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Abstract. The graph Cn(d;i,; Px) denote a cycle Cr, with path P
joining two nonconsecutive vertices z; and «; of the cycle, where dis
the distance between z; and z; on Cy. In this paper, we obtain that the
graph Cn(d;i,7; Pr) is strongly c-harmonious when k=2, 3 and integer
n> 6.
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1 Introduction

Only graphs without loops, isolated and multiple edges will be considered
in this paper. The symbol Z, denotes a group of integers modulo n. A
graph G of vertex set V(G) and edge set E(G) is said to be a (p, g) graph
if it has p vertices and g edges. If there exists an injection f: V(G) — Z,
such that the induced mapping f*(uv) = f(u)+f (v) (mod g) is a bijection
from E(G) onto Z,, then f is said to be a harmonious labelling of G. A
graph which admits such a labelling is called a harmonious graph. This
concept was introduced by Graham and Sloane [1].

Chang, Hsu, and Rogers (see [3]) define an injective labeling f of a graph

G with g edges to be strongly c-harmonious labeling if the vertex labels are
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from {0,1,...,g — 1} and the edge labels induced by f*(zy)=f(z) + f(¥)
for each edge zy are ¢,c+1,...,c+ g — 1. Grace (see [4], [5]) called such
a labeling sequential labeling. By taking the edge labels of a sequentially
labeled graph with ¢ edges modulo g, we obviously obtain a harmoniously
labeled graph. S. Xu in {6] proved that the all cycles with a chord are har-
monious except that Cs and the distance in Cg between the endpoints of
the chord is 2. Graham and Sloane [1] determined the harmonious graphs
of order < 5. Seoud and Youssef in [2] determined all harmonious graphs
of order 6. Gallian in (7} and [8] surveyed the results on harmonious la-
beling and strongly c-harmonious labeling of graphs and open the problem
whether the cycles with Pi-chord are harmonious or not.

A path of length k and a cycle of length n are denoted by P and Cn
respectively. Vertices z1, Z2, ..., Tn on the Cy, are connected in a cyclic
manner. The internal vertices on the Py are y1, ¥2, ..., Yx—1 successively.
The graph C,(d;, j; Px) with vertex set {1,...,Zn,y1,..,Yk-1} and edge
set {T1T2, T223, .., Tn—1Tn, TnZ1, Ti¥1, Y192, ooy Yk—2Yk—1, Yk—1Z; } denote a
cycle C,, with path Py joining two nonconsecutive vertices z; and z; of the
cycle and the distance between z; and z; on C, is d. In this paper, we will
discuss strongly c-harmonious problem of the graph Cr(d; 1, j; Pr) for k=2

or 3.

Example 1. Figure 1 denote a Cs(3;1,6; P3). Figure 2 is a labeling of
C10(2;1,3; P2).
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Figure 1 Figure 2
Let Z be the set of all integers and a € Z. The symbols

[a,b] is defined by the set {z| z € Z,a < z < b},

@, b]x is defined by the set {z| z € Z,a < = < b,z = a(mod k)},
and |z| denotes the greatest integer y such that y < z.

The symbol f(S) denotes the set {f(z)| € S}.

Example 2. The symbols [3,8]={3,4,5,6,7,8}, [2,8]2={2,4,6,8},
[3,7]2={3,5,7}, [3,3]=[3,3]={3} and [3,8]2={3,5,7}. [a,b}=[a,b]x=¢ if
a>b

2 Cycle with P,-chord

The graph G=C,(d; i, j; P2) has n+1 vertices and n+2 edges. Let E(G)
be the edge-set of G and V(G) be the vertex-set of G. In the following, the
set behind function f is the label set of corresponding vertices. For instance,
" fzoi_1)=2i — 1 if i € [1,m), [1,2m — 1]2" implies " f(z1)=1, f(z3)=3,...,
f(z2m—1)=2m — 1, and the set [1,2m — l]o={f(z2i-1) | i € [1,m]}".

Theorem 2.1. When n = 0 (mod 4) and n > 8, the graph Cp(4s —
2;2,4s; P;) for 1 £ s < n/8, the graph Cr(4s;1,n+1—-4s;P) for 1 <s <
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n/8, and the graph Cn(4s — 1;n/2 — 2s,(n — 2)/2+2s8;P) for 1 < s <

(n — 4)/4 are strongly n/2-harmonious.

Proof. For the graph G=C,(4s — 2;2,4s; P2), we define the function
f: V(G) - [0, + 1] as follows: f(y1)=(n —2)/2,
flzaim1)=i—1if i € [1,(n—4)/4], [0,(n—8)/4],
flzaici)=i — 2 if i € [(n+4)/4,7/2], [(n — 4)/4,(n - 4)/2)],
flz2)=n/2 +i if i € [1,n/4], [(n + 2)/2,3n/4],
fxa)=(n+2)/2+iifi € [(n+4)/4,(n—4)/4+5], [(3n+8)/4, 3n/4+ 4|,
f(ma)=(n+4)/2+iifi € [n/d+s,(n—2)/2), [(3n+8)/4+s,n+ 1],
f(zn)=n/2, f(T(n-2)/2)=(3n +4)/4.

We obtain f(V(G))=[0, (n—8)/4]U[(n—4)/4, (n—4)/2]U[(n+2)/2,3n/ 4)u
[(3n + 8)/4,3n/4 + s] U [(3n + 8)/4 + s,n + 1] U {(n — 2)/2,n/2,(3n +
4)/4}=[0,n+ 1)\ {(3n + 4)/4+ s} C [0,n + 1].

