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Abstract

An (a,d)-edge-antimagic total labeling on (p, g)-graph G is a one-to-one
mep f from V(G) U E(G) onto the integers 1,2,...,p+ g with the property
that the edge-weights, w(uv) = f(u)+f(v)+ f(uv) where uv € E(G), form an
arithmetic progression starting from a and having common difference d. Such
a labeling is called super if the smallest possible labels appear on the vertices.
In this paper, we investigate the existence of super (a, d)-edge-antimagic total
labeling of disjoint union of multiple copies of complete tripartite graph and
disjoint union of stars.

Key Words: super (a,d)-edge-antimagic total labeling, mKnnn and
KimU2sKyn.

1 Introduction and Definition

An important subject of research in recent years has been the construction of
graphs whose vertices and edges may be labeled by consecutive integers so that
the weights of edges have various numerical properties based on these labels (see
[5] and [11]).

An (a, d)-edge-antimagic vertex labeling of a (p, g)-graph G with vertex set V(G) is
a one-to-one map f from V(G) onto the integers 1,2, ...,p with the property that
the edge-weights form an arithmetic progression a,a +d,a +2d,...,a + (¢ — 1)d
where edge-weight of an edge uv is the sum of the vertex labels corresponding to
the vertices u and v, and a > 0,d > 0.

Let f : V(G)UE(G) — {1,2,...,p+q} be a total labeling of a (p, g)-graph G with
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vertex set V(G) and edge set E(G). The edge-weight of an edge uv under the total
labeling f is w(uv) = f(u) + f(uv) + f(v).

By an (a, d)-edge-antimagic total labeling of a (p, g)-graph G we mean a bijective
function f : V(G)U E(G) — {1,2,...,p+ q} such that the set of all edge-weights,
{w(uv) : wv € E(G)}, is {a,a+d,a+2d,...,a + (g — 1)d}, for two integers a > 0
and d > 0. Such a labeling is called super if the vertex labels are the integers
1,2,...,p as the smallest possible labels. A graph G is called (a, d)-edge-antimagic
total or super (a,d)-edge-antimagic total if there exists an (a,d)-edge-antimagic
total or super (a, d)-edge-antimagic total labeling, respectively.

The definition of an (a, d)-edge-antimagic total labeling was introduced by Siman-
juntak, Bertault and Miller [8]. The (a, d)-edge-antimagic total labelings and super
(a, d)-edge-antimagic total labelings are natural extensions of the notion of edge-
magic labeling (see [7], where edge-magic labeling is called magic valuation) and
super edge-magic labeling introduced by Enomoto, Lladé, Nakamigawa and Ringel
in [3).

In this paper we study edge-antimagic properties of disconnected graphs. Some
constructions of super (a, 0)-edge-antimagic total labelings for nCy UmPy, K1,;m U
K » have been described by Ivanco and Lutkanitové in (6] and super (a, d)-edge-
antimagic labelings for P, U Pp41,7P; U P, and nP3 U P42 have been shown by
Sudarsana, Ismaimuza, Baskoro and Assiyatun in [9).

We will concentrate on the existence of super (a, d)-edge-antimagic total labeling
of disjoint union of multiple copies of complete tripartite graph and also disjoint
union of stars.

2 Disjoint union of tripartite graph

Let mKpnnbea d13301nt union of m copies of tnpartlte graph K, 5 » with a vertex
setV(mK,,‘,,_,,)—{x 1<i<n, 1<l<mpu{pl:1<j<n, 1<I<mufz:
1<k <n,1<1!< m} and with edge set E(mKnnn) = U, {ziv), zizt, vi2
1<i<nl<j<nil<k<n} Thusp= |V(mKnna)l = 3mn and
g=|E(mKnnan)l= 3mn?.

