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Abstract

Let G = (V(G), E(G)) be a graph. A set S C V(G) is
a dominating set if every vertex of V(G) — S is adjacent to
some vertices in S. The domination number (G) of G is the
minimum cardinality of a dominating set of G. In this pa-
per, we study the domination number of the circulant graph
C(n;{1,2}),C(n; {1,3}) and C(n; {1,4}) and give out the ex-
act values.
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1 Introduction

‘We consider only finite undirected graphs without loops or multiple
edges.
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A graph G = (V(G), E(G)) is a set V(G) of vertices and a subset
E(G) of the unordered pairs of vertices, called edges. We use (7] for
the terminology and notation not defined here.

The open neighborhood and the closed neighborhood of a vertex
v € V are denoted by N(v) = {u € V(G) : wvu € E(G)} and
N[v] = N(v)U{v}, respectively. For a vertex set S C V(G), N(S) =
vgsN (v) and N[S] = vleJSN [v]. The maximum degree of vertices in

V(G) is denoted by A(G).

A set S C V(G) is a dominating set if for each v € V(G) either
v € S or v is adjacent to some w € S. That is, S is a dominating
set if and only if N[S] = V(G). The domination number v(G) is the
minimum cardinality of a dominating set of G.

The study of domination in graphs was initiated by Orellll,
Topic on domination number and related parameters have long at-
tracted graph theorists for their strongly ;ractical background and
theoretical interest. It has been proved [°! that the decision prob-
lem corresponding to the domination number for arbitrary graphs is
NP-complete. So much work was done to establish bounds on ¥(G).
There are the well known bounds on v(G) in terms of the number of
vertices n and maximum degree A(G).

Theorem 1.1 [1, 12] For any graph G, [i7Agy] < 7(G) < n -
A(G).

In 1995, Molloy and Reed [10) s¢ydied the domination number of
a random cubic graph and proved .2636n < v(G) < .3126n.

The domination numbers of very few families of graphs are known
exactly. By [7], we have, v(K,) = 1, v(Kin-1) = l(n > 2),
’Y(Km,n) =2(m 2> 2,n>2),v(F)= [‘Isl.'l’ Y(Cn) = f%‘]

The Cartesian product of two graphs G and H is the graph de-
noted GOH, with V(GOH) = V(G) x V(H) and ((u,v'), (v,?')) €
E(GUOH) if and only if v/ = v and (u,v) € E(G) or v = v and
(v',v') € E(H). The grid graph Gi,n = PrOP,.

In 1983, M. S. Jacobson and L. F. Kinch 8) determined the dom-
ination number v(Gi ) for k¥ < 4. In 1993, T. Y. Chang and W.
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E. Clark 2 determined v(Gyn) for 5 < k < 6. In 1993, D. C.
Fisher determined (G ) for 7 < k < 16 and gave out the following

conjecture[4] :
Conjecture 1.2 v(Gppn) = |[(m+2)(n+2)/5] — 4.

The cross product of two graphs G and H is the graph denoted
Gx H,withV(Gx H) =V(G)x V(H) and ((u, ), (v,v")) € E(G x
H) if and only if (u,v) € E(G) and (v/,v') € E(H).

In 1995, S. Gravier and A. Khelladi 6] determined the domina-
tion number y(P, x P;) for every n > 2 and k£ > 4. In 1999, R.
Chérifi, S. Gravier, and X. Lagraula et al 3] determined the dom-
ination number y(P, x P) for k < 8, y(P, x Py) for n > 8 and
Y(Py x Pg) for 10< £k <33 and 1 <n <L 40.

In 1995, S. Klavzar and N. Seifter (O1determined the domination
number v(C,0OCy) for k < 5.

The circulant graph C(n;S.) is the graph with the vertex set
V(C(n;Sc)) = {vi|0 < ¢ < n— 1} and the edge set E(C(n;S.)) =
{viv;l0 <4, <n—-1,(i—j)mod n € S;}, S. C {1,2,...,{n/2]}.
In this paper, we only consider the circulant graphs C(n;S.) for

Sc € {{la 2}» {1’3}’ {174}}'

2 The domination number of C(n;S,) for S, €

{{1,2},{1,3},{1,4}}

Theorem 2.1. For n > 4, v(C(n;{1,2})) = [&].