Since |f(V(G))|=n + 1, the f is an injection from V(G) to [0,n + 1]). By
the above definition, we have
A={f*(z2iz2i-1)| 1 € [I, (n— 4)/4]}={(n - 2)/2+ 2| i € [1,(n — 4)/4]}

=[(n+2)/2,n - 3]2,

B={f*(z2iz2i+1)] i € [1,(n — 8)/4]}={n/2+2i] i € [1, (n - 8)/4]}

=[(n + 4)/2,n — 4]z,

C={f*(z2i%2i-1), f*(z2i%2i41)| © € [(n +4)/4,(n — 4)/4 + 8]}
={(n—2)/2+2i,n/2+2i|i € [(n+4)/4, (n—4)/4+3|}=[n+1,n+25-2],
D={f*(z2iT2i—1), f*(z2%2i+1)| i € [n/4+ 5, (n - 2)/2]}

={n/2+2,(n+2)/2+2i|i € [n/4+s, (n—2)/2]}=[n+2s,(3n— 2)/2],
E={f*(zam1), /*(@4st1), F*(@nT1), [* (Z(n-1)/2Z(n-2)/2)s [* (T(n—2)/2%n/2)»

F*(@nj2Z(nt2)/2)s f* (Tn-1Zn)}

={n,n+2s—1,n/2,3n/2,(3n+2)/2,n - 1,n— 2}.

Therefore, f*(E(G))=AUBUCUDUE=[n/2,(3n+ 2)/2]. This implies
that the f is a strongly n/2-harmonious labeling of G.
For the graph G=Cy,(4s;1,n + 1 — 4s; P,), we define the function f
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V(G) — [0,n + 1] as follows: f(y1)=3n/4,

f(zai—1)=3n/4+iifi € [1,n/4-s], [(3n+4)/4,n - 3],
f(z2i-1)=(Bn+4)/4+iifi€[(n+4)/4—s,n/d],[n+2—-s,n+1],
f(z2im)=(n — 4)/4 + if i € [(n+4)/4,7/2), [n/2, (30— 4)/4],
f(za)=(n—4)/4+iif i € [1,n/4], [n/4,(n—2)/2],

f(z2i)=i — (n+4)/4ifi € [(n+4)/4,n/2], [0,(n — 4)/4].

It is easy to verify that the f is an injection from V(G) to [0,n+1]. By
the above definition, we have
A={f*(z2iT2i—1)| i € [L,n/4—s]}={n—1+2i| i€ [1,n/4—s|}

=[n+1,(3n - 2)/2 - 2s]a,

B={f*(x2iT2i41)| 1 € [1,(n — 4)/4 — s]}={n+ 2| i € [1,(n — 4)/4 — 5]}

=[n+2,(3n —4)/2 — 23],

C={f*(z2z2i-1)| i € [(n+4)/4~s,n/4]}={n+2i|i € [(n+4)/4—5,n/4]}
=[(3n + 4)/2 — 2s,3n/2),,
D={f*(z2iz2i+1)| i € [n/4 - s,(n — 4)/4]}

={n+1+2i|i€[n/4-s,(n—4)/4}=[3n+2)/2 - 25,(3n — 2)/2],,
E={*(@azai1)| i € [(n+4)/4,n/20)}=(2~ 2] i € (n + 4)/4,n/2)}

=[n/2,n — 2]s,

F={f*(z2iz2i+1)| i € [(n+4)/4,(n — 2)/2]}

={2i - 1| i € [(n+4)/4,(n - 2)/2]} =[(n+2)/2,n — 3]z,
G={f*(z1y1), " (@n+1-4s11), [*(@n21), F*(Tr/2T(n42)/2)}

={(3n+2)/2,3n/2 - 2s,n,n — 1}.

Therefore, f*(E(G))=AUBUCUDUEUFUG =[n/2,(3n+2)/2].

For the graph G=C,(4s — 1;n/2 — 2s,(n — 2)/2 + 2s; P;), we define
function f: V(G) — [0,n + 1] as follows: f(y1)=(3n +4)/4+ s,
flzoi_1)=t —1ifi € [1,n/2], [0,(n — 2)/2),
flza)=n/2 +iif i € [1,(n—4)/4], [(n +2)/2,(3n — 4)/4],
f(z2:)=(n+2)/2+iif i € [n/4,(n —4)/4+ 5], [(Bn + 4)/4,3n/4 + 5],
flz2s)=(n+4)/2+iifi€[nf/d+s,(n—2)/2], [(3n+8)/4+s,n+1],
f(zn)=n/2.
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It is easy to verify that the f is an injection from V(G) to [0,n+ 1]. By
the above definition, we have
A={f*(z2iZ2i-1), f* (T2z2i41)| i € [1,(n — 4)/4]}

={(n - 2)/2 + 2i,n/2+ 2| i € (1, (n - 4)/4]}=[(n + 2)/2,n — 2],
B={f*(z2:%2i-1), f* (z2i%2i41)| ¢ € [n/4,(n - 4)/4+ 5]}

—{n/2+ 2i, (n+2)/2+ 2| i € [n/4,(n - 4)/4+ s]}=[n,n + 25 — 1],
C={f*(z2i2i-1), f* (T2T2i41)| § € [n/4+5,(n—2)/2]}

={(n+2)/2+2i, (n+4)/2+2ili € [n/4+s3, (n—2)/2]}=[n+1+2s, 3n/2],
D={f*(Znj2-25Y1)> F* (T(n-2)/2+2s¥1), f* (@nT1), f* (ZnZn-1)}

={(3n+2)/2,n + 2s,n/2,n - 1}.
Therefore, f*(E(G))=AUBUCU D=[n/2,(3n+ 2)/2]. o

Theorem 2.2. When n = 4 (mod 8) and n > 12, the graph Cp(n/2; 3, (n+
6)/2; P2) is strongly n/2-harmonious.

