On the spectral radius of unicyclic graphs with fixed
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Abstract: Let A(G) be the maximum degree of a graph G, and
U(n, A) be the set of all unicyclic graphs on n vertices with fixed
maximum degree A. Among all the graphs in U(n, A) (A > 2£3),
we characterize the graph with the maximal spectral radius. We
also prove that the spectral radius of a unicyclic graph G on
n(n 2 30) vertices strictly increases with its maximum degree
when A(G) > [] +1.
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1 Introduction

Let G = (V(G), E(G)) be a simple graph on n vertices. When vertices
u and v are endpoints of an edge e, we write ¢ = uv. Denote the set
of all the neighbors of a vertex v in G by Ng(v) and the degree of v in
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G by dg(v), or simply N(v) and d(v), respectively. Denote by A(G) the
maximum degree of G. As usual, C, and K} ,-; denote the cycle on n
vertices and the star on n vertices, respectively.

Let A(G) be the adjacency matrix of G and ®(G;z) be the characteris-
tic polynomial det(z] — A(G)). Since A(G) is a real symmetric matrix, all
of its eigenvalues are real, we assume, without loss of generality, that they
are ordered in decreasing order, i.e., A\1(G) = A2(G) = --- 2 Au(G) and
call them the spectra of G. In particular, the eigenvalue X;(G) is called
the spectral radius of G, denoted by p(G). When G is connected, A(G)
is an irreducible matrix. And by the Perron-Frobenius Theorem p(G) has
multiplicity one and there exists a unique unit positive eigenvector cor-
responding to p(G). We shall refer to such an eigenvector as the Perron
vector of G.

Unicyclic graph is a connected graph in which the number of edges
equals the number of vertices. Recently, many researchers studied the
spectral radius of graphs with some fixed invariant. The spectral radius
of unicyclic graphs on n vertices with fixed girth was studied in [1]. The
spectral radius of trees on n vertices with fixed diameter and the unicyclic
graphs on n vertices with fixed diameter were considered in [6] and [7],
respectively. As for the spectral radius of graphs on n vertices with fixed
maximum degree, the tree with maximal spectral radius among all the trees
on n vertices with fixed maximum degree was determined in [9], and it is
proved in [8] that the spectral radius of a tree T on n vertices strictly
increases with its maximum degree when A(T) > [32] - 1.

In this paper, we mainly investigate the spectral radius of unicyclic
graphs on n vertices with fixed maximum degree. Denote by U(n,A) the
set of all unicyclic graphs on n vertices with maximum degree A. Let
M(n,A) (A > 2$3) be the graph in U(n, A) as shown in Fig.1. In Section
2, we show that M (n, A) alone maximizes the spectral radius among all the
graphs in U(n,A) for fixed A with A > E.‘*,ﬁ In Section 3, we prove that
the spectral radius of a unicyclic graph G on n(n > 30) vertices strictly
increases with its maximum degree when A(G) > [] +1.

In 1981 Cvetkovié indicated 12 directions in further investigations of
graph spectra, one of which is “classifying and ordering graphs” (see (3]).
As an application of our main results, we are able to give a general approach
about ordering the unicyclic graphs on n vertices by their spectral radius.
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2 The graph with maximal spectral radius in
U(n,A) for fixed A with A > ™43

In this section, we show that among all the graphs in U(n,A) (A >
1‘#) the maximal spectral radius is attained uniquely at M(n,A) (see
Fig.1 and Theorem 2.1). First we formulate some lemmas, which will play
important roles in the proofs of our later results.

Lemma 2.1. [10] Let u,v be two vertices of a connected graph G. Suppose
V1,2, ,¥s (1 < 8 < d(v)) are some vertices in N(v)\(N(u) U{u}). Let
X. and X, be the coordinates of the Perron vector X of G corresponding to
u and v, respectively. If X, > X,, let G* be the graph obtained from G by

deleting the edges vvy,vvs, -+ ,vv; and adding the edges uvy, uvsy, - -+ ,uv,,
then we have p(G*) > p(G).

