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Abstract
The boundedness and compactness of the generalized composi-
tion operator from u-Bloch spaces to mixed norm spaces are com-

pletely characterized in this paper.

1 Introduction

Let ¢ be a positive continuous function on [0,1). ¢ is called normal, if there

exist positive numbers s and ¢, 0 < 3 < t, and é € [0, 1) such that (see [11])
o),

a-ry
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A=) is decreasing on [4,1) and }13{

o(r) . . . o)
=) is increasing on [4,1) and }1_13 aory
Let D be the unit disk of C and 8D the boundary of D. Let H(D) de-

note the space of all analytic functions in D. Let ¢ be a normal function on
[0,1). For 0 < p,g < o0, the mixed norm space H(p,q,¢) = H(p,q,¢)(D)

consists of all f € H(D) such that
1)
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Let p : [0,1) — [0,00) be a normal function. An f € H(D) is said to
belong to the u-Bloch space, denoted by B, = B, (D), if

Iflls. = 1£(0)] + flelgu(lzl)lf'(z)l < co.

Under the above norm, B, becomes a Banach space. When p =1 —r2 and
p = (1 — r%)log =%, B, reduces to the classical Bloch space B and the
logarithmic Bloch space Bjog respectively.

Let ¢ be a holomorphic self-map of D and f € H(D). The composition
operator C,, is defined by (C,f)(2) = (f o ¢)(z). See [1] for the study of
composition operator on various spaces in the unit disk.

Let ¢ be a holomorphic self-map of D and g € H(D). In [6], Li and
Stevié defined a linear operator as follows:

3@ = [ P (e()a(@)de.

The operator CJ is called the generalized composition operator. The op-
erator C3 is a generalization of the composition operator. When ¢(2) = z,
we get CF = Lg. The operator L, and it’s generalization were studied
in [3-5,7-9, 12-15).

The purpose of this article is to give some sufficient and necessary con-
ditions for the boundedness and compactness of generalized composition
operators from u-Bloch spaces to mixed norm spaces in the unit disk.

Recall that a linear operator is said to be bounded if the image of a
bounded set is a bounded set, while a linear operator is compact if it takes
bounded sets to sets with compact closure.

Throughout the paper, constants are denoted by C, they are positive
and may not be the same in every occurrence. The notation A < B means
that there is a positive constant C such that B/C < A < CB.

2 Main results and proofs

In this section, we give our main results and their proofs. Before stating
our main results, we need some auxiliary results, which are incorporated in
the lemmas which follow.

Lemma 1. Let p1: [0,1) — [0,00) be a nonincreasing radial weight function
and normal on the interval [0,1). Assume that 0 < p,q < 00, ¢ is normal
on [0,1), g € H(D) and ¢ is an analytic self-map of D. Then C7 : B, —
H(p,q, $) is compact if and only if CY : B, — H (p,q, @) is bounded and for
any bounded sequence (fi)ken in B, which converges to zero uniformly on
compact subsets of D as k — oo, we have ||CY fill s (p,q,4) — 0 a5 k — oo.
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The proof of Lemma 1 follows by standard arguments (see, for example,
Proposition 3.11 of [1], as well as the proof of the corresponding result
in [4]). Here we omit the details.

The following lemma can be found in [10].

Lemma 2. Let i : [0,1) — [0,00) be a nonincreasing radial weight function
and normal on the interval [0,1). Then there are two functions f1, f2 € B,
such that

|f1(z)| + |f2(z)' 2 H(IZI)’ € D1 (2)

for some positive constant C > 0.
Now we are in a position to state and prove our main results.

Theorem 1. Let p : [0,1) — [0,00) be a nonincreasing radial weight
function and normal on the interval [0,1). Assume that0 < p,q < oo, ¢ is
normal on [0,1), g € H(D) and ¢ is an analytic self-map of D. Then the
following statements are equivalent:

(1) C§ - B — H(p,q,9) is a bounded operator;

(i) C'9 — H(p,q,¢) is a compact operator;

(i)
1 2% |g(1.ei0)lq pla ¢p(1‘) .
/o ([ st momm <o ®)
(v)
. 1 ]g(rei9)|q pla  ¢P(r) 0
2y (/Iw(rewu» u(ltp(re"")l)de) T2 4

Proof. (i) = (¢). This implication is obvious.
(¢) = (éi). Assume that C§ : B, — H(p,q,9) is bounded. From
Lemma. 2, there are two functions fi, f2 € B, such that

Ifl(z)l + |f2(z)| 2 /-“(Izl)’ €D. (5)

By using the following well-known asymptotic formula (see, e.g. [2])

/ M) ar < O + / My s

(5) implies

1 27
/o ( /0 lg(re™)I%|(; m,,)(rew)|ng)""’(l_<f';1(j)z__pdr <00,j =12 (6)
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From (5), (6) and the elementary inequality

a?+b? , pe(0,1)

(a+b)Ps{2,,(a,,+bp) P>t 80 b>0,

we obtain

1 27 lg(reie)lq ple ¢P(1‘)
L (L ateeemn®) aome

: C/ol (/02” atre o (14otreN| + igtotre)) 'de) " E S
= ¢ /01( /02”|9(T€w)|q|(f{°¢)(re"")|9d9)"/q 2O i
o [ ([ totre st o pireiean) ™ o
< o ([ 1cenyeenmran) T+
o [ ([ ez £ o
< oo,

which implies that (3) holds.
(#%) => (iv). This implication follows from the dominated convergence

Theorem.

(v) = (#i). Assume that (4) holds. To prove that C§ : B, — H(p,q,9)
is compact, it suffices to prove that if {fx} is a bounded sequence in B,
such that {fi} converges to zero uniformly on compact subset of D, then

ICE felltpa0) = O, a3 k— oo. (7)
Take such a sequence {fx} C B,, we have

' i0 ! o o)(ret® Pla__ ¢P(r)
(L oI 0 e pa0) ™ (S

‘ lo(re®)|T_\Pla_¢P(r)
= "fk"fg“/o (~/Iv(re"°)|>t u(l«p(re‘”)l)da) (1 —r)l-Pd
‘ lo(re®)le_\ela_gP(r)
> C/O (/Izp(re“’)|>t “(lsa(reio)')da) (1 —'r‘)l—Pd ’ (8)

for all k. Take € > 0. (4) and (8) imply that there exists ¢ € (0,1) such
that

1 i0 ! o o) (rei® p/e  ¢P(r)
/; (/lw(re“’)l»o lg(re™) || (fx o p)(re )lng) A= _r)l_pdr <e (9)
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for all k. Since {fi} converges to 0 on any compact subset of D, by Cauchy
estimate we see that {f;} converges to 0 on any compact subset of D. For
the above ¢, there exists a ko such that

: - oy0gg)"'? (1)
6 ’ ()

L Ly o e o a0) ™ e < 10)
for all k > ko. Hence by (9) and (10) we have
ICS x| 2 (p.a,0)

1 2n

09y i0 pla_ ¢P(r)

L ([ treypisiopieeian)™ pEiar

= ' i i i p/q ¢p(r)
. _/0 (/I;P(rew)l>to |g(7'e o)lql(-fk ° ‘P)(Te o)lqu) md’l‘ +

' D217 0 o) (re®)7d) I —2 ) g
L (o oG o)) 2

< 2 as k> ko,

it

from which we obtain limi—co |C3fklH(pge) = 0. Thus Cf : By —
H(p, q,¢) is compact by Lemma 1. The proof of this theorem is completed.
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