Proof. We define the function f: V(G) — [0,n + 1] as follows:
fy)=(n+2)/2,
F(z2i-1)=(n +2)/2+1i if i € 2,(n +4)/8], [(n +6)/2,(5n + 12)/8],
F(@ai-1)=(n+4)/2+i if i € [(n+12)/8, (n+4)/4], [(5n+28)/8, (3n+12)/4],
F(zaie1)=(n +2)/2+1 if i € [(n +12)/4,7/2], [(3n + 16)/4,n + 1],
flzai)=i —1ifi € [2,(n+4)/4)], [1,7/4],
f(xZi)':i ifie [(n + 8)/4’ n/2]’ [(n + 8)/4""'/2],
F(z1)=0, f(z2)=(n+4)/2, f(T(n+6)/2)=(n +4)/4.
It is easy to verify that the f is an injection from V(G) to [0,n+1]. By
the above definition, we have
A={f*(22iz2i-1)| i € [2,(n +4)/8]}={n/2+2i| i € [2, (n + 4)/8]}
=[(n +8)/2,(3n + 4)/42,
B={f*(z2iz2i41)] 1 € [2, (n — 4)/8]}={(n +2)/2+2i| i € [2,(n - 4)/8]}
=[(n + 10)/2,3n/4]2,
C={f*(z2iz2im1)| i € [(n +12)/8, (n + 4)/4]}
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={(n+2)/2 +2i| i € [(n +12)/8, (n + 4)/4]} =[(3n + 16)/4,n + 3]z,
D={f*(z2:x2i41)| i € [(n+4)/8,n/4]}={(n+4)/2+2i|% € [(n+4)/8,n/4]}
=[(3n + 12)/4,n + 22, ‘
E={f*(z2i%2i-1)| i € [(n+12)/4,n/2]}={(n+2)/2+2i|i € [(n+12)/4,7n/2]}
=[n+7,(3n+ 2)/2),,
F={f*(z2i2i+1)| i € [(n +8)/4,(n — 2)/2]}
={(n+4)/2 + 2i| i € [(n + 8)/4,(n — 2)/2]} =[n + 6,3n/2)3,
G={f*(z3y1), f*(T(n+6)/291), F*(Tnz1), f*(Z172), f* (T273),
F(@(n40)/25(nr6)/2)s (T (n46)128(n48)/2)}
={n+4,(3n+8)/4,n/2,(n+4)/2,n+5,(n + 2)/2,(n + 6)/2}.
Therefore, f*(E(G))=AUBUCUDUEUFUG =[n/2,(3n+2)/2]. D

Theorem 2.3. When n = 1 (mod 4) and n > 13, the graph C,(4s +
4;(n —5)/2 — 2s5,(n+ 3)/2 + 2s; ) for 1 < s < (n — 9)/4 is strongly

(n + 1)/2-harmonious.

Proof. We define the function f: V(G) — [0,n + 1] as follows:
F)=(3n +5)/4+s,
f(zaim)=i~2ifi € [2,(n+7)/4], [0,(n—1)/4],
flz2im1)=(n—1)/2+iifi € [(n+11)/4,(n+3)/4+ 5], [(3n +9)/4,(3n +
1)/4+ s,
flz2im1)=(n+1)/2+iifi € [(n+7)/4+s,(n+1)/2), [((3n+9)/4+s,n+1],
flzei)=(n+1)/2+1iifi € [1,(n+3)/4], [(n+3)/2,(3n+5)/4],
f(ea)=i — 1i i € [(n+T)/4, (n - 1)/2], [(n +3)/4, (n — 3)/2],
flz1)=(n+1)/2.
It is easy to verify that the f is an injection from V(G) to [0,n+1]. By
the above definition, we have
A={f*(z2z2i-1)| i € [2,(n + 3)/4]}={(n - 3)/2 + 2i| i € [2, (n + 3)/4]}
=[(n +5)/2,n]a,
B={f*(zaiz2i+1)| i € [1,(n + 3)/4]}={(n - 1)/2 + 2i| i € [1, (n + 3)/4]}
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=[(n +3)/2,n+ 1]z,
C={f*(z2iT2i-1)| i € [(n +11)/4,(n+3)/4 + 5]}

={(n —3)/2 + 2i| i € [(n +11)/4,(n+ 3)/4 + s]} =[n + 4,n + 23],
D={f*(z2iz2i+1)| i € [(n+7)/4,(n - 1)/4 + 5]}

—{(n—1)/2+2i| i € [(n+T7)/4, (n— 1)/4+ s]} =[n +3,n+ 25 — 1],
E={f*(zaiz2i-1)| i € [(n+T7)/4 + 5,(n — 1)/2]}

—{(n—1)/2+2i]i € [(n+T7)/4+s, (n—1)/2)} =[n-+25+3, (3n—3)/2]s,
F={f*(z2ix2i+1)| i € [(n +3)/4 +s,(n—1)/2]}

—{(n+1)/2+2ii € [(n+3)/4+s, (n—1)/2]} =[n+25+2, (3n—1)/2]2,
C={f*(T(n-5)/2-2s¥1)s [* (T(n+3)/24+2s41); F* (ZnT1), f* (z122),

F*(@(ne5)/2Z(n47y/2)} ={(30+1)/2, n+1+2s, (3n+3)/2, n+2, (n+1)/2}.
Therefore, f*(E(G))=AUBUCUDUEUFUG=[(n+1)/2,(3n+3)/2].0

Theorem 2.4. (1) When n = 1 (mod 4) and n > 5, the graph
Cn(2;2,n; P,) is strongly (n — 1)/2-harmonious.