The minimum possible edge-weight in a super (a, d)-edge-antimagic total labeling
of a (p,g) graph is at least p+ 4. On the other hand, the maximum possible
edge-weight is at most 3p + ¢ — 1. Then it holds the following inequality

a+(g—1)d<3p+qg-1
which gives an upper bound on the parameter d

2p+g-5
< SETE 5
d< py (1)

If mKpnn, m > 2 and n > 1, is super (a, d)-edge-antimagic total then from (1) it
follows that d < 3.
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Theorem 1 The graph mKy, nn has an (g, 1)-edge-antimagic vertez labeling if and
onlyifn=1 and m s odd, m > 3.

Proof Assume that mKy,nn has an (a,1)-edge-antimagic vertex labeling f; :
V(mKnan) = {1,2,...,3mn} and W = {w(w) : wv € E(mKp )} = {0,0 +
1,a+2,...,a+(3mn?-1)} is the set of edge-weights. The sum of the edge-weights
in the set W is

3mn? - 1). @)

Z w(uv) = 3mn? (a +—a

uv€EE(mKn n,n)

In the computation of the edge-weights of MKy,  n, the label of each vertex is used
2n times. The sum of all vertex labels used to calculate the edge-weights is equal

to
2n Z fi(u) = 3mn®(1 + 3mn). 3)
u€V(mKn n,n)

Combining (2) and (3) gives the following equation

Z w(uv) = 2n 2 fi(u)

wEE(MKa,n,n) u€V(mKa,n.n)
and immediately follows that

Imn(2-n)+3
a= ——F"—,
2
The minimum edge-weight a is a positive integer if and only if n = 1 and m is odd,
m 2> 3.

4)

The required | 3%t3 1)-edge-antimagic vertex labeling f; can be defined in the

following way.
filel) = 41 : if 1 is odd
1 miltl if lis even
3m+l - if 1 is odd
Iy _ 3, ifliso
fl(yl)—{m+§, if 1 is even
fl(z{)=3m+1—l, forall 1<li<m.
This completes the proof. m]

Theorem 2 Ford € {0,2}, the graph mKnp n n is super (a, d)-edge-antimagic total
if and only if n =1 and m is odd, m > 3.



Proof
Casel. d=0.

Figueroa-Centeno, Ichishima and Muntaner-Batle (see [4], Lemma 1) showed that a
(p, q) graph G is super magic ( super (a, 0)-edge-antimagic total) if and only if there
exists an (a —p — g, 1)-edge-antimagic vertex labeling. According to Theorem 1 the
graph mKp nn has (332, 1)-edge-antimagic vertex labeling if and only if n = 1
and m is odd. With respect to Lemma 1 from [4] and for p = 3mn, ¢ = 3mn?, we
have that the graph mK,, » » has a super (ﬁ"—*— 0)-edge-antimagic total labeling
if and only if n = 1 and m is odd.

Case 2. d = 2.

Assume that mKnnn, m 2 2,n > 1, has a super (a,d)-edge-antimagic total la-
beling fo : V(mKpnn) U EMmKpnn) = {1,2,...,3mn + 3mn?} and {w(w) =
fa(u) + fa(uv) + fo(v) : uv € E(mKp )} = {a,a+d,a+2d,...,a+(3mn?-1)d}
is the set of edge-weights.

2 _
(31nn2 l)d) ®)

z w(uv) = 3mn?(a +

we€E(mKn,a,n)

is the sum of all the edge-weights. In the computation of the edge-weights of
mKnp nn under the labeling fa, the label of each vertex is used 2n times and the
label of each edge is used once. Thus

2nz (Zfz(w,) + z L4+ Z f2(zk))

i=1 i=1
S (S aeh) + 23 ad + 13 A6k =
=1 “i=1 j=1 i=l k=1 j=1 k=1
gmnz(wﬁl). (6)

Since we assume that f; is super (g, d)-edge-antimagic total labeling then the sum
of edge-weights is equal to the sum of vertex and edge labels. Combining (5) and
(6) gives the following equation

3mn? + 12mn + 3 — (3mn? - 1)d
- : : )

The minimum possible edge-weight under the labeling f; is at least 3Imn + 4. So,
for d = 2 the equation (7) gives the following inequalities