Proof. It is easy to check that Theorem 2.1 holds when n = 4, and
we therefore assume n > 5 in the rest of this proof. Let m = | %]
and t = n mod 5, then n = 5m +¢. Let

S = {’l)5i:OS'iSm—1}, t=0,
- {vsi:OSiSm}, t#0.

Then N[S] = V(C(n;{1,2})), S is a dominating set of C(n;{1,2})
with |S| = [§]. So, v(C(n; {1,2})) < [£]. By Theorem 1.1, we have
7(C(ni{1,2})) 2 [§]. Hencey(C(n;{1,2})) = [§].
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Let S be an arbitrary dominating set of G. Each vertex v € V(G)
is dominated |N[v] N S| times. We define the function rd counting
the times v is re-dominated as follows:

rd(v) =|Njt]NnS|- 1.

For a vertex set V' C V(G), let rd(V') = }_ cy»rd(v). Clearly, for
an arbitrary k-regular graph G with order n, we have rd(V(G)) =
kx |S|—n.

Theorem 2.2. For n > 6,

vemaa = { B, 17 et

Proof. It is easy to check that Theorem 2.2 holds when n = 6, and
we therefore assume n > 7 in the rest of this proof. Let m = | ]
and t = n mod 5, then n = 5m + t.

Case 1. t # 4. Let

S_ { {vsi : 0<i<m—1}, t=0,
{vsi:OSiSm}, lStS&
then N[S] = V(C(n;{1,3})), S is a dominating set of C(n;{1,3})
with |S| = [2]. So, 7(C(n;{1,3})) < [§]. By Theorem 1.1, we
have v(C(n;{1,3})) > [£]. Hence we have ¥(C(n;{1,3})) = [%§]
for t # 4.

Case 2. t = 4. Let S = {vs; : 0 <1 < m} U {Usm+2}, then N[S] =
V(C(n;{1,3})), S is a dominating set of C(n;{1,3}) with |S| =

[2]+1. Hence, v(C(n;{1,3})) < [§]+1. By Theorem 1.1, we have
'y(C(n,{l 3})) > [£]. Assume 'y(C(n,{l 3})) = [£], then there ex-
ists a dominating set, say S, of C(n; {1 3}) with |S| =[8]l=m+1.
Since rd(V(C(n; {1,3}))) = k x |S| — 5(m+1) — (5m +4)=1,
there exists a vertex of V(C(n; {1,3})), say vg, with rd(vg) = 1
If v4 € S, then let Njvs) NS = {vg,u}, rd(V(C(n;{1,3}))) >
rd(vg) + rd(u) > 2, a contradiction with 7d(V(C(n;{1,3}))) =

Hence v4 & S, N[vg)NS has to contain two vertices of {v1,v3,vs,v7}.
If N[vg]NS # {v1,vr}, then rd(V(C(m; {1,3}))) > rd(v2) +rd(vs) +
rd(ve) > 2, a contradiction with rd(V(C(n;{1,3}))) = 1. Hence
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N(v)nS = {v1,v7}. Since N[S] = V(C(n;{1,3})), N[v3]nS # 9, SN
{vo, v, v3,v6} # 0, rd(V(C(n;{1,3}))) > rd(v;) +rd(vs) + rd(v7) >
2, a contradiction with rd(V(C(n;{1,3}))) = 1(see Figure 2.1).
Hence y(C(n;{1,3})) = [§]+1fort = 4.

Yo V1 V2 VU3 V4 Vs Vg Uy tvg Vo
Figure 2.1.
For C(n;{1,4}), let m = |§], t = n mod 9, and

, t=0;

t=1,2 or n=13,39;

, t=23,4,5,6,7 and n # 13,39 or n = 26;
, t=8andn # 26.

