, €3}, -+, {€ok, e3}} is a minimal Mz~ cov-
ering of G which is not minimum. So G is not Mz— equicoverable.

Subcase 2: At least one edge eg; of the star is incident to v3 or v4(that is,
eg; is adjacent to e3). Assume that ep; is incident to v3. Since G only con-
tains 5—cycles, no edge of the star is adjacent to e4. Then {{eo, €3}, {1, €3},
{es,e3}, {e2, €4}, {€o1, €4}, {€02, €4}, - , {€0k, €4}} is a minimal M~ cov-
ering of G which is not minimum. So G is not Ma— equicoverable.

From the above, only the 5—cycle Cs is the connected Ma—equicoverable
graph with circumference 5 and girth 5. ]

Theorem 2.2. If G is a connected graph with circumference 5 and girth
4, G is not Ma—egquicoverable.

Proof. Since ¢(G) = 5, g(G) = 4, G can contain only 5—cycles and 4—cycles.
Let C = vvv3v4vsv; be a 5—cycle of G and viva = e, vvz = ey,
v3vs = €3, v4Us = €4, UV = e5. Let C' = vo1v02v03Voavo1 be a 4—cycle
of G and vo1%02 = €p1, Voz¥os = €o2, V03Vo4 = €03, YoaVo1 = €o4. Consider
E(C)NE(C'). If E(C)NE(C’) has one edge or three edges, G must contain
a 3—cycle or an n—cycle(n = 6,7), which is a contradiction. So there are
only two cases:

Case 1: E(C)NE(C') is an empty set. There must exist an edge(suppose
it is egs) in C’ which is non-adjacent to all the edges of C. Then the sub-
graph Gy induced by E(C)U ep4 is not Ma—coverable. Since G contains no
3—cycle, there exists no edge e in G — Gp such that e is adjacent to all of
€o1, €02, €03 50 G — Go must be M,—coverable. By Lemma 1.3, G is not
Mj—equicoverable.



Case 2: E(C)NE(C’) has exactly two edges. Up to isomorphism, there
is only one possibility, without loss of generality, suppose that ep; = e,
eo2 = ez, shown as Figure 1:

Figure 1

Denote by Go the subgraph induced by the edge set {eos, €os, €1, €2, €3,
es}. Then {{e2,es5}, {€2, €04},{€1, €03}, {€1,€3}} is 2 minimal M, —covering
of Gp which is not minimum. So Gy is not M;—equicoverable. If G — Gy is
Mj—coverable, G is not M;—equicoverable by Lemma 1.3; if G — Gy is not
M3—coverable, since G contains no 3—cycles, there are three possibilities:

Subcase 1: There exists only one edge e; in G — Gy such that G —
Go — e; is My—coverable. Since e; € E(G — Gy), €; is e4 or e; must be
adjacent to e4. So e; is not adjacent to e;. Then {{ez,es}, {e2,€04},
{e2, e}, {e1,e03}, {€1,€3}} is a minimal My—covering of Gg U e; which is
not minimum. So Gy U e; is not Ma—equicoverable. By Lemma 1.3, G is
not My—equicoverable;

Subcase 2: There exist exactly two adjacent edges e; and ejin G- Gy
such that G—Go—e; —e; is Ma—coverable. Both e; and e; must be adjacent
to e4(one of them can be e4). Since G contains no 3—cycle, neither e; nor
ej can be adjacent to e; or ez. Then {{ez,e5}, {e2, €04}, {€2,6:}, {e2,€;},
{e1, €03}, {e1,€3}} is a minimal M;—covering of Go U e; U e; which is not
minimum. So Gp U e; U e; is not Ma—equicoverable. By Lemma 1.3, G is
not M,—equicoverable;

Subcase 3: G — Gg is Ky x(k = 3). Denote the k edges of the star
by e11,e12,++ ,e1x. Then e4 must be an edge of the star and the center
of the star must be an endpoint of e;. Since G contains no 3—cycle, no
edge of the star can be adjacent to e; and e;. Then {{e;,es}, {e2,€04},
{e2,e4}, {e1,€03}, {e1,e3},{e2,en1},{e2, €12}, -, {€2,€1x}} is a minimal
M;—covering of G which is not minimum. So G is not M;—equicoverable.

O

Denote by Fs - S the graph obtained from a fan F; and a k—star
K x(k 2> 0) by identifying one vertex of the fan F; with the center of K 1,k-
See Figure 2 for k = 3:
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Fiure 2: F5-S3

Theorem 2.3. Let G be a connected graph with circumference 5 and girth
3. Then G is My—equicoverable if and only if G is the graph Fy - Si(k = 0).