12mn — 3mn2 +5

Imn+4 2

IA A

mn(n —2) -1

The last inequality is true if and only if n = 1. Then from (7) it follows that
a = 2238 and is an integer if and only if m is odd.
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Bata, Lin, Miller and Simanjuntak (see [1}, Theorem 5) have proved that if (p, q)-
graph G has an (a,d)-edge-antimagic vertex labeling then G has a super (a +
P + 1,d + 1)-edge-antimagic total labeling. Since labeling f; from the proof of
Theorem 1 is a (3243, 1)-edge-antimagic vertex labeling of mKj 1,1 when m is
odd, then with respect to Theorem 5 from [1] we have that mKj 1,1, for m odd,
m 2 3, has a super (2315, 2)-edge-antimagic total labeling. m}

Theorem 3 The graph mK, . has a super (6mn + 2, 1)-edge-antimagic total
labeling for everym 2 2 andn > 1.

Proof If d = 1 then from (7) it follows that a = 6mn + 2. Define the bijective
function f3 : V(mK,nn) U E(mKynn) — {1,2,...,3mn + 3mn2} for m > 2 and
n > 1 in the following way:

fa(z}) = (Bi-3)m+l for1<i<nandl1<i<m,

fa(y}) = (3j-2)m+l, forl1<j<nandl<!<m,
fi(z) = @k-1)m+!, forl<k<nand1<!<m.
If1<!<mthen
J=i=1
fa(z,yj) =3mn(n+1-2j+2)+3m Z 1+2t)+1-1-3m(i - 1),
t=0
forl<i<nandi<j<n,
i=j=1
fa@ly}) =3mn(n+2-2i+2j)+6m Y t+1-1-3m(j-1),
t=0
forit<j<n—-landj+1<i<n,
k=j—-1
fs(hzt) = 3mn(n +1 — 2k +24) + 3m Z (1+2t)+1—l—m(33-—2),
t=0

forl<j<nandj<k<n,
J=k-1
fa(¥jz) = 3mn(n +2 -2+ 2k) +6m Y t+1-1-m(3k~2),
t=0
forl<k<n—-landk+1<j<n,
t—k=2
fa(zial) = 3mn(n+3 - 2i +2k) +3m Y (1+2t)+1—1 - m(3k - 1),
t=0
forl<k<n-landk+1<i<n,
k—i
fa(zkal) = 3mn(n — 2k +26) +6mY_t+1 -1 — m(3i — 4),
t=0
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forl<i<nandi<k<n
Let A' = (aﬁj) be a system of square matrices for all { = 1,2,...,m, where afJ
fa(@) + fs@f) for1<i<ml<j<nanda=3mn+2,0= 6mn+2l.

m+20 4m+2 ™Tm+2l ... a-5m a-2m
4dm+20 Tm+2l 10m+2l ... a—-2m a+m
4 ™Tm+2l 10m+2l 13m+2l ... a+m a+4m
a—-5m a-2m a+m ... B=-11m B-8m
a-2m a+m a+dm ... B-8m [B-5m

Let B! = (bf,-k) be a system of square matrices for all [ = 1,2,...,m, where b;-,c =
fs(@h) + fa(zt) for 1< j<n,1 < k<nand a=3mn+2,8=6mn+2l

3m+2 6m+20 9m+2 ... a-3m a
6m+2 9m+2l 12m+2 ... « a+3m
B Im+2 12m+2l 15m+2l ... a+3m a+6m
a-3m « a+3m ... f-9m B-6m
a a+3m a+6m ... B—-6m [B-3m

Let C! = (cf“) be a system of square matrices for all !l = 1,2,...,m, where cfn. =
fa(zh) + fa(zl) for 1<k <n1<i<nanda=3mn+2,0= 6mn+2l

2m+2l 5m+2l 8m+2 ... a-4dm a-m
s5m+2l 8m+2l 11m+2l ... a-m a+2m
. 8m+2l 1lm+2l 14m+2 ... a+2m a+5m
a—-4m a-m a+2m ... B-10m B-Tm
a-m a+2m a+5m ... f-Tm B-4m

The systems of square matrices A', B! and C!, for I = 1,2,...,m, describe the
edge-weights of mKp, n,n under vertex labeling. The labels of edges of mK; nn
described by labeling f3 can be exhibited by the systems of square matrices H' =
(h;), P' = (p}y) and R! = (ri;) for 1 =1,2,...,m, where

hﬁj = f3(:z:,y1), forl<i<nandl1<j<n
P = faly fz), for1<j<nand1<k<n
r, = fa(ztal), for 1 < k < n and 1 < i < n, respectively.