(2) When 7 = 1 (mod 4) and n > 9, the graph Cn(4s — 1;{n +5)/2 -
2s, (n+3)/242s; P,) for 1 < s < (n—>5)/4 is strongly (n+3)/2-harmonious.

Proof. For the graph G=C,(2;2,n; P,), we define the function f:
V(G) — [0,n + 1] as follows: f(y1)=n,
f(zai-1)=i —lifi € [1,(n+1)/2], [0,(n—1)/2],
Flea)=(n —1)/2+iifi € [1,(n—1)/2], [(n+1)/2,n—1].
It is easy to verify that the f is an injection from V(G) to [0,n+1]. By
the above definition, we have
A={f*(z2imai—1)| i € (L, (n - 1)/2]}={(n - 3)/2+ 2i| i € [1, (n — 1)/2]}
=[(n +1)/2,(3n - 5)/2]z,
B={f*(zaiz2i1)| i € [1,(n = 1)/2]}={(n - 1)/2+ 2| i € [1,(n — 1)/2]}
=[(n+3)/2, (3n. — 3)/2]2,
O={f*(@aw), * (@nt), £*(@nz1)}={(3 + 1)/2, (30 ~ 1)/2, (n - 1)/2}.
Therefore, f*(E(G))=AU BuUC=[(n—1)/2,(3n+1)/2].
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For the graph G=C,, (45— 1; (n+5)/2—2s, (n+3)/2+2s; P,), we define
the function f: V(G) — [0,n+1] as follows: f(y1)=(n+7)/4+s, f(z1)=0,
flzoi—1)=iifi € [2, n+3)/4+ s3], [2,(n+ 3)/4 + ],
f(zoiz)=i+1lifi€[(n+7)/4+s,(n+1)/2], [(n+11)/4+s,(n+3)/2],
f(z2:)=(n +3)/2+iifi€(l,(n—1)/2], [(n+5)/2,n+1].
It is easy to verify that the f is an injection from V(G) to [0,n+1]. By
the above definition, we have
A={f*(z2:iT2i-1)| i € 2, (n+3)/4+3]}={(n+3)/2+2i|i € [2, (n+3)/4+s]}
=[(n + 11)/2,n + 3 + 23],
B={f*(eiz2i41)|i € [1, (n—1)/4+s]}={(n+5)/2+24]1 € [1, (n—1)/4+3]}
=[(n+9)/2,n + 2 + 2s)s,
C={f*(z2iz2i-1)| i € (n +7)/4+ 5,(n - 1)/2]}
={(n+5)/2+2i}i € [(n+7)/4+s,(n—1)/2]} =[n+6+2s, (3n+3)/2]2,
D={f*(z2iz2i+1)| i € [(n +3)/4 + s,(n = 1)/2]}
={(n+7)/242i|i € [(n+3)/4+s,(n-1)/2]}=[n+5+2s,(3n+5)/2]2,
E={f*"((n+5)/2-2sY1), [* (Z(n+3)/2426Y1), [*(T271), f* (zn71)}
={(n+7)/2,n + 4+ 25, (n +5)/2, (n + 3)/2}.
Therefore, f*(E(G))=AUBUCUDU E=[(n+3)/2,(3n+5)/2]. o

Theorem 2.5. When n = 1 (mod 4), the graph Cy(4; 1, 5; P2) and the
graph C,(4; (n — 3)/2,(n + 5)/2; P;) for n > 13 are strongly (n + 1)/2-

harmonious.

Proof. For the graph G=Cs(4;1,5; P;), we define the function f:
V(G) — [0,n + 1] as follows: f(y1)=1, f(x1)=10, f(z2)=4, f(z3)=3,
f(za)=2, f(z5)=8, f(ze)=0, f(x7)=6, f(z8)=7, f(z9)=5.

It is easy to verify that the f is an injection from V(G) to [0,n+1]. By
the above definition, we have
A={f*(zizi41)| i € [1,8)}={14,7,5,10,8,6,13,12},