Proof. It is easy to verify that Fi - Sk(k > 0) is Ma—equicoverable.

Conversely, let G be an M;—equicoverable connected graph which sat-
isfies ¢(G) = 5 and g(G) = 3. So G must contain a 5—cycle and a 3—cycle.
Let C = vjvauzvavsy; be a 5—cycle of G and vjv2 = e, vovs = e,
Vavy = e3, UsUs = €3, Us¥; = €5. Let C' = vg1vp2v03v0; be a 3—cycle
of G and vp1vg2 = €01, Vo2Vo3 = €02, V03Vo1 = €03. For E(C) nE(C'), there
are three cases:

Case 1: E(C)N E(C’) is an empty set.

(a) (b) (c)
Figure 3

Subcase 1: C and C’ have no common vertex, shown as Figure 3(a).
Denote by Go the subgraph induced by {eo1,es, €1,€2,€4,€5}. Then
{{e1,e01}, {e1,€03}, {e2,€s}, {e2,e5}} is a minimal Ma—covering of Go
which is not minimum. So Gp is not Mz—equicoverable. If G — Gy is
Msy—coverable, G is not M;—equicoverable by Lemma 1.3. If G — Go is
not My—coverable, G — Go can not be a star because G — Gy contains the
matching {epz, e3}. There are two possibilities:

(i) There exists only one edge e; in G — Go such that G — Go —¢; is
Mj—coverable. Since G — Gy contains {eg,es}, e; must be adjacent to
both egz and e3. Then e; can not be adjacent to e;. {{e1,e01}, {e1,e03},
{e1,ei}, {e2,ea}, {e2,es}} is a minimal Mz—covering of Go U e; which is
not minimum. So Gg U e; is not Ms—equicoverable.

(ii) There exist two edges e; and e; in G —Gg such that G—Go—e; —¢;
is My—coverable. In the same way, both e; and e; must be adjacent to
eoz and es. So neither of them can be adjacent to e;. Then {{e1,e01},
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{e1,e03}, {e1,€:}, {e1,€;}, {ea,ea}, {e2,€5}} is a minimal Mp~—covering of
GoUe;Ue; which is not minimum. So GoUe;Ue; is not Ma—equicoverable.

By Lemma 1.3, G is not My—equicoverable.

Subcase 2: C' and C’ have only one common vertex, shown as Figure
3(b). Denote by Gp the subgraph induced by {eo,, eos, €1, €3, €4, €5}. It is
easy to see that Gy is not Ma—equicoverable. If G — Gy is Ma—coverable,
G is not Ma—equicoverable by Lemma 1.3; if G — Gy is not Ma—coverable,
G — Go can not be a star since G — Go contains the matching {eg2, e3}.
There are two possibilities:

(i) There exists only one edge e; in G — Gy such that G — Gy — e;
is Ma—coverable. Since G — Gy contains the matching {egz, €2}, €; must
be adjacent to both ep; and ez. So e; can not be adjacent to e4. Then
{{es, €01}, {e4, €03}, {es, e}, {e1,es}, {€s,e5}} is a minimal Mz—covering
of Go U e; which is not minimum. Gp U e; is not Mp—equicoverable. By
Lemma 1.3, G is not My—equicoverable.

(ii) There exists exactly two edges e; and e; in G—Gy such that G—Gy—
e; — ej is Ma—coverable. In the same way, both e; and e; must be adjacent
to egz, €2, and neither of them can be adjacent to e;. Then {{eq4,e0:},
{ea, €03}, {es, i}, {es, €5}, {e1,ea}, {€s,€5}} is a minimal M,—covering of
Go Ue; Ue; which is not minimum. Go Ue; U e; is not My—equicoverable.
By Lemma 1.3, G is not Ms—equicoverable.

Subcase 3: C and C' have two common vertices, shown as Figure
3(c). Denote by Gp the subgraph induced by {eo;, o3, €1, €2, €4, es}. Then
{{e1, €03}, {€2, €03}, {€o1, €4}, {€01,€5}} is a minimal M;—covering of G
which is not minimum. So Gy is not Mz—equicoverable. If G — G, is
M;—coverable, G is not My—equicoverable by Lemma 1.3; if G — Gy is not
Ma—coverable, since G — Gp contains {eg2, €3}, G — Gy can not be a star.
Neither e; nor e is the edge of G— Go. So there can not exist two adjacent
edges in G — Go which are respectively adjacent to both eg; and e3. We
have only one case: there exists exactly one edge e; in G — Gy such that
G—Go—e; is Ma—coverable and e; is adjacent to both eg2 and e3. Only one
edge of e, and eg3(assume it is eq;) is non-adjacent to e;. Then {{e1,e0s},
{e2, €03}, {eo1,€s},{eo1, i}, {€o1,e5}} is a minimal M;—covering of GoUe;
which is not minimum. So G Ue; is not My—coverable. By Lemma 13, G
is not My—equicoverable.