’

6

1l

W N = O

Then n = 9m + .
Let V'(k, ) = {¥(k+j) (modn): 0<j<z—1}. And

Vi = {vgigj : 0<5<8}, 0<i<m—1,
Vm = {vomtj : 0<j<t-1}, if t =0 then V,, =,
S = SNV, 0<i<m,
S; = |Si|, 0<i<m,
then,
UZo Vi = V(C(n;{1,4})),
viny; =0, 0<i<jsm,

S| i=o" Si
rd(V;) 5x8—9—(5i—2)—-2x2=4s; - 11,
0<i<m-1.

v Il

Lemma 2.3. v(C(13;{1,4})) = 3, 7(C(26; {1,4})) =6 and
7(C(39;{1,4})) = 9.

Proof. Forn = 39, let § = {’Uo,’vl,2)7,'1113,’014,vzo,vgs,vz-/,'vs:g},
then N[S] =V ((C(39,{1,

4})) with |S| = 9, hence v(C(39; {1,4})) < 9. By Theorem 1.1, we
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have v(C(39;{1,4})) > [32] = 8. Assume 7(C(39;{1,4})) = 8,
then there exists a dominating set, say S, of C(39;{1,4}) with
|S| = 8. Since rd(V(C(39;{1,4}))) =k x[S|-n=5%x8-39 =1,
there exists a vertex of V(C(39;{1,4})), say vs, with rd(vs) = 1.
If v € S, then let Nfvs) NS = {uvs,u}, rd(V(C(39;{1,4}))) =
rd(vs) + rd(u) > 2, a contradiction with rd(V(C(39;{1,4}))) = 1.
Hence, vs € S, N[vs)NS has to contain two vertices of {v1,v4, vs, vo}.
If N[vs] NS € {{v1,va},{v1,v6}, {vs,ve},{v6,v0}}, then rd(vo) +
rd(vz) + rd(vs) + rd(vi0) > 1, rd(V(C(39;{1,4}))) = 2, a contra-
diction with 7d(V(C(39;{1,4}))) = 1. If N{vs) N S = {v1,vg}, then
since N[S] = V(C(39;{1,4})), N[va]NS 5 8, SN {vo,v3,v4,v8} # 0,
rd(vo) + rd(ve) + rd(ve) > 1, rd(V(C(39;{1,4}))) = 2, a contra-
diction with rd(V(C(39;{1,4}))) = 1 (see Figure 2.2 (1) ). Hence
Nlvs) NS = {vy,v6}. Since N{vg) NS # 0, SN {vg,vg,v10,v13} # 0.
If one vertex of {vs, vg, v10} is in S, then rd(vq)+rd(ve)+rd(v10) > 1,
rd(V(C(39;{1,4}))) > 2, a contradiction with rd(V(C(39;{1,4}))) =
1. Hence v13 € S. Since N{v1;]NS # 9, Sﬂ{v7,v10,v11,v12,v15} #0,
we have rd(ve)+rd(vr)+rd(vs)+rd(vi4) > 1, rd(V(C(39;{1,4}))) >
2, a contradiction with rd(V(C(39;{1,4}))) = 1(see Figure 2.2 (2)
). Hence, we have v(C(39; {1,4})) = 9.

For n = 13 and n = 26, let S13 = {'vo,'vl,v-,} and Sy =
{vo,v1,v7,v13,v14,v20}. By Theorem 1.1, the sets Si3 and S are
optimal dominating sets. Hence we have v(C(13;{1,4})) = 3 and
7(C(26;{1,4})) =6. =

Figure 2.2.

Lemma 2.4. For n > 9 and n # 13,26,39, v(C(n;{1,4})) <2m +
0:.
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Proof. Let

{voi,voir2 + 0<i<m—1} t=0;
{vgi,voi42 : 0 <i<m—1}U {vom_3}, t=1;
S =1 {vei,vgita : 0<i<m—1}U{vn}, t=2;
{voi,vgig2 : 0 < i< m}, t=3,4,5,6,7 and n # 13, 39;
{vei,voi42 : 0 <i < m}U {Vom4a}, t =8 and n # 26.

Then N[S] = V(C(n; {1,4})), S is a dominating set of C(n;{1,4}).
Hence, 7(C(n; {1,4}))
<|S| =2m+6; for n > 9 and n # 13,26, 39. ]

In figure 2.3, we show the dominating sets of C(n;{1,4}) for
14 < n < 22, where the vertices of S are in black.