B={f*(z111), f*(zs31), f*(zez1)}={11,9,15}.
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Therefore, f*(E(G))=AuB={14,7,5,10,8,6,13,12} U{11,9, 15} =[5, 15].
For the graph G=C,(4; (n — 3)/2, (n + 5)/2; P2), we define the function
f: V(G) = [0,n + 1] as follows: f(y1)=(n — 1)/4, f(z2i-1)=n—i+ 3 if
i€ [3,(n+3)/4], (Bn+9)/4,n],
f(@ai))=n—i+1ifi€[(n+7)/4,(n+1)/2), [(n+1)/2,(3n —3)/4],
flzz)=(n-1)/2—-iif i€ [2,(n—5)/4], [(n + 3)/4,(n - 5)/2],
f(z2:)=(n —3)/2 =4 if i € [(n —1)/4,(n +3)/4], [(n - 9)/4, (n - 5)/4],
f(z2)=(n-1)/2—iifi € [(n+11)/4,(n —1)/2}, [0, (n — 13)/4],
f@)=n+1, f(z2)=(n - 1)/2, f(z3)=(n —3)/2, f(F(n+7)/2)=(3n +1)/4.
It is easy to verify that the f is an injection from V(G) to [0,n+ 1]. By
the above definition, we have
A={F*(z2:Z2i-1)| i € [3, (n - 5)/4]}={(8n+ 5)/2 — 2i| i € [3,(n — 5)/4]}
=[n+5,(3n - 7)/2)2,
B={f*(z2i%2i+1)| i € [2,(n - 5)/4]}={(3n +3)/2 - 2i| i € 2, (n — 5)/4]}
=[n+ 4, (3n — 5)/2]3,
C={f*(zaizai-1)| ¢ € [(n — 1)/4,(n + 3)/4]}
={(3n +3)/2 - 2i| i € [(n — 1)/4,(n + 3)/4]}=[n,n + 2]z,
D={f*(zuzais1)| i € [(n = 1)/4,(n - 1)/4]}={n+1},
E={f*(z2%2i-1)| i € [(n +11)/4,(n —1)/2]}
={(3n+1)/2—2i| i € [(n +11)/4,(n - 1)/2]}=[(n + 3)/2,n - 5]2,
F={f*(zaiz2i41)| i € [(n+11)/4, (n - 1)/2]}
={(3n—1)/2—2i| i € [(n+11)/4,(n - 1)/2]} =[(n + 1)/2,n - 6)2,
G={f*(2(n-3)/291); F* (T (n45)/281); F* (2n21), f* (z122), f*(z273), [*(23%4),
F*(@(nra)/2%(n45)/2)s F* (E(nas)2E(na1)2)s T (T(ns7) /28 (nr9)/2) }
={n+3,n—1,(3n+3)/2, (3n+1)/2,n—2,n—4,n-3,(3n—1)/2, (3n—-3)/2}.
Therefore, f*(E(G))=AUBUCUDUEUFUG =[(n+1)/2,(3n+ 3)/2].
This implies the graph Cp(4; (n — 3)/2, (n+5)/2; P,) for n > 13 is strongly
(n + 1)/2-harmonious. o

Theorem 2.6. When n = 2 (mod 4) and n > 6, the graph Cy(4s —
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L;(n—2)/2,(n —4)/2 + 4s; P2) for 1 < s < (n + 2)/8 is strongly n/2-

harmonious.

Proof. We define the function f: V(G) — [0,n + 1] as follows:
fy)=(n-2)/4,
fzoi))=n—i+2ifi € [1,(n—2)/4+ 3], [(3n+10)/4 - s,n + 1],
f(z2ic1)=n—i+1ifi € [(n+2)/4+5,n/2], [(n+2)/2,(3n + 2)/4 - 3],
flzz)=n/2-iifi€[1,(n~-2)/4), [(n+2)/4,(n—2)/2],
fl@a)=(n—2)/2—iif i € [(n+2)/4,(n—2)/2], 0,(n - 6)/4],
f(zn)=n/2.

It is easy to verify that the f is an injection from V(G) to [0,n+1]. By
the above definition, we have
A={f*(z2i2i1), [*(T2T2i41)| © € [1, (n — 2)/4]}

={(3n+4)/2 - 2i,(3n + 2)/2 - 2i| i € [1,(n — 2)/4]}=[n + 2,3n/2],
B={f*(z2i%2i-1)| i € [(n +2)/4,(n —2)/4 + 5]}

={(3n+2)/2 —2i| i € [(n + 2)/4,(n — 2)/4 + s]}=[n + 2 — 25,7]s,
C={f*(z2iz2i41)| ¢ € [(n +2)/4,(n — 6)/4+ 5]}

={3n/2—2i| i € [(n +2)/4,(n—6)/4+ s]}=[n+ 3 - 2s,n — 1],
D={f*(z2iz2i-1)| i € [(n +2)/4 +s5,(n - 2)/2]}

={3n/2— 2| i € [(n+2)/4 +5, (n — 2)/2}=((n + 4)/2,n — 25 — 1],
E={f*(z2iz2i1)| i € [(n - 2)/4 + 5,(n — 2)/2]}

={(3n —2)/2 - 2i| i € [(n - 2)/4 + 3, (n — 2)/2]}=[(n + 2)/2,n — 25]2,
F={f*(x(n-2)/21)s F* (Z(n-a)/24+4s%1)s [*(TnZ1), f* (Tn-12Zn)}

={n/2,n+1-2s,(3n+2)/2,n+1}.
Therefore, f*(E(G))=AUBUCUDUEUF=[n/2,(3n+ 2)/2]. o

Theorem 2.7. When n = 2 (mod 4) and n > 10, the graph Cp(4s +

1;242s,n+1—2s; P,) for 1 < s < (n—2)/8, and the graph Cp(4s+2;n/2—
2s,(n+4)/2 + 2s; P2) for 1 < s < (n — 6)/4 are strongly n/2-harmonious.
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Proof. For the graph G=C,(4s + 1;2 + 2s,n + 1 — 2s; P2), we define
the function f: V(G) — [0,n + 1] as follows: f(y1)=n—s+1,
fl@ai1)=i - 1if i € [1,n/2], [0,(n - 2)/2],

Flza)=(n—2)/2 +iif i € [1,(n+2)/4], [n/2, (3n — 2)/4],
f(z)=n/2+iifi € [(n+6)/4,n/2— 3], [(3n+6)/4,n— 5],
Flza)=(n+2)/2+iifi€[(n+2)/2—5n/2), [n—s+2,n+1].