For y=3mn?2+1-1, £ =3mn and § = £ + 1 — I, the systems of square matrices
are as follows.
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H=

y+& y—€4+3m y-3+12m §d+12m d+3m
~ Yy+£E-3m y-¢ 6+ 24m d+9m
y—26+6m y—3m y+£E—6m §+42m §+2Im
4+ 18m §+33m 6+ 54m v+ 6m y—&+6m
&8 +6m 8+ 15m 5+ 30m y—&+6m v+3m
P =
Y+E-m  y—£+2m y—3+1lm ... S+1lm  +2m
y-m y+E€—4m y-€-m 6+ 23m §+8m
¥y—2645m ~y—4m y+€E-Tm d+41m 4 4+ 20m
6+ 17m d+32m §+53m v+ 5m v—26+8m
6 +5m 5+14m  6+29m y—E+5m y+2m |
R =
y+m Yy+é-2m ~y—-€+m 6+ 25m 6+10m 7
¥y—-2+Tm ~-2m v+ &—5m 6+ 43m §+22m
y—4+19m y-26+4m ~y-—5m 6 +6Tm 6+ 40m
&+Tm &+ 16m § 4 31m 7—€4+Tm  v+4m
+m 5+4m 5+13m Y—36+13m y—£+4m |

All edge-weights of mK, » » under the total labeling f; can be presented as the
systems of square matrices: §' = A' + H',T' = B' + P! and U' = C' + R! for
1=1,2,...,m. It is not difficult to verify by a routine procedure that the systems
of square matrices S, T* and U?, for { = 1,2,...,m, are formed from consecutive
integers 6mn +2,6mn+3,6mn+4, ..., 3mn%+6mn, 3mn? 4+ 6mn+1. This implies
that the total labeling fs is super (6mn +2, 1)-edge-antimagic total for every m > 2
and n > 1. [m}

3 Disjoint union of stars

In this section we will study super edge-antimagicness of a disjoint union of Kj v,
and 25K n, denoted by Kj ., U2sK) . The disjoint union of K, and 25Ky,
is the disconnected graph with vertex set V(K1, U 28Ky ,) = {z1;: 07 <
m}U{zix: 2 <4< 28+1,0 < k < n}andedge set B(Ky,mU2sK,5) = {1,021, :
1< Smpu{ziozip: 2<i<25+1,1 <k <n}. Thusp = [V(K;,mU2sK10)| =
m+2s(n+1)+1 and g = |E(Ky,m U 28K1n)| = m + 2sn.
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If the graph Ki,m U 23K, is super (a, d)-edge-antimagic total then from (1) we

have that 4
s
< _—

d‘3+m+2an-—1 (®)
By applying the equation (8) for values of m,n and s we obtain the following.
(i) For graph Kijm U 28K ,,m = n = 1,8 > 1, there is no super (a,d)-edge-
antimagic total labeling with d > 5.
(ii) For graph K m U2sKy,, n+m
antimagic total labeling with d > 4.
(iti) For graph Kj m U 23K} n,n > 2,m > 2 and s > 1, there is no super (a,d)-
edge-antimagic total labeling with d > 3.
If m = n = 1 then the graph Ky m U 23K, is a disjoint union of 2s + 1 copies
of P, denoted by (2s + 1)P;. We have proved in [2] that for every s > 1 and
d € {0,1,2,3,4,5} the graph (2s + 1)P, has a super (a,d)-edge-antimagic total
labeling.

3, s 2 1, there is no super (a,d)-edge-

Theorem 4 The graph K ,,U2sK1 o, m>1,n2>1ands > 1, has an (35+3,1)-
edge-antimagic vertez labeling.