Lemma 2.2. [5] Let G be a connected graph and e = vv be a non-pendant
edge of G with N(u)(\N(v) = 0. Let G* be the graph obtained from G by
deleting the edge uv, identifying u with v, and adding a pendant edge to
u(=v). Then p(G*) > p(G).

Definition 2.1. The transformation in Lemma 2.2 from G to G¥ is called
the edge-growing transformation (or e.g.t. for short) of G on the edge e.

Lemma 2.3. [{] Let v be a vertex of G, and C(v) be the set of all cycles
containing v. Then

&(G;iz) =zd(G-viz)— Y HG-u-v;z)-2 Y &G -V(2);2).
u€EN(v) ZeC(v)

Lemma 2.4. [2] For any simple graph G we have p(G) > \/A(G) holds.

Lemma 2.5. There exists ezactly one vertez of G with degree A for any
graph G in U(n,A), when A > 252,

Proof. Let x be the number of vertices (vertex) with degree A in G. Then
A +n — z < 2n holds. So when A > %ﬁ, we have

<

n
TEAR-1Eg

Hence z = 1 holds. |

Lemma 2.6. Let G be a graph in U(n,A) (A > 2E2) with girth £(£ > 4).
Then there ezxists a graph G’ in U(n, A) with girth £ — 1 such that p(G’) >
p(G).



Proof. From Lemma 2.5 we may let w be the vertex of G with degree A.
Since the girth £ > 4, we can pick an edge e = zy on the cycle of G such
that z # w and y # w. Apply e.g.t. on the edge e, and take the resulting
graph as G'. Since dg/(w) = A > 232, then any vertex of G’ different from
w has degree less than A. So G’ € U(n,A), and the girth of G’ is £ — 1.
From Lemma 2.2 we have p(G’) > p(G). a

Let M* be a graph with maximal spectral radius among all the graphs
inU(n,A) (A > l‘-}g) Denote by X,, the coordinate of the Perron vector
X of M* corresponding to the vertex w. By using Lemma 2.1, we will show
two properties of M* in Lemma 2.7 and 2.8.

Lemma 2.7. There exists at most one vertex of M* with degree d, where
3<d<A-1

Proof. Suppose to the contrary that there exist two vertices, say u, v, such
that 3 < d(u),d(v) £ A — 1. Without loss of generality we assume that
X. > X,. Noting that M* is a unicyclic graph, there exist at most two
paths between u and v, and then there exist at most two vertices in N(v)
lying on the paths between u and v. Since d(v) > 3, we can pick a vertex,
say w, in N(v) and w does not lie on any path between » and v. So w ¢
N(u) | J{u}. Let M’ = M* — vw + uw. Then p(M') > p(M*) follows from
Lemma 2.1. And dp(u) = dp-(u)+1 < A hold, so M’ is also in U(n, A).
This contradicts to the definition of M*. The proof is completed. a

Lemma 2.8. Suppose u,v are two vertices of M™* such that 2 < d(u),d(v) <
A —1. Then both u and v lie on C3.

Proof. Assume, without loss of generality, that X,, > X,. Now we show
two claims.

Claim 1. If uv € E(M*), then both u and v lie on Cj.

Proof of Claim 1. Noting the hypothesis that d(v) > 2, if uv ¢
E(M*), and u,v do not lie on Cy, then the neighours of v are not all
in N(u). Let w be a vertex in N(v)\N(u), and M’ = M* - vw + uw.
Then dps(u) = dp-(u) +1 < A hold, so M’ is also in U(n,A). While
p(M') > p(M*) follows from Lemma 2.1. This contradicts to the definition
of M*. So if uv € E(M*), then both u and v lie on Cj.

Claim 2. If uv € E(M™*), then both u and v lie on Cj.

Proof of Claim 2. If uv € E(M*), and u,v do not lie on Cs, then each
neighour of v is not in N(u). Since d(v) > 2, we may let w be a neighour of
v different from u, and let M’ = M* — vw + uw. By the similar arguments
as above, we have M’ is also in U(n,A) and p(M') > p(M*) holds. This



contradicts to the definition of M*. So if uv € E(M*), then both v and v
lie on Cj.

