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MURAT SAHIN

ABSTRACT. Let ap,a1,...ar—1 be positive integers and define a con-
ditional sequence {gn}, with initial conditions go = 0 and q1 = 1,
and for all n 2 2, gn = Gtgn-1 + gn—2 where n = t(modr). For
r = 2, the author studied it in [1]. For general {gn}, we found a
closed form of the generating function for {gn} in terms of the con-
tinuant in [2). In this paper, we give the matrix representation and
a Binet-like formula for the conditional sequence {gn} by using the
matrix methods.

1. INTRODUCTION

Recently, the authors introduced further generalization of the Fibonacci
sequence, namely the generalized Fibonacci sequence, defined by

F(a by _ =0, F(a b) _ =1, F(“ b _ { F(° )+ F(“'b) , ifniseven

bF‘“ "’+F‘° 5 . ifnisodd

for any two non-zero real numbers a and b (see {1]). They find the generat-
ing function and Binet like formula for the generalized Fibonacci sequence.
This new generalization produces a distinct sequence for each new choice
of a and b. In fact, one can get many famous sequence, such as Fibonacci
sequence, Pell numbers, k-Fibonacci numbers,...etc., by altering the values
of a and b in the sequence. Also, the following open problem was given in

1]
Remark 1.1 (An Open Problem). Let ag,a,,...,ar—1 be positive integers
and define a sequence {qn} as follows. Set

go=0andq =1,

and for alln 2 2,
Gn = GtGn—1 + Gn—-2
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where n =t (mod r). Note that when r = 2, we get the sequence {F,g"’bi).
The open problem is finding a closed form of the generating function and a
Binet-like formula for {g.}.

The author found a closed form of the generating function for {g,} in
terms of the continuant in [2]. In this paper, we give the matrix represen-
tation of the conditional sequence {g,} and then we solve the second part
of this open problem, that is, we give a Binet-like formula for conditional
sequence {gn} by using the matrix methods.

2. BINET-LIKE FORMULA FOR THE SEQUENCE {g,}

In algebra, the continuant is a multivariate polynomial representing the
determinant of a tridiagonal matrix and having applications in the theory
of generalized continued fractions.

Let & denotes empty set. For positive numbers ag, ay, ..., a,, define the
continuant K (ap, a1, ...a) recursively by

K(@)=1, K (ao) = ao (2.1)
and for n > 2,
K (ag,a1,...,an) = anK (ag, a1, ...,an-1) + K (ag, a1, ...,@n-2).  (2.2)

(See [3] for detailed information).

Let define K; = K (ag, @y-1, ...,02,0;) and Ky = K (as, a3, ...,ar_1) for
given positive integer r. In [2], the author linked the sequence {g,} with
the continuant as follows.

Theorem 2.1. If n,r 2 2 be positive integers then
Qnr+i = (Kl + KZ) Qnr+i—r + (_1)r+1 Qnr+i—2r fOT'i =0,1,..,r—1.
Proof. See (2] for proof. ]

Theorem 2.2. Ifr > 2 be positive integers then {gn} satisfies the 2r-order
recurrence

an = (Kl + K2)Qn—r + (_1)r+1 dn—2r
with initial conditions go,q1,492, ..., g2r—1-

Proof. Taking the values for n = 2,3, 4, ... in Theorem 2.1, we see that each
of the following elements of the sequence {g,}

Q2r> Q2r+1592r+25 +++1 437+ @3r+15 +++y Qdr+1, Q4r42, ---

are satisfy the given 2r order recurrence
Qn = (K] + Kz)qn—r + (_1)7‘+1 qn_zr.
So, with initial conditions g¢, g1, g2, ..., g2r—1 We get the desired result. 0O
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By Theorem 2.2, we can see the conditional sequence {gn} as a constant
coefficient 2r order recurrence for any positive integer r. So, we can use ma-
trix methods to obtain the Binet-like formula for the conditional sequence
{ga} by aid of the Theorem 2.2 for given any positive integer 7.