Proof Let us distinguish two cases.
Case 1. m > n.

Define the vertex labeling f4 : V(K1,m U2sK)1 ) — {1,2,...,m+2s(n + 1) + 1}
in the following way:

[ e4i,  ifl<igs+l
f4(~"-‘s.o)—{i_,_1, fs+2<i<2s+1.

2s(n+1)+j+1, fn+2<j<m
fa(zig) = (2s+1)k+4, for2<i<2s+land1<k<n

, 1<
f4(z1,,~)={(2s+1)‘7+1’ ifl<j<n+1

Clearly, the values of f; are 1,2,...,m + 2s(n + 1) + 1. The edge-weights of
K1,m U2sK, 5 under the labeling f4 constitute the sets

Wi, = {w}(21,021,5) = fa(@10) + falzr,3): 1S5 <n+1}
{(2s+1)j+s+2: 1<j<n+1},

Wi = {wh(21,071,5) = falz10) + falz15) : n+2<j<m}
= {(2n+3)s+j+2: n+2<j<m},
Wf‘ = {w?‘(zg,oxi,k) = fa(zi0) + fa(zin): 2<i<s+land1<k<n}
= {(2s+1)k+2i+s: 2<i<s+land1<k<n}and
W;‘ = {w}‘(a:,-'o:r.-,k) = fa(zio) + fa(zix): s+2<i<2s+landl1<k< n}

= {(2s+1)k+2i—s—1: s+2<i<2s+1and1<k<n}
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It is not difficult to check that the set U:= fo=1{35+3,35+4,...,(3+2n)s +
m+2}.

Case 2. m < n.
For m > 1,n > 1 and s > 1 define the bijection f5 : V(Kym U 2sK;,,) —
{1,2,...,m+ 2s(n + 1) + 1} as follows:

fs(zio) = fa(zio)
fs(z1,5) (2s+1)j+1,for1<j<m,

fowin) = { @etDE+i, f2<i<2+landl<k<m
SWk) = 2sk+m+4, f2<i<2%+landm+1<k<n

Then for the edge-weights of K} n U 23K » We have:

W} = {w}, (z1021,5) = fs(10) + fos(215) 1 1 Sj<m}={(2s+1)j+s+2:
1<35< mi

WE = {w} (zi0zik) = fo(zio) + folzik) : 2<i<s+landl <k<m}=
{(2s+1)k+2z+s 2<i<s+landl1<k<m}

Wi = {w,s(x,,om, k) = fo(zi0) + fo(2ik) : 8+2<i<2s+1land1<k<m}=
{(23+ Ye+2—-5-1: 8+2<i<2s+1landl1<k<m}

Wf = {wh(z,ox,k) fo(zio) + fo(zip): 2<i<s+landm+1<k<n}=
{2k+1)s+2+m: 2<i<s+landm+1<k<n},

W,s = {wh(m,oz,k) Jo(zio) + fo(zik): s+2<i<2s+1landm+1<k<
n}={(2k-1)s+2i+m—-1: s+2<i<2s+landm+1<k<n},

and Ur_l % = {3s+3,3544,...,(3+2n)s+m+2} consists of consecutive integers.
This implies that f; and fs are (33 + 3, 1)-edge-antimagic vertex labelings. o

Theorem 5 For m > 1,n > 1 and s > 1 the graph Ky, U2sK)1, has a super
((4n+5)s+2m+-4, 0)-edge-antimagic total labeling and & super ((2n+5)s+m+5, 2)-
edge-antimagic total labeling.

Proof From Theorem 4 we have that for m > 1,n > 1 and s > 1 the graph
Ky m U2sK, , has (3s + 3,1)-edge-antimagic vertex labeling.

According to Lemma 1 from [4] for p = m + 2s(n + 1) + 1 and g = m + 2sn there
is a super ((4n + 5)s + 2m + 4, 0)-edge-antimagic total labeling.

