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ABSTRACT. By means of inversion techniques, new proofs for Whipple's trans-
formation and Watson’s g-Whipple transformation are offered.

Several years ago, Chu {4, 5, 6, 7, 8, 9, 10, 11] studied systemically summation
formulas for hypergeometric series and g-series in the light of inversion tech-
niques. Following the work just mentioned, we shall give new proofs for Whip-
ple’s transformation and Watson’s g-Whipple transformation in the same method.

1. GouLp-Hsu INVERSIONS AND WHIPPLE'S TRANSFORMATION

For a complex number x, define the shifted factorial by
(=1 and (), =x(x+1)---(x+n-1) for n=12,--+.

The fraction form of it reads as
[a, b, -, c] _ (@O ()
o B -, Yl (a)n(ﬂ)n"'(')')n'

Following Bailey [2], define the hypergeometric series by

F ap, ai, ***, Gar z] = - (ao)k(al)k"'(ar)k
el by e b & Kbk

Then Whipple’s transformation (cf. Bailey [2, p. 25]) can be stated as follows.
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Theorem 1. For five complex numbers {a,b,c,d, e}, there holds:

F a, 1+a/2, b, ¢, d, e -n
7 6a/2 l1+a-b, 1+a-c, 1+a-d, 1+a- e,l+a+n

_ 1+a,l+a-b—cF l1+a-d-e, b, I
- l+a-b,1+a-cf °|1+a-d,1+a- e,b+c -a-n

For two nice proofs of this transformation, the reader may refer to Andrews,
Askey and Roy [1, p. 633] and Bailey [2, p. 25] respectively. Now we give a
new proof of Theorem 1.

Proof. Manipulating Saalschiitz’s summation formula (cf. Bailey [2, p. 9])

1+a-d-e, a+n, -n _ d, e
3F2[ 1+a-d, l+a—el1]_[l+a—d, 1+a—e]n W

as the following equation

i b, ¢, 1+a-d-e, a+n, -n 1-b-n, c+j
4 l,l+a-b,l+a—c,1+a—d,l+a-ej c-a-n,l+a-b+jn_1

—- b, c, d; e
“|1+a-b, 1+a-¢, l+a-d, l1+a-e|’

we have, according to (1), the identity

=[5, c, l+a-d-e, a+n, -n
l1+a-b, l+a-c, l+a-d, 1+a- €],

% +F l+a-b-¢c, a+n+j -n+j |

32 t+a-b+j, l+a—-c+j

b, ¢ d,
_I+a—b, l+a-¢, 1+a-d, 1+a ef,

which is exactly the following double sum

(b, c, l+a-d-e, a+n, -n

1 ,1+a-b, l+a-c, l1+a-d, 1+a-e],
j=0- J
9 | l+a-b-¢, a+n+j -n+j

& 1, l+a-b+j, l+a-c+j,

_ b, <, d, e
“|14+a-b, 1+a-c¢, l1+a-d, l+a-e|’
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Preforming the replacement k — k — j for the last equation and then exchanging
the order of the double sum, we obtain the following expression

3 «n a, l+a-b-c
é(—l)(k)(a+k)"[l+a b, 1+a- c]

X oF l+a-d-e, b, I

B3l +a- d l+a- eb+c -a-k
_ a, b ¢ d e 2)
= |t+a-b1+a-c, 1+a-d, 1+a-e] ¢

For a complex variable x and two complex sequences {ax, bx x>0, define a polyno-
mial sequence by

n-1

b0 =1, pwm =] [@+xb), n=1,2,--

i=0

Then a pair of inverse series relations due to Gould-Hsu [13] (see Chu [5] also)
can be stated as

n
- 1Y\ a2
fo) = Z( D (k)¢(k, n) g(k), (32)
_ k ay + kb
) = Z( 1) ( ) e BACS (3)
Equation (2) matches with (3a) perfectly and (3b) creats the following dual rela-
tion
Z( l)" a+2k a, b, ¢ d, e
kf(@+nys |1 +a-b, 1+a-c, 1+a-d, 1+a-e e
| al+a-b-c F l1+a-d-e, b, ¢, —n Il
1+a-b,1+a-c n4 3l1+a-d, 1+a-e, b+c-a-n
which is even the transformation that appears in Theorem 1. a