From Lemma 2.6 we know that the girth of M* is 3. Hence uv € E(M*)
follows from Claim 1. And from Claim 2 we know that both u and v lie on
Cj3. The proof is completed. a

For fixed integers A with A > ﬁzﬁ, we now introduce two graphs in
U(n, A), which will be used later.

M(n,A) is the graph in U(n, A) obtained from Cj by identifying one
vertex of C3 with the center of Kj o2, and identifying another vertex of
Cs with the center of K n—a-1 (see Fig.1).

F(n,A) is the graph in U(n,A) obtained by identifying one vertex of
Cj3 with the center of K ,—a—3 and a pendant vertex of K o (see Fig.1).

wa-2 ¥ v1 u v L 31 TA-1
WW_A_I Ay_s \/
w v w v z

F(n,A)

M(n,A)
Fig.1 The unicyclic graphs M(n,A) and F(n,A)

Lemma 2.9. Let M(n,A), F(n, A) be the unicyclic graphs defined as ebove.
When Ezt@ < A <n-—3 we have

p(M(n,A)) > p(F(n,A)).
Proof. Using Lemma 2.3 we have
d(M(n,A)jz) =z 4zt —nz? - 22+ (An-n- A2+ A -1)], (2.1)

®(F(n,A);z) = 2" 8(z+1)[z° -z —(n—1)z* +(n—3)z2+(An—n—A2+1)z
—(An —n— A% —2A +3)].

Furthermore, it can be verified that

B(F(n,A);z)-®(M(n,A);z) = 2" ~8|(n—A-1)z2+2(A-1)z— An+n+A24+2A-3).
(2.2)
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Write p(F(n,A)) = a, then a® > A follows from Lemma 2.4. Noting
that ®(F'(n,A);a) =0, from (2.2) we have

a’"‘s[(n—A-1)02+2(A-1)a—An+n+A2+2A—3]
e 8[(n— A —1)A+2(A - 1)a— An+n+ A% +24 -3
a"82(A - 1)a+n+A =3 >0.

-®(M(n,A);a)

v

So ®(M(n,A); p(F(n,A))) < 0. Hence the largest root of the equa-
tion ®(M(n,A);z) = 0 is larger than p(F(n,4)), ie., p(M(n,4A)) >
p(F(n, A)). O

Theorem 2.1. Graph M(n,A) (see Fig.1) alone mazimizes the spectral
radius among all the graphs in U(n, A) for fized A with A > g%ﬁ

Proof. Let M* be a graph with maximal spectral radius among all the
graphs in U(n,A) (A > 2$2). From Lemma 2.6 we know that the girth
of M* is 3, and let u,v and w be the three vertices of M* on the cycle.
We claim that there exists at least one vertex in {u,v,w} with degree 2.
Otherwise, we have 3 < dps«(u), dp- (v), dyrs (w) < A. While from Lemma
2.5 and 2.7, we know that there exist at most two vertices of M* with
degree larger than 2. It is a contradiction. On the other hand, there are
at most two vertices in {u, v, w} with degree 2, since M* is connected and
n > 5 (n 2 5 follows from the hypothesis that A > "—‘{,ﬁ) Furthermore,
from Lemma 2.8 we know that any vertex of M* different from u,v and w
has degree 1 or A. Now distinguish the following two cases.

Case 1. There exists exactly one vertex in {u, v, w}, say u, with degree
2.

Then one of v and w has degree d, and the other one has degree A,
where 3 <d < A — 1. And all the vertices of M* different from »,v and w
are pendant vertices. From A+d+2+(n—3) = 2n, we haved =n—-A+1.
Hence M* = M(n,A) and A <n —2.

Case 2. There exist exactly two vertices in {u,v,w}, say u,w, with
degree 2.

We distinguish the following two subcases.
Subcase 2.1. 3<d(v) <A-1.