This is a contradiction, so Case 1 is impossible.

Case 2: E(C)NE(C’) has two edges. Up to isomorphism, there is only
one possibility, without loss of generality, let eg3 = e3, shown as Figure 4,
denote this graph by Gy.
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Figure 4

Similar to the proof of Case 1, we can prove: if G is M;—equicoverable,
none of the 5 graphs shown as Figure § is a subgraph of G.

Figure 5

So none of v,v3,v4,v5 has any incident edge outside G and all the paths
beginning with v; have length no more than 1. G must be F; - Sx(k > 0).

Case 3: E(C)NE(C’) has only one edge. Since G contains no 6—cycle,
up to isomorphism, there is only one possibility. Suppose that eg; = ey,
eo2 = ez, shown as Figure 6:

Figure 6

Denote by Gy the subgraph induced by {eqs, e1,e2,€3,€e4,€5}. It’s easy
to see that Gy is not My—equicoverable. If G — Gy is Mp—coverable, G is
not My—equicoverable by Lemma 1.3; if G — Gg is not Ma—coverable, we
first prove there must exist an edge e in G — G such that e is vyv4 or v3vs.
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We prove by contradiction. Suppose that neither v;v4 nor vavs is an edge
of G — Go.

Subcase 1: In G — Gy, there is only one edge e; such that G — Gy —e¢; is
M3 —coverable. Since vyv4 and v3vs are not the edges of G — Gy, e; can not
be adjacent to both ez and e;. Assume that e; is non-adjacent to es. Then
{{es,e1}, {e3,e5}, {es,e:}, {es, €03}, {€s,€2}} is & minimal Mp—covering
of Go U e; which is not minimum. So Go Ue; is not Mz—equicoverable. By
Lemma 1.3, G is not M;—equicoverable.

Subcase 2: There exist exactly two adjacent edges e; and e; in G — Gy
such that G — Go — e; — e; is Ma—coverable. In the same way, neither e;
nor e; can be adjacent to both e3 and es. Assume that neither e; nor e; is
adjacent to es. Then {{es,e1}, {e3,es}, {e3, e}, {e3,€;},{eq, €03}, {€4,2}}
is a minimal M2—covering of GoUe;Ue; which is not minimum, so GoUe;Ue;
is not M;—equicoverable. By Lemma 1.3, G is not Ma—equicoverable.

Subcase 3: G — Gy is Ky x(k > 3). Since neither v;v4 nor vsvs is an
edge of G — Gy, no edge of the star can be adjacent to e3 and eg at the same
time. In the same way, we can get a minimal M,—covering of G which is
not minimum. So G is not My—equicoverable.

This is a contradiction. So there must exist an edge e in G — Gy such
that e is vvu4 or v3vs. Without loss of generality, suppose viv4 € E(G—Gy),
and take C’ = vjv3vqv;. Then E(C) N E(C’) has two edges. By the proof
of Case 2, G must be Fj - S;. O

3 Connected M;—equicoverable graphs with
circumference 4

Denote by Cy- S, the graph obtained from a cycle C, and a k—star K *(k>
0) by identifying one vertex of the cycle C; with the center of K . See
the first figure shown as Figure 7 for k = 3.

KXo P

Figure 7

Theorem 3.1. Let G be a connected graph with circumference 4 and girth
4. Then G is Ma—equicoverable if and only if G is Cy - Si(k > 0).

Proof. 1t is easy to verify that C, - Sk(k > 0) is My—equicoverable.
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Conversely, let G be an M;—equicoverable connected graph with ¢(G) =
9(G) = 4. So G can only contain 4—cycles. Let C = vjvouavqvy be a
4—cycle of G and vyv; = e;, VoU3 = €2, V3V = €3, V4V = €&4. If G is C,
it obviously satisfies the condition; if G is not a cycle, there must exist an
edge ey € E(G — C) such that e is incident to some vertex of C. Without
loss of generality, let g = v1v9 and CUep = Go. Then the following holds:

(1) In G - Gy, v has no incident edge.