Figure 2.3. The dominating sets of C(n;{1,4}) for 14 < n < 22

Lemma 2.5. For an arbitrary vertex set 14 (,99(0<i<n—1), we
have rd(V'(4,9)) > |SNV'(,9)| — 1.

Proof. By contradiction. Suppose that there is a vertex set
V(4,900 < i < n—1), say V'(0,9), with rd(V'(0,9)) < |S N
V'(0,9)|—1. Let So = SNV'(0,9), so = |So|, then so > rd(V'(0,9))+
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1>1. If sp > 4, then rd(V' (0,9)) =2 so+1 > sp—1, a contradiction.
Hence, we only need to consider sy = 2, 3.

Case 1. Suppose so = 2. Then rd(V'(0,9)) < sp — 1 = 1, ie.
rd(V'(0,9)) = 0. Let So = {vj,,vj, : 0 < ji < j2 < 8}, then
|N[v;,)nN[v;,]| = 0. Since N[S] = V(C(n;{1,4})), N[vsJnS # @, by
symmetry, we only need to consider {v;,,vj,} = {{v1,vs},{v2,vs}}.

Case 1.1. Suppose {vj,,vj,} = {v1,vs}. Then v3 has to be domi-
nated by vn_1, rd(vo) > 1, a contradiction with rd(V’(0,9)) = O(see
Figure 2.4 (1)).

Case 1.2. Suppose {vj,,vj,} = {v2,vs}. Then vs has to be domi-
nated by vo. rd(vg) > 1, a contradiction with rd(V'(0,9)) = O(see
Figure 2.4 (2)).

Case 2. Suppose sp = 3. If |Sp N {vo, vs}| < 1, then #d(V'(0,9)) >
5x3—9—(3—1)—2 = 2 = s9—1, a contradiction with rd(V'(0,9)) <
so— 1. So {vp, v} C Sp, rd(vs) > 1 and the third dominating vertex
w e V'(1,7). Since N[w]NN[{vo,vs}] # 0, rd(V'(0,9)) > 2= s0—1,
a contradiction with rd(V'(0,9)) < so — 1(see Figure 2.4 (3)). O

-
SIS,

Figure 2.4.

Letw; =rd(V;}) +1-5(0<i<m),w= Y irowi

Lemma 2.6. For n > 9, v(C(n; {1,4})) = 2|5].

Proof. If |SNV'(j,t)| > 2 for each vertex set

V'(G,t) € V(C(n;{1,4}))(0 < j < n—1), then |S| > 2x & >
2(5). If there exists one vertex set V'(,t) € V(C(n;{1,4})) with
SN 1’4 (4,t)| £ 1, then we relabel vertex v; with vgm4i—;, S0 we have
sm < 1. ie. wy =71d(Viy)+1—8, > 0. By Lemma 2.5, w; = rd(V;)+
1—s; > 0. Hence w = Y 2qw; > 0. Since rd(V(C(n;{1,4}))) =
5[S] — m, 7d(V(Cln; {1,41)) = Simord(V) = Simo(ws — 1+ 8:) =
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w-—m—1+|S5|, we have 5|S| —n = w —m - 1+ 5], 4| =
n+w-—-m-1=Im+t+w—-—m—-1=8n+t+w-—1. Hence
|S] = 2m + Be=1 = 2| 2| 4 &=L Since t > 0 and w > 0, we have

4
|S| = 2[F] + i”";—‘l >2|5] - 1. Since |S| is an integer, we have
15> 213 ). ie. (C(ni {1,4)) > 2(3]. 0

By an argument similar to (but longer than) the one in the proof
of Lemma 2.6, we have the following Lemma 2.7 (the detail proof is
available to the reader on request).

Lemma 2.7. For n > 9 and n # 13,26,39, v(C(n;{1,4})) >
2m+0t

From Lemma 2.3, 2.4 and 2.7, we have

Theorem 2.8. For n > 9,

,2 orn=13,39;
,4,5,6,7 and n # 13,39 or n = 26;
and n # 26.

-

’

0
¥(C(n; {1,4})) = 2|31+ ;,
3

)

L T R
[ O

DW= O

’
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