It is easy to verify that the f is an injection from V(G) to [0,n+1]. By
the above definition, we have
A={f*(z2:T2i-1), F*(z2i%2i41)| © € [1,(n +2)/4]}

={(n—4)/2+ 2, (n — 2)/2 + 2i| i € [1, (n + 2)/4]} =[n/2,7],
B={f*(z2:i%2i-1), f*(@2:z2i41)| i € [(n +6)/4,m/2 — 5]}

={(n—2)/2+ 2,n/2+2i| i € [(n+6)/4,n/2~s]} =[n+2,3n/2-2s],
C={f*(zauz2i-1)| i € [(n+2)/2—s,n/2]}={n/2+2i|i € [(n+2)/2—s,n/2]}

={(3n + 4)/2 — 2s,3n/2)2,

D={f*(z2iz2i41)| i € [(n +2)/2 = 5,(n - 2)/2]}
={(n+2)/2+2|i€[(n+2)/2-s,(n—2)/2]}

=[(3n + 6)/2 — 25, (3n — 2)/2]2,

E={f*(z242s%1), f* (@n—2s+1%1), f* (znz1)}
={(Bn+2)/2,3n+2)/2 - 2s,n+1}.
Therefore, f*(E(G))=AUBUCUDUE =[n/2,(3n+2)/2].

For the graph G=C,(4s + 2;n/2 — 23, (n +4)/2 + 2s; ), we define the
function f: V(G) — [0,n + 1] as follows: f(y1)=(3n+6)/4 — s,
fl@ai1)=i - 1ifi € [1,(n—2)/4], [0,(n - 6)/4],
fl@aim1)=i if i € [(n +2)/4,n/2], [(n +2)/4,7/2],
flz)=(n+2)/2+iifi€[l,(n—2)/4—3], [(n+4)/2,3rn+2)/4- s],
Flz2:)=(n+4)/2+iif i € [(n+2)/4—s, (n—2)/4], [(3n+10)/4-s, (3n+6)/4],
F(za)=(n+2)/2 +i if i € [(n +6)/4,7/2], [(3n + 10)/4,n + 1],
f(@(n42)/2)=(n - 2)/4.

It is easy to verify that the f is an injection from V(G) to [0,n+ 1). By

the above definition, we have
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A={f*(z2iz2i-1), f* (z2iZ2i41)| 1 € [1,(n — 2)/4 - 5]}
={n/2+2i,(n+2)/2+2i] i€ [1,(n-2)/4 - s]}=[(n+4)/2,n - 2s],

B={f*(z2i72i-1)| i € [(n +2)/4 - 5,(n — 2)/4]}
={(n+2)/2+2i|i€[(n+2)/4—s,(n—2)/4]} =[n+2 — 2s,n]s,

C={f*(z2i%2i+1)| i € [(n +2)/4 - 5,(n — 6)/4]}
={(n+4)/2+2i|i€[(n+2)/4—3s,(n—6)/4]} =[n+3-2s,n— 1],

D={f*(z2iz2i-1)| i € [(n+6)/4,n/2]}={(n+2)/2+2i|i € [(n+6)/4,n/2]}
=[n+4,(3n + 2)/2]s,

E={f*(z2iz2i+1)| i € [(n + 6)/4,(n — 2)/2]}
={(n+4)/2+2i| i € [(n +6)/4,(n - 2)/2]}=[n+ 5,3n/2]2,

F={f*(@nj2-2s91), [* (Z(n+4)/2+2s¥1), [* (TnZ1), *(T(n—2)/2Zns2)s
F*(@ns2Z(n42)/2) (T (n42) 12T (n+4)/2)}
={n+1-2s,n+3,n+1,n+2,n/2,(n+2)/2}.

Therefore, f*(E(G))=AUBUCUDUEUF=[n/2,(3n+2)/2]. a

Theorem 2.8. When n = 2 (mod 4), the graph Cyo(2;2, 10; P2) and
the graph Cp(2; (n —6)/2, (n— 2)/2; P2) for n > 14 are strongly (n+2)/2-

harmonious.

Proof. For the graph Cjo(2;2,10; P;) see Figure 2. For the graph
G=Cr(2; (n—6)/2,(n—2)/2; P,), we define the function f: V(G) — [0,n+
1] as follows: f(y1)=(3n — 6)/4,
f(z2ic1)=(n—2)/2+iifi € [2,(n—6)/4], [(n+2)/2,(3n - 10)/4],
f(zoic1)=n/2+iifi€ [(n—2)/4,(n+2)/4], [(3n - 2)/4, (3n + 2)/4],
f(z2ic1)=(n+2)/2+iif i € [(n+6)/4,n/2), [(3n + 10)/4,n + 1],
f(z2s)=i—2if i € [2,(n - 6)/4], [0, (n — 14)/4],
f(z2i)=t - 2if i € [(n+6)/4,n/2), [(n — 2)/4, (n — 4)/2],
f(z1)=(n - 2)/2, f(z2)=n/2, f(T(n-2)/2)=(3n + 6)/4,

F((n+2)/2)=(n — 10)/4.
It is easy to verify that the f is an injection from V(G) to [0,n+ 1]. By
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the above definition, we have

A={f*(z2z2i-1)| i € [2,(n — 6)/4]}={(n— 6)/2+2i| i € [2,(n — 6)/4]}
=[(n +2)/2,n — 6]2,