Define 2r x 2r matrix

[ 0 10 .. 0 .. 00
0 01 .. 0 ... 00
) 0 00 0 .. 00
0 00 .. 0 . 01

[ (D)™ 0 0 ... (K +K) 0 0|

where (K; + K3) is the entry in (2r) th row and (r + 1) th column. In fact,
A is the companion matrix for the polynomial
p(z) = 2% — (K1 + Kj)z" — (-1)™*.

p(z) is both characteristic and minimal polynomial for A. By using an in-
ductive argument, we can give the matrix representation of the conditional

sequence {g.} as

do dn
q In+1
AT =T (2.3)
q2r-1 Qn42r—1

This matrix representation is important since it may be used to derive
many interesting properties of the conditional sequence {g,}.

Theorem 2.3. The polynomial p (z) has no multiple root.

Proof. A polynomial has a multiple root if and only if its discriminant zero.
The discriminant of the polynomial p (z) is

D(p) = (-)“F* R(p,p),

where R (p,p') is the resultant of the polynomial p and the derivative of P.
The resultant can be given by the determinant of the Sylvester matrix of
the polynomials p and the derivative of it. By calculating this determinant
we can find the discriminant as follows

D(p) =1 (-1)™ ((Ka + K)* + (-1)"4) .
So, the discriminant is zero if and only if

¢:¢] +K2)2 =—-4 , ifriseven
(K1+K3)?=4 , ifrisodd
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for positive integer r > 2. But, this is impossible because of the definition
of the continuant. Therefore, the polynomial p (x) has no multiple root. [

Let A1, Az,..., A2» be eigenvalues of the matrix A. These eigenvalues
are all distinct by Theorem 2.3, so A can be diagonalized by using the
Vandermode matrix

1 | P | 1
)\é )\g ‘oo ,\2,_ )\gr
|4 ()\1, /\2, . Az,-) = )‘1 A2 v ’\21'—1 )‘27'
Y Y ,\2'-

So, we can give the following theorem by using the matrix methods in [4].

Theorem 2.4. The Binet-like formula for the conditional sequence {g,}

18
2r n
Proof. By (2.3), we can write a formula for g, as follow

(1]
U3}

gn=[100 ... 0]A & |. (2.4)
g2r-1
By using the Vandermode matrix V, we can diagonalize A as
A=vDVv~!

where D is a diagonal matrix. We substitute for A in (2.4) , we can get

2r
n = Z)‘?%’ (2.5)
=1
where y;’s satisfy
W (]
Y2 st
V| Y = q2
Yor g2r—1
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We can determine y;’s by using Cramer’s rule. Then substituting y;’s in
(2.5) and simplifying the obtained expression, we can get the desired result

2r n
an = —_—.
" gp (%)

D .

Example 2.1. Let’s find the Binet-like formula for the conditional se-
quence {gn} for given integer r = 3. Since r = 3, we have

K1 = K/(ag,a2,01)
a1 K (ao, a2) + K (ao)

a1 (ao +ax+1)+ag
apaias +ap + a;

and

K; = K(a)
= Qa2

by the definition of the continuant. So,
K + K3 = apa1a2 +ag + a1 + ap.
By Theorem 2.2, the conditional sequence {g,} satisfy 6 order recurrence
gn = (a0a102 + ao + a1 + 62)gn-3 + gn—s
with initial conditions go,q1,92,43,94 and gs. So,
p(z) = 2z — (apa1a2 + ao + a; + ag) 2® — 1.

Let M1, A2, A3, A4, As and g are roots of the polynomial p (x). These roots
are distinct by Theorem 2.3. So, the Binet-like formula for the conditional
sequence {gn} for given integer r = 3 is

by Theorem 2.4.

For given any 7, we can similarly construct the Binet-like formula the
conditional sequence {g,}.
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