Otherwise, if v has an incident edge e = vpug outside Go, let GoUe =
G, shown as Figure 8(a).

V4 €4 V1 €0 Vo € Uo V4 €4 V1 €0 Vo U4 €4 V1 €9 Vo
[X] €1 €3 €1 e3 e1
V3 €2 U2 v3 €2 U2 € Uo Upg e U3 ez U2
(a) (b) ()
Figure 8

Obviously, G; is not M;—equicoverable. If G — G, is Ma—coverable, G
is not My—equicoverable by Lemma 1.3; if G — G; is not M;—coverable,
since G contains no 3—cycle, there are three possibilities:

Case 1: In G — G,, there is only one edge e; such that G — G —e; is
M,—coverable. Since e; can not be adjacent to all of e, e;, e, e3 at the
same time, suppose that e; is non-adjacent to e;. Then {{ez,e0}, {e2, s},
{e2,e:}, {e1,€3}, {e1,€}} is a minimal Mz—covering of Gy Ue; which is not
minimum. So G; U e; is not My—equicoverable. By Lemma 1.3, G is not
M, —equicoverable. '

Case 2: In G — G}, there exist exactly two adjacent edges e; and e; such
that G—G; —e; —e; is Mp—coverable. Since G only contains 4—cycles, there
is at least one edge (let it be €) among e, e1, ez, ez which is non-adjacent to
both e; and e;. Then {{e,e1}, {e,es}, {e, &}, {e,e;}.{e2, €0}, {e2,es}}isa
minimal M;—covering of Gy Ue; Ue; which is not minimum. So G1Ue;Ue;
is not My—equicoverable. By Lemma 1.3, G is not M2—equicoverable.

Case 3: G — Gy is Ky x(k > 3). Denote the k edges of the star by
€11,€12, ' s€1k. Since G contains only 4—cycles, there exists at least
one edge(assume it is e3) among e, ey, ez, and e3 which is non-adjacent
to all the edges of the star. Then {{e2,es}, {e2,e0}, {es,e}, {es,er},
{es,en}, {es,e12},-- , {es, e1x}} is a minimal Mp—covering of G which is
not minimum. So G is not My—equicoverable.

This is a contradiction.
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(2) In G— Gy, v has no incident edge. By symmetry, v4 has no incident
edge, either.

Otherwise, if v has an incident edge e = vyug outside Gy, let GoU e =
G1, shown as Figure 8(b). It is easy to see that G is not My—equicoverable.
If G — G; is My—coverable, G is not Ma—equicoverable by Lemma 1.3; if
G — G is not Ma—coverable, since G contains no 3—cycle, there are three
possibilities:

Case 1: In G — Gy, there is only one edge e; such that G — G; — ¢;
is Ma—coverable. Since G contains no 3—cycle, e; can not be adjacent to
e; and e3 at the same time. Assume that ¢; is non-adjacent to e;. Then
{{e2,e0}, {e2,€4}, {e1,€:}, {e1,e3}, {€3,€e}} is a minimal M;—covering of
G1 Ue; which is not minimum(whose minimum M,—covering uses 4 copies
of M;). So G; U e; is not Ms—equicoverable. By Lemma 1.3, G is not
M, —equicoverable.

Case 2: In G — G, there are exactly two edges e; and e; such that
G - G — ¢; — e; is Ma—coverable. Since G contains no 3—cycle, e; can
not be adjacent to both e; and e at the same time, e; can not be adjacent
to e; and e; at the same time. Suppose that e; is non-adjacent to e;
and e; is non-adjacent to e3. Then {{ez,e0}, {e2,es}, {e1,e:}, {e1, €3},
{es, e}, {e3,e;}} is a minimal My—covering of G; U ¢; U e; which is not
minimum. So G; Ue; U e; is not Mz—equicoverable. By Lemma 1.3, G is
not M,—equicoverable.

Case 3: G —G) is Kik(k > 3). Denote the k edges of the star by
€11,€12," " , €1k.

Subcase 1: The center of the star is not a vertex of G;. Since G contains
only 4—cycles, at least one vertex of v, va(let it be v2) is not a leaf of the
star. Then there exists an edge e such that dy(e) = k + 3, co(e) = 0,
¢(G) = max{k,4, [££8]}. When k > 3, di(e) + co(e) > ¢(G). By Lemma
1.2, G is not My—equicoverable.

Subcase 2: The center of the star is v;. Since G contains no 3—cycle,
no edge of the star can be adjacent to ez. Then {{ez,e4}, {e2, 0}, {e3, €},
{es,e1}, {e2,e11},{e2, €12}, - ,{ea,€1x}} is a minimal My—covering of G
which is not minimum. So G is not My—equicoverable.