Then the vertex with degree A is a neigbour of v, and other vertices (dif-
ferent from u,v and w) are pendant vertices. From A+d(v)+4+(n—4) =
2n, we have d(v) = n — A. So M* = F(n,A). While p(M(n,A)) >
p(F(n,A)) = p(M*) holds from Lemma 2.9. This contradicts to the defi-
nition of M™*.

26



Subcase 2.2. d(v) = A.

Then all the vertices of M* different from u,v and w are pendant ver-
tices and in N(v). So A =n—-1and M* = M(n,n - 1).

Combining the above cases we have M* = M(n, A). The proof is com-
pleted. O

3 A relation between p(G) and A(G) of a uni-
cyclic graph G

In this section, we mainly prove that the spectral radius of a unicyclic
graph G on n (n > 30) vertices strictly increases with its maximum degree

when A(G) > [$] + 1 (see Theorem 3.2).
Nl
oW

2
w
We—1
wl wll .
w’A v
b .

@1 Q2 Type A
Fig.2 The graphs Q;,Q2 and the type A in Theorem 8.1

Theorem 3.1. Let G be a graph in U(n,A) (2 < A <n—2). Then there
ezists a graph G’ in U(n, A + 1) such that p(G') > p(G).

Proof. Let X, be the coordinate of the Perron vector X of G corresponding
to the vertex y, and w be a vertex of G such that d(w) = A. We distinguish
the following two cases.

Case 1. There exists a pendant vertex, say u, of G and u € N(w).

Since unicyclic graph G has a pendant vertex u, then A > 3 holds in
this case. Denote by v the neighbour of .

Subcase 1.1. X, > X,.

Take G' = G —vu + wu. Then G’ € U(n,A + 1) and p(G’) > p(G)
follows from Lemma 2.1.

Subcase 1.2, X, > X,,.
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~ Wirite d(v) = t, and A(w,v) = N(w)( (N(v)U{v}). Let Q1,Q2 be

the graphs as shown in Fig.2. Note that G is a unicyclic graph, then we
have |A(w,v)| £ 2, and |A(w,v)| = 2 if and only if G contains Q; or Q; as
a subgraph.

Subcase 1.2.1. |[A(w,v)| = 2.

Suppose G contains Q) as a subgraph. Let N(w) = {w',w"”,wy,--- ,wa—2}.
Noting that w’,w” € A(w,v) and [A(w,v)| = 2, then w; € N(v) |J{v} for
eachi=1,---,A —2. The fact w',w”,u € N(v) ensures that d(v) =t > 3.

So A —-t+1< A -2, and we may take

G'=CG—-ww — - —wWWA—t41 F VW + -+ VWA_t41-

Obviously, G’ € U(n, A+1) (for dg:(v) = A+1), and p(G’) > p(G) follows
from Lemma 2.1.

If G contains Q2 as a subgraph, by the similar arguments as above, the
result is also true.

Subcase 1.2.2. |A(w,v)| £ 1.

If |A(w, v)| = 1, let w' be the unique vertex in A(w,v). If |A(w,v)| =0,
let w’' be a neighbour of w lying on some path between w and v. Let
N(w) = {w', w1, -+ ,wa—1}. From the definition of w’, we know that w; ¢
N(v)J{v} foreachi=1,--- ,A — 1. Noting that A —t+1 < A —1 holds
(for d(v) =t = 2), we may take

G’ =G-—'UJ’LU1 — e = WWA-t+1 +vw + - VWAt

It is easy to verify that G’ € U(n,A +1) and p(G’) > p(G) hold.
Case 2. Each pendant vertex of G is in N(w), or G = C,,.

Then G is of the type A as shown in Fig. 2. Denote by w(= wj)ws - - - we—1we
(¢ > 1) the path between w and the cycle of G, where w; is the unique
vertex of this path lying on the cycle. Furthermore, the vertex of G on the
cycle different from w; must have degree 2 in this case .

Subcase 2.1. £=1or £2>3.