In the same way, in the light of Theorem 5 proved in [1) (see proof of Theorem 2),
we have that for p = m +2s(n +1) +1 the graph K ,, U2sK3 ,, m > 1,n > 1 and
s 2 1, has a super ((2n + 5)s + m + 5, 2)-edge-antimagic total labeling. a

Sugeng et al. in [10] proved the following lemma.

Lemma 1 Let il be a sequence 4 = {c,c+ 1,c¢+2,...c+ k}, k even. Then there
ezists a permutatwn II(Ll) of the elements of Ul such that U+TI(H) = {2c+ £, 2c+

E+1L,2c+£+2,...,2+ 3 ~1,2c+ %)
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This lemma will be useful for proving the following theorem.

Theorem 6 Ifm is odd then the graph K1, U2sK 1, form21,n2>1ands>1
has a super (s(3n + 5) + 3312, 1)-edge-antimagic total labeling.

Proof. Consider the vertex labelings f; and f5 of the graph Kj ., U 23K, , from
Theorem 4 which are (3s + 3, 1)-edge-antimagic vertex labeling. The set of edge-
weights gives the sequence 4 = {¢,c+ 1,c¢+2,...,c+k} forc=3s+3ank =
2ns + m — 1. The value k is even for m odd. According to Lemma 1 [10] there
exists a permutation II({) of the elements of i, such that 4 + [II(U) —c+p+1] =
{s(3n +5) + 3mI8, 5(3n + 5) + 3ImELL 5(3n + 5) + ImH3 | 5(5n + 5) + i}
If [TI(4) — ¢ + p + 1) is an edge labeling of Ki,m U 28K, » for m odd, m > 1,n >
1,5 > 1, then U+ [II({) — c+p+ 1] determines the set of edge-weights of the graph
K1,m U2sK1,, and the resulting total labeling is super (s(3n + 5) + 3%+2, 1)-edge-
antimagic total. D

For m even we have not found any super (a, 1)-edge-antimagic total labeling. There-
fore we propose the following open problem.

Open Problem 1 For m even, m > 2,n > 1 and 8 > 1, determine if there is a
super (a, 1)-edge-antimagic total labeling of K1 m U2sK) .

Theorem 7 For s > 1 the graph K, 3 U 25K, has a super (5s + 7,4)-edge-
antimagic total labeling.

Proof For s > 3 we consider the following function fs : V(K2 U 2sK,,) —
{1,2,...,4s + 3}, where

3s +3, ifi=1
fs(z;'o)= 8+2-2, f2<i<s+3.
2s+i+1, fs+4<Li<2s+1.

N_Js+3 Hi=1
fﬁ(z‘ﬂ)"{4s+3, if j =2

_[i-1, if2<i<s+2
f‘*(z"l)“{ 2i-s-1, ifs+3<i<2s+1

In the case s = 1, label fr(z1,0) = 6, fr(z1,1) = 4,f2(z12) = 7, fr(z20) =
3, f1(x2,1) = 1, fr(23,0) = 5 and fr(z3,1) = 2.

If s = 2 then label fa(z1,0) =9, fa(z1,1) = 5, fa(z1,2) = 11, fa(Z2,0) = 4, fa(z2,1) =
1, fa(z30) = 6, fa(zs1) = 2, fa(xsp) = 8, fa(zs1) = 3, fa(zs0) = 10 and
fs(zs'x) = 7.

It is a matter of routine checking to see that the vertex labelings fs, fr and fs
are (s + 3,3)-edge-antimagic vertex. According to Theorem 5 proved in (1] for
p = 45 + 3,3 > 1, there is a super (5s + 7,4)-edge-antimagic total labeling of
Ky ;m U23K) p. (m]
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Open Problem 2 For s > 1 determine if there is a super (a,4)-edge-antimagic
total labeling of K1 U 23K 5.

In the case when d =3, m > 2, n > 2 and s > 1, we do not have any answer for
super edge-antimagicness of K m U 28Ky n. Therefore we propose the following
open problem.

Open Problem 3 For the graph Kim U2sK1n, m > 2, n > 2 and s > 1,
determine if there is a super (a, 3)-edge-antimagic total labeling.
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