2. CARLITZ INVERSIONS AND WATSON’S g-WHIPPLE’S TRANSFORMATION

With two complex numbers ¢ and x, define the g-shifted factorial by

n-1
wao=1 and (GQa=][A-xf) for n=1,2--.
k=0
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Its fraction form reads as

[a, : I ] (@ @nb; Qn "+ - (€ n
(@ DB Vi D
Following Gasper and Rahman [12], define g-series by

ap, ap -,
l+r¢:[ by, -

ap, ap, -‘**,
0 q$ bl,

!

q]k{(-l)"q(ﬁ}’?.

Then Watson’s g-Whipple transformation (cf. Gasper and Rahman [12, p. 43])
can be stated as follows.

Theorem 2. For six complex numbers {q, a,b,c,d,e}, there holds:

¢7 ) q vay —q vay b9 c, dy e, q-"
8 va, -—+a, gqa/b, qafc, qald, qale, ag™*!

_ | ga, gqalbc , ¢  qalde, .
- [qa/b, qa/c| ]4¢3[ qa/d, qale, q"'bc/alq’q]‘

a2q2+n
T bede ]

For two beautiful proofs of this transformation, the reader may refer to Andrews,
Askey and Roy [1, p. 587] and Gasper and Rahman [12, p. 43] respectively. Here
we provide a new proof of Theorem 2.

Proof. Reformulating g-Saalschiitz’s summation formula (cf. Gasper and Rah-
man [12, p. 17])

qa/de, aq", q"
gal/d, qale

as the following equation

362 ] [qa/d qa/el] “)

i b, c, qa/de, aq", q7"
g, qa/b, qa/c, qald, gqafe

g’a\i[g'"/b,  glc
q] (E) q"'c/a, ql"fa/b Iq e
_ [ b, c, d,

qa/b, qa/c, qald, qa/el ] bcde
we have, from (4), the identity

[6, ¢, qajde, ag’, g™ (zf_a)j
g, qalb, gqalc, gqald, qale 9 ; be
qalbc, aq*ti, g
X 3¢2[ q"ialb, q|+ja/c|q,
- bv c, d, I
qa/b, qa/c, qald, qa/e bcde
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which is exactly the following double sum

=[5, c, qaj/de, aq", q™" (qz_a)j
g, qa/b, gqa/c, gqald, qale U \pe

] #

n—j
galbc, aq™t, g™
X Z [ q'*a/b, q“’a/c

= [ b, c, d, I ] (qza )
qa/b, qajc, qald, qa/e bede

Replacing k by k — j for the last equation and then interchanging the order of the
double sum, we get the following expression

n _? . a, qa/bc ]
é( l) [k]q 2 (aq*,‘I)n [qa/b, qa/c qu

qajde, b, c, qg* )
X 4¢3[ gald, gqale, ""bc/a Iq,q

a, b’ [ d, n
) {qa/b, aate, aald, aate 9] ( ] bode) ) *)

where g-binomial coefficient has been defined by

[n] __ _@n
k| (@ (g Pk

For a complex variable x and two complex sequences {ck, di }x0, define a polyno-
mial sequence by

-1

Yx0) =1, pm =] [ +q'd), n=1,2,--

i=0

Then a pair of inverse series relations due to Carlitz [3] (see Chu [7] also) can be
stated as

Fmy = Z(—l)"[ ]q(" Dyt m) GGR), (6a)
k=0
_ i[n] ok + g*di
Gm) = Z( )H doerst FO: (&)
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Equation (5) fits into (6a) ideally and (6b) produces the following dual relation
i(_l)k[n] 1-ag* [a, b, ¢ d e l (42“2_)" ¢
& |k[(ag™ gy | 9a1b, galc, qald, qaje || \bede)

[ a gqasbe qa/de, b, ¢, q" .
B [qa/b, galc |q],,4¢’[ ga/d, gale, q~bc/a Iq’q]

which is even the transformation displayed in Theorem 2. o
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