If £ = 1, then w(= w; = wy) is on the cycle, and the girth of G is larger
than 3 since A <n-—2.

When ¢ = 1, let w’ be one of the two neighbours of w on the cycle.
When ¢ > 3, let w' = w,. Noting the choice of w’, then ww' € E(G),
N(w)(N(w') = @ and d(w’) = 2 hold. Apply e.g.t. on the edge ww’, and
take the resulting graph as G’. Then G’ is in U(n, A + 1) since dg/(w) =
A +1, and p(G’) > p(G) follows from Lemma 2.2.



Subcase 2.2. { = 2.

Then wa(= we) is on the cycle, and each pendant vertex of G is in N(w)
in this subcase. So d(ws) = 3 holds. Let

N(w) = {wz, w11, w12, -+ ,w1a-1}, N(wz) = {w, w1, w2}

Then wy; & N(ws)(J{wz} foreachi=1,--- ,A -1 and wy; &€ N(w)J{w}
for eachi=1,2. Set

G = G —wwy — -+ —wwia-2 + Wowyy + -+ + Wowra-2 iwaz > Xu,
G — wowy; + wwgy if X, > X,

Then p(G’) > p(G) follows from Lemma 2.1, and G’ € U(n, A + 1) holds.
Combining the above cases, the proof is completed. O

Lemma 3.1. [{] Let G be a graph on n vertices, and V' be a vertex subset
with k vertices of G. Then we have

Aisk(C) S MG =V S M(G), i=1,2,-- ,n—k.

Lemma 3.2. Let M(n,A) be the graph as defined in Section 2. When
A > [1] and n > 30 we have p(M(n,A)) < VAF1. '

Proof. Take V' = {v}, where v is the vertex of M(n, A) as shown in Fig.1.

Then
M(n,A)-V'=(n—A-1)K | JKia-1.

So
M(M(n,A) = V') =\ (Kia-1) = VA =1 < VA.

From Lemma 3.1 we have
A2 (M(n,A)) < M (M(n,A) - V') < VA.

Let
f@)=2'—na® -2z 4+ (An-n—- A2+ A-1).

From (2.1) we know that (M (n,A); z) = z"~4f(z), so p(M(n,A)) is the
largest root of the equation f(z) =0. When A > [22] and n > 30, it can
be verified that

f(VB)=~(n-A)-(2VA +1) <0,

F(VA+1)=3A-2V/A+1-2n>0.

Hence there exists a root of the equation f(z) = 0in the interval (VA, VA + 1).
So p(M(n,A)) < vVA+T holds as desired, since \2(M(n,A)) < vA. O
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Now we are ready to obtain our main result of this section.

Theorem 3.2. Let Gy, G2 be two unicyclic graphs on n(n > 30) vertices.
If A(G1) > A(G2) and A(Gh1) 2 [T] + 1, then p(G1) > p(G2).

Proof. We consider the following two cases depending on the value of
A(Gg).

Case 1. A(G;) > [Z].

From Lemma 2.4, Theorem 2.1 and Lemma 3.2 we have

p(G1) = VA(G1) 2 VA(G2) +1 > p(M(n, A(G2))) 2 p(G2).

Case 2. A(Gz) < [].

From Lemma 2.4 we know that

o(G1) 2 VA 2 151 +1

On the other hand, from Theorem 3.1, 2.1 and Lemma 3.2, we have

§(Ga) < p(Gh) < -+~ < pM(n, [ ) <4/ T51 +1,

where G} is a graph in U(n, A(Gz2) + 1).
Combining the above cases, we complete the proof. O

Remark 3.1. As an application of our main results, we are able to give a
general approach about ordering the unicyclic graphs on n vertices by their
spectral radius, since we only need to order the graphs inside U(n, A) for
|‘192] +1< A < n-1, when n is efficiently large. For exzample we can
verify that [U(n,n—1)| = 1 and |U(n,n—2)| = 3, then it follows that when
n > 30, the graph M(n,n — 3) is the 5nd graph among all the unicyclic
graphs on n vertices according to their spectral radius.
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