By symmetry, if the center of the star is vs, G is not My—equicoverable,
either.

Subcase 3: The center of the star is v3. Since G contains no 3—cycle, no
edge of the star is adjacent to es. Then {{e4, ez}, {es, €}, {e3, €0}, {€3,€1},
{es,e11}, {es, €12}, - -+ , {e4, €1 }} is a minimal My—covering of G which is
not minimum. And G is not Mp—equicoverable.
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By symmetry, if the center of the star is v4, G is not Mz—equicoverable.

Subcase 4: The center of the star is vp. No edge of the star can be
adjacent to ey4. Then {{34: 62}: {64, e}) {637 eO}7 {831 el}’ {647 ell}s {64) 612}1
+++ ,{es, €1x}} is a minimal M—covering of G which is not minimum. G is
not Mjp—equicoverable.

By symmetry, if the center of the star is ug, G is not Mz—equicoverable.

(3) In G — Go, v3 has no incident edges.

Otherwise, if vs has an incident edge e = v3ug outside Gy, let GoUe =
G, shown as Figure 8(c). It is easy to see that G, is not Mz—equicoverable.
Similar to the proof of (2), we can prove that G is not Ma—equicoverable.

From the above, only v, can have incident edges in G — Gy. From the
proof of (1), the paths beginning with v; in G — Go have length no more
than 1. So if G is M;—equicoverable, G must be Cy - S. O

We denote a graph obtained from a complete graph X, and a k—star
Ky x(k > 0) by identifying one vertex of Ky with the center of Kjx by
Ky - Si. See the second graph shown as Figure 7 for k = 3.

Theorem 3.2. Let G be a connected graph with circumference 4 and girth
3. Then G is My—equicoverable if and only if G is the graph K, - Sx(k > 0)
or belongs to one of the two families listed in Figure 9 (where v has k
neighbors with degree 1. In the first family, k > 0; in the second family,
k>1)

Figure 9

Proof. It is easy to verify that K, - Sg(k > 0) and the two families list in
Figure 9 are all M—equicoverable.

Conversely, let G be an Mz —equicoverable connected graph with ¢(G) =
4 and g(G) = 3. So G must contain a 4—cycle and a 3—cycle. We call
the edge joining two non-adjacent vertices of the cycle a diagonal. Let
C = vvu3vgv; be a d—cycle of G and vjv2 = €1, V2vU3 = €2, V3Us = e3,
V4V] = €4.

Case 1: C has diagonals.

Subcase 1: C has two diagonals. C and its two diagonals induce a
complete graph K;. It is easy to see that the complete graph K, is
Mj—equicoverable. If G contains other edges besides the edges of Kij,
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by connection and symmetry, we can assume that G also contains an edge
eo = v179. If G has a subgraph shown as 10(a), let Gp be the subgraph in-
duced by {eo, €1, e2,e3,e4,€}. It is easy to see Gy is not My—equicoverable.
Since there exists no edge in G— Gy which is adjacent to both vivs and vavg,
there exists no edge in G — Gy which is adjacent to all the other edges. So
G —Gp is Ma—coverable. By Lemma 1.3, G is not M;—equicoverable which
is a contradiction. So G doesn’t contain a subgraph which is isomorphic
to the graph shown as Figure 10(a). In a similar way, G doesn’t contain a
subgraph which is isomorphic to the graph shown as Figure 10(b).

Vg €4 V1 €0 Vo Vg €4 V1 €0 Vo € Up
€3 €1 e3 €1
Vs e3 V3 e U VU3 €2 V2
(a) (b)
Figure 10

So outside the complete graph Ky, neither va(vs,v4) nor vo has incident
edges and the paths beginning with v; have length no more than 1. And
G must be the graph Ky - Si(k > 0).

Subcase 2: C has only one diagonal, and we can let it be vyvz. Since G
is My—coverable, v, or v4 must have incident edges in G—C —v;v3. Assume
that v4 has an incident edge ey = v4vp. Denote by Gy the subgraph induced
by {eo, e1,e2,€e3,€e4,v193}. Then the following statements are true:

(1) G doesn’t contain subgraphs isomorphic to the two graphs as shown
in Figure 11; that is, in G — Gy, vo and vz have no other incident edges,
and the paths beginning with v4 in G — Gy have length no more than 1.