B={f*(z2iz2i+1)| i € [2,(n - 10)/4]}={(n—4)/2+2i| i € (2, (n —10)/4]}
=[(n+4)/2,n — )2,

C={f*(z2im2i_1)| § € [(n+6)/4,n/2}={(n—2)/2+2ili € [(n+6)/4,n/2]}
=[n+2,(3n - 2)/2]2,

D={f*(z2iz2i41)| i € [(n +6)/4,(n - 2)/2]}
={n/2+ 2i| i € [(n + 6)/4, (n=2)/2]}=[n+3,(8n - 4)/2]2,

E={f*(z(n-6)/201) " (T(n-2)/2%1), [* (TnT1), f* (2122), f*(z2z3),
FH(E(n6)/2Z(n-1)/2)s  (E(n-t)/2T(n—-2)/2) " (T(n-2)/2%n/2)>
F*(@nj2Z(ni2)/2) [ (Z(nr2) /2T (nt4)/2)}
={n-5,3n/2,n-3,n—1,n+1,n—-4, (3n+2)/2,(3n+4)/2,n-2,n}.

Therefore, f*(E(G))=AUBUCUDU E=[(n+2)/2,(3n+ 4)/2]. o

Theorem 2.9. When n = 3 (mod 4) and n > 7, the graph Ca(4s +
2:2+2s,n — 2s; Pp) for 0 < s < (n—T7)/4 is strongly (n—1)/2-harmonious
and the graph C(3; 1,4; P2) is strongly (n + 1) /2-harmonious.

Proof. For the graph G=Cy(4s + 2;2 + 2s,n — 2s; P,), we define the
function f: V(G) = [0,n + 1] as follows: f(y1)=n -,
flzaic)=i—1ifi€[1,(n+1)/2], [0,(n - 1)/2],
fza)=(n—1)/2+iifi€[l,(n-1)/2~-5] [(n+1)/2,n—-1~ s,
flzai)=(n+1)/2+iifi€[(n+1)/2-8(n-1)/2,[n+1- s, 7.

It is easy to verify that the f is an injection from V(G) to [0,n+1]. By
the above definition, we have
A={f*(z2iz2i-1), f*(z2z2i1)| i € [1,(n ~ 1)/2 - 5]}

={(n—3)/2+2,(n—1)/2+2i|i€[l,(n— 1)/2 — s8]}

=[(n + 1)/2,(3n — 3)/2 — 23],

B={f*(@2iT2i-1), f* (T2%2u41)| § € [(n +1)/2 = 5, (n - 1)/2]}
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={(n—-1)/2+2i,(n+1)/2+2i|i€[(n+1)/2—s,(n ~1)/2]}
=[(8n+1)/2 - 2s,(3n — 1)/2],

C={f*(z242s41), f* (Zn-291), f*(zn71)}
={(8n+1)/2,(3n —1)/2 - 2s,(n - 1)/2}.

Therefore, f*(E(G))=AUBUC=[(n-1)/2,(3n+1)/2].

For the graph G=C,(3;1,4; P;), we define the function f: V(G) —

[0,n + 1] as follows: f(y1)=(n+ 5)/2,

f(z2i-1)=(n+3)/2+iifi € [2,(n+5)/4], [(n+7)/2,(3n+ 11)/4],

f(zaic1)=iif i € [(n+9)/4,(n+1)/2], [(n +9)/4,(n +1)/2],

flz2:)=iifi € [2,(n+5)/4], [2,(n +5)/4],

flz2)=(n+3)/2+iifi€[(n+9)/4,(n—1)/2], [(3n + 15)/4,n + 1],

f(21)=0, f(z2)=(n+3)/2.

It is easy to verify that the f is an injection from V(G) to [0,n+1]. By
the above definition, we have

A={f*(z2iz2i—1)| i € [2,(n + B)/4]}={(n + 3)/2 + 2i| i € [2, (n + 5)/4]}
=[(n+ 11)/2,n + 4]z,

B={f*(z2iz2i+1)| i € [2,(n +1)/4]}={(n + 5)/2 + 2i| i € [2,(n + 1)/4]}
=[(n + 13)/2,n + 3]z,

C={f*(z2iz2i-1), f*(z2i%2i+1)| i € [(n +9)/4,(n - 1)/2]}
={(n+3)/2+2i,(n+5)/2+2i|i € |(n+9)/4,(n—1)/2]}
=[n+6,(3n + 3)/2],

D={f*(z1y1), f*(zan1), f*(znz1), f*(z122), f*(22Z3), f*(T(n+5)/2T(n47)/2)}
={(n+5)/2,(n+9)/2,(n+1)/2,(n+3)/2,n+5,(n+7)/2}.

Therefore, f*(E(G))=AUBUCU D=[(n+1)/2,(3n+ 3)/2). O

Theorem 2.10. When n = 3 (mod 4) and n > 11, the graph C,,(4s; 2+
2s,n+2—2s; P,) for 1 < s < (n—7)/4 is strongly (n — 1)/2-harmonious.