Up € Vp €p V4 €4 V) ’Up_ﬁo_’v4 €4 V1
(4] €1 e3 e1
U3 €3 Ug V3 €3 Uz e Up
(2) (b)
Figure 11

Otherwise, G contains a subgraph shown as Figure 11(a); that is, v
has an incident edge e = wpug. Denote by G; the subgraph induced by
{eo, e1,e2,€3,e4,€}. It is easy to see that G; is not Ma—equicoverable.
If G - Gy is My—coverable, G is not Ma—equicoverable by Lemma 1.3; if
G - G, is not My—coverable, there are three possibilities.

57



(i) There exists only one edge e; in G — Gy such that G — G —e; is
Ma—coverable. If e; is vius, {{es, €}, {es, €}, {e, &}, {eo,e1}, {€0,€2}} is a
minimal My—covering of G; U e; which is not minimum. If e; is not v, vs,
e; must be adjacent to vyvus. Since ¢(G) = 4 and e; is not adjacent to e,
{{es, e}, {es,€}, {e,e:}, {eo,e1}, {eo,e2}} is a minimal My—covering of
G1Ue; which is not minimum. So G; Ue; is not Ma—equicoverable, and G
is not Ms—equicoverable.

(ii) There exist exactly two adjacent edges e; and e; in G — G; such
that G — Gy — e; — e; is Ma—coverable. As (i), neither e; nor e; can be
adjacent to e. Then {{es,e}, {es, €}, {e, &}, {€,€;},{ev,e1}, {€0,€2}} is
a minimal Ma—covering of G U e; which is not minimum. Thus G is not
M, —equicoverable.

(ili) G — Gy is Ky x(k > 3) (or K3). In the same way, any edge of
the star (or K3) can not be adjacent to e. These edges and e form k(or
3) copies of M, which along with {es,e}, {{es,e},{€0,€1}, {€0,€2}} con-
stitute a minimal Ma—covering of G which is not minimum. So G is not
Mj—equicoverable.

In the same way, if G contains a subgraph shown as Figure 11(b), G is
not Mjy—equicoverable, which is a contradiction.

(2) G doesn’t contain subgraphs isomorphic to the three graphs shown
as Figure 12. In G — Gy, only one vertex of v;, vs and v4 can have incident
edges, and the paths beginning with v; have length no more than 1.

2
ey /
Vo €o eq vy e, up Vo €o Vs €4 U1 e1 U1 vy eg V4 €4 V1 € Uy €], U2

es3 4 e1 €3 €1 es e1
V3 €3 Vs Uz e U3 €z U2 U3 €3 Uy
(a) (b) (c)
Figure 12

Otherwise, G contains a subgraph G'. We can take a non-M;—equicover-
able subgraph G; of G’ with size 6 such that G’ — G is a copy of M3(Thus
G — G4 can not be a star or K3). In the same way as before, we can prove
that G is not Ms—equicoverable, which is a contradiction.

From (1) and (2), G must be the two kinds of graphs of Figure 9.

Case 2: C has no diagonal.

Let C' = vo1v02v03v01 be a 3—cycle of G and vpjv02 = €o1, Vo2v03 = €02,
Uoavo1 = €o3. Since G contains no 5—cycle and C has no diagonal, C' and
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C’ have no common edges. We have two subcases.
. eq
e4 €02
e3 €1 es3 e1

e €2

(a) (b)
Figure 13

Subcase 1: C and C’ have no common vertices, shown as Figure 13(a).
Denote by Go the subgraph induced by {eo1, g2, €03, €1, €2, e3}. It is easy
to get that Gp is not Ma—equicoverable. If G — Gy is My—coverable, G
is not Mp—equicoverable; if G — Gy is not Mp—coverable, there are three
possibilities:

(i) There exists only one edge e; in G — Gp such that G — Gy —¢; is
M,—coverable. Since e4 € E(G — Go), e; is eq or e; is adjacent to e4.
Because C has no diagonal, e; can not be adjacent to e3. Then {{e2,e01},
{e2, €02}, {e2, €03}, {€1,es}, {€2,€:}} is a minimal My—covering of Go U e;.
So Go Uee; is not Mj—equicoverable. And G is not M;—equicoverable.

(ii) There exist exactly two adjacent edges e; and e; in G — Gg such
that G — Go — e; — e; is Ma—coverable. In the same way, neither e; nor e;
can be adjacent to es. Then {.{623 301}1{621 e02}1 {62, 303}’ {32, ei}1 {321 ej}7
{e1,e3}} is a minimal M;—covering of Go U e; U e; which is not minimum.
Go Ue; Ue; is not My—equicoverable. So G is not M;—equicoverable.

(iif) G~Go is K3 x(k 2> 3)( or K3). In the same way, all the edges of the
star(or K3) are non-adjacent to e;. All the k edges together with e; form
k(or 3)copies of M, which along with {ez, €01},{e2, €02}, {e2, €03}, {e1, €3}
constitute a minimal Mj;—covering of G which is not minimum. So G is
not My—equicoverable.

Subcase 2: C and C’ have exactly one common vertex, shown as Figure
13(b). Denote by Gy the subgraph induced by {eo,, €02, €03, €1, €2,€3}. It
is easy to see that Gy is not My—coverable. Similar to the proof of Subcase
1, we can get that G is not M,—equicoverable.

So Case 2 is impossible.

From the above, if the graph G is Mz—equicoverable, G is the graph
K4-Sk(k > 0) or belongs to one of the two families listed in Figure 9 (where
v has k neighbors with degree 1. In the first family, k > 0; in the second
family, k > 1). O
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4 Connected M;—equicoverable graphs with
circumference 3

A A AN

Figure 14

For the connected graphs with circumference 3, when the size is no more
than 6, by method of exhaustion, we can easily verify that only the three
graphs shown as Figure 14 are M;—equicoverable; when the size is more
than 6, to get the result, we first give the following lemma:

Lemma 4.1. Let G be a connected graph with circumference 3 which is not
a cycle. If G is Ma—equicoverable, G doesn’t contain any subgraph shown
as Figure 15.

V2 Vs Y4 U Vg V¢ U2 U3 V4 U V2 U3 Y Vs

(@) (b), (©)
m Vg V7 v ve Vg Vs V1 V77U
Vg2 V3 V4 Vs Vg VU3 U4 Vg V2 Uz VY4
(d) (e) ®
Figure 15

Proof. We prove by contradiction.

(1) If G contains a subgraph shown as Figure 15(a), we denote it by
Go. It is easy to see that Gp is not Ma—equicoverable. If G — Gy is
My—coverable, G is not Ms—equicoverable by Lemma 1.3; if G — Gy is not
Mjy—coverable, there are three possibilities:

(i) In G — Gy, there exists only one edge e; such that G — Go —e; is
Mj—coverable. Since G doesn’t contain n—cycles(n > 4), e; can not be
adjacent to both vjvs and vavs. Suppose that e; is non-adjacent to v1vs.
Then {{v1v2,vsvs}, {v1v2,vsv6}, {vavs,v1vs}, {vavs,vovs}, {v1v2,e:}} is
a minimal Ms—covering of Go U e; which is not minimum. Gp U e; is not
M;—equicoverable. And G is not Ma—equicoverable.



(ii) In G — Go, there exist two adjacent edges e; and e; such that G —
Go — e; — ej is Ma—coverable. In the same way, neither e; nor e; can be
adjacent to both vyv2 and v4v5. Suppose that e; is non-adjacent to v,v, and
e; is non-adjacent to vqus. Then {{viv2,vavs}, {v1v2,v5v6}, {vavs,v1v3},
{vavs, vaus}, {v1v2, &}, {v4vs, €;}} is a minimal M;—covering of GoUe; Ue;
which is not minimum. Thus Go U e; U e; is not Ma—equicoverable. And
G is not M2—equicoverable.

(iif) G—Go is K1,x(k > 3)( or K3). In the same way, no edge of the star
or K3 can be adjacent to both v1v; and v4vs. All the edges of K «( or K3)
using vy v2 or v4us form k( or 3) copies of My which along with {v;va,v3v4},
{v1v2,vs5v6}, {vavs, vivs}, {vsvs, vovs} constitute a minimal My—covering
of G which is not minimum. So G is not Ms—equicoverable.

In the same way, if G contains a subgraph shown as Figure 15(b) or (c),
G is not M;—equicoverable.

(2) If G contains a subgraph shown as Figure 15(d), denote by Gg
the subgraph induced by {vivz, vavs, vavy, vavy, v4vs, vevr}. It is easy to
see that Go is not Ms—coverable. If G — Gg is My—coverable, G is not
Mj—equicoverable by Lemma 1.3; if G — Gy is not M —coverable, there are
three possibilities:

(i) In G — Gy, there exists only one edge e; such that G — Gy — ¢; is
Maj—coverable. Since vzug € E(G — Gp) and G doesn’t contain cycles with
length more than 3, e¢; can not be adjacent to both v;vp and v4vs whether
e; is vgvg or e; is adjacent to vsvg. Suppose e; is non-adjacent to vyvs.
Then {{v1v2,vava}, {v1v2,v6v7}, {vavs, v1va}, {vavs, vaus}, {v1v2,6}} isa
minimal Ms;—covering of G U e; which is not minimum. So Gg U ¢; is not
Mj—equicoverable.

(ii) In G — Gy, there exist two edges e; and e; such that G —Go—e; —e;
is Ma—coverable. In the same way, neither e; nor e; can be adjacent
to both v;vs and v4us. Suppose that e; is non-adjacent to vjv; and e;
is non-adjacent to vqus. Then {{vivz,v3vs}, {vive,vevr}, {vavs,vivs},
{vavs, v2us}, {v1v2,€;}, {v4vs, e;}} is a minimal Ma—covering of GoUe;Ue;
which is not minimum. Thus Go U e; U e; is not M;—equicoverable.

(iii) G — Go is K1 x(k > 3)( or K3). Similarly, no edge of the star ( or
K3) can be adjacent to both v;v; and v4vs. All the edges of K x( or K3)
using v1v2 or v4vs form k( or 3) copies of Mz which along with {vyv2,v3v4},
{v1v2, vv7}, {v4vs,v1v3}, {v4vs, vava} constitute a minimal M;—covering
of G that is not minimum.

So G is not My—equicoverable.

(3) If G contains a subgraph shown as Figure 15(e), denote by Gy the
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subgraph induced by {vivs,vavs, vsva, vav1,V3us,vevr}. It is easy to see
that Gg is not My—equicoverable. Since G doesn’t contain cycles with
length more than 3 and there exists no edge in G — Go which is adjacent
to both v3ve and vavs, vave € E(G — Gy), vavs € E(G — Go), there exists
no edge in G — Gp which is adjacent to all the other edges. So G — Gy is
Mj—coverable. By Lemma 1.3, G is not Ms—equicoverable.

In the same way, if G contains a subgraph shown as Figure 15(f), G is
not My— equicoverable.

So G doesn’t contain any subgraph shown as Figure 15. O

Theorem 4.2. Let G be a connected graph with circumference 3 and size
more then 6. Then G is May—equicoverable if and only if G belongs to the
three families listed in Figure 16, where v has k(k > 1) neighbors of degree
1(In the first two families, k > 1; in the third family, k > 0).

Dk O= oK

Figure 16

Proof. It is easy to verify the three families listed in Figure 16 are all
connected Ma—equicoverable graphs with circumference 3.

Conversely, let G be a connected M;—equicoverable graph with circum-
ference 3 and size more than 6. Arbitrarily take a connected subgraph Gy
with size 6 from G. By Lemma 4.1, G can not be any graph shown as
Figure 15(a), (b), (c). So up to isomorphism, there are 5 possibilities for
Gy as shown in Figure 17.

v1 ve v1 ve vivs Vg

yAVA YAVA

v2 v3 v4 vs vs v2 v3 v4 v2

v3
(2) (b) (c)
m v v1 U5
ve v3 V4 v2 v3 v4

(d) (e)
Figure 17

v4

ve

Case 1: Gy is shown as Figure 17(a). By Lemma 4.1, none of v1,v3,vs,
vg, ve has incident edges in G — Gy, and the paths beginning with v3 have
length no more than 1. So G belongs to the second family listed in Figure
16.
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Case 2: Gy is shown as Figure 17(b). By Lemma 4.1, none of vy, vg, vg
has incident edges in G — Gy, and the paths beginning with v; and v3
have length no more than 1. Since G is Mj—equicoverable, Gy is not
Mz—coverable, v; must have incident edges in G — Gp. By Lemma 4.1,
v; must have only one incident edge in G — Gp. So G belongs to the first
family listed in Figure 16.

Case 3: Gy is shown as Figure 17(c). Since G is Mz—equicoverable, at
least one of vy, vs,ve has incident edge in G — Gy. Suppose that v4 has
incident edge v4vy in G — Go. By Lemma 4.1, none of vy, vz, s, v, v7 has
incident edges in G — G and the paths beginning with v; have length no
more than 1. So G belongs to the second family listed in Figure 16.

Case 4: Gy isshown as Figure 17(d). By Lemma 4.1, none of v, v2, v4, v
has incident edges in G — Gy, and the paths beginning with v3 have length
no more than 1. So G belongs to the third family listed in Figure 16.

Case 5: Gy is shown as Figure 17(e). By Lemma 4.1, none of vy, vs, vg
has incident edges in G — Gy, and all the paths beginning with v;,vs,v3
have length no more than 1. So G belongs to the first family listed in Figure
16. (]
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