Proof. We define the function f: V(G) — [0, + 1] as follows:
fy)=(n+1)/2-s,
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flzaic1)=(n+1)/2+iif i € [2,(n +5)/4], [(n+5)/2,(3n+T7)/4],

f(zai-1)=(n —1)/2 +i if i € [(n + 13)/4,(n +1)/2], [(3n + 11)/4,n],

f(zoi)=i—2if i €[2,(n+9)/4], [0,(n+1)/4],

flza)=i—1ifi€[(n+13)/4,(n+1)/2 s}, [(n+9)/4,(n—1)/2— 5],

flza)=iifi € [(n+3)/2-s,(n—1)/2], [(n+3)/2-s,(n—1)/2],

f(z)=(n+1)/2, f(z2)=(n+3)/2, f(Z(n+r)/2)=(n +5)/4.
It is easy to verify that the f is an injection from V(G) to [0,n+1]. By
the above definition, we have

A={f*(z2z2-1)| ¢ € [2, (n + 5)/4]}={(n - 3)/2 + 2i| i € [2,(n + 5)/4]}
=[(n +5)/2,n + 1]z,

B={f*(z2i%2i+1)| i € [2,(n + 1)/4]}={(n— 1)/2 +2i| i € [2, (n + 1)/4]}
=[(n +7)/2,7]2,

C={f*(z2iz2i-1), f*(T2iz2i41)| i € [(n +13)/4,(n +1)/2 - s}
={(n—3)/2+2,(n—1)/2+2i| i € [(n +13)/4,(n +1)/2 - s]}
=[n+5,(3n+1)/2 - 23],

D={f*(z2iz2i-1), f*(z2:T2i41)] i € [(n +3)/2 - s, (n — 1)/2]}
={(n—-1)/2+2i,(n+1)/2+2i]i€[(n+3)/2~s,(n - 1)/2]}
=[(3n + 5)/2 — 2s,(3n — 1)/2],

E={f*(z2+2s%1), f* (@n+2-291), f* (ZnT1), f* (2122), f* (€2%3),
FH(@(ni8) 2T 41y 2)s T (E a7y /28 (n49)/2)y £ (T(nt9) /2T (nt11)/2}
={(n—-1)/2,(3n+3)/2—25,3n+1)/2,n+2,n+4,(n+ 1)/2,
(n+3)/2,n+3}.

Therefore, f*(E(G))=AUBUCUDUE=[(n-1)/2,(3n+1)/2]. m|

3 Cycle with P3-chord

The graph Cn(d;i,5; Ps) has n + 2 vertices and n + 3 edges. f*(E(G))
is the set of its edge labels.

Theorem 3.1. When n = 0 (mod 4) and n > 8, the graph Cy,(4s —
1;n/2, (n—2)/2+4s; Ps) for 1 < s < n/8 is strongly (n + 2)/2-harmonious
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and the graph Cp(4s;3,n+3—4s; P3) for 1 < s < n/8 is strongly (n+4)/2-

harmonious.

Proof. For the graph G=C,(4s — 1;n/2,(n — 2)/2 + 4s; P3), we define
the function f: V(G) — [0,n + 2] as follows:
F)=(3n +4)/4, f(y2)=(3n + 8)/4,
f(zoi1)=n+3—1iif i€ [1,n/4], [(3n +12)/4,n + 2],
f(z2i-1)=n+1—7iif i€ [(n+4)/4,n/2], (n +2)/2,3n/4],
f(z)=n/2 —iifi€[l,s=-1], [(n+2)/2—3,(n—-2)/2],
flaa)=(n—2)/2—iifi € [s,(n—2)/2], [0, (n - 2)/2~ 3],
f(zn)=n/2.
It is easy to verify that the f is an injection from V(G) to [0,n+2]. By
the above definition, we have
A={f*(z2iz2i_1), f*(T2i2i1)| 1 € [1,s - 1]}
={(3n+6)/2 - 2%,(3n+4)/2 - 2| i € [1,s — 1)}
=[(3n + 8)/2 — 2s,(3n + 2)/2],
B={f*(z2iz2i-1)| % € [s,n/4]}={(8n+4)/2 — 2i| i € [s,n/4]}
=[n+2,(3n+4)/2 — 2s]2,
C={f*(zaiz2i41)| i € [5,(n — 4)/4]}={(Bn + 2)/2 - 2i| i € [s, (n — 4)/4]}
=[n+3,(3n +2)/2 - 23,
D={f*(z2i2i-1)| i € [(n +4)/4,(n - 2)/2]}
={8n/2 - 2i| i € [(n + 4)/4, (n — 2)/2]}=[(n + 4)/2,n — 2]2,
E={f*(z2iz2i+1)| i € [n/4,(n - 2)/2]}
={(3n — 2)/2 - 2i| i € [n/4, (n - 2)/2]}=((n + 2)/2,n — 1]z,
F={f*(zn/201), f*(@192), * (Z(n-2)/2445Y2)s f*(ZnZ1), f*(Tn-12n)}
={n,(3n+6)/2,(3n+6)/2 — 2s,(3n+4)/2,n + 1}.
Therefore, f*(E(G))=AUBUCUDUEU F=[(n+ 2)/2,(3n + 6)/2].
For the graph G=C,(4s; 3, n+3—4s; P3), we define the function f: V(G) —
[0,n + 2] as follows: f(y1)=(n —2)/2, f(y2)=(n +2)/2,
fzoi1)=n+3—iifie[l,(n+4)/4], [(8n+8)/4,n+2],
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f(zaim1)=n+2—iifi € [(n+8)/4,n/2], [(n+4)/2,3n/4],
fzoi)=n/2 —iif i € [2,n/4— 3], [n/4 +s,(n —4)/2],
flza)=(n—2)/2—iifi € [(n+4)/4—s,(n—4)/4], [n/4,(n - 8)/4+ 3],
flza)=n/2 —iif i € [(n+4)/4,n/2)}, [0,(n — 4)/4],
f(z2)=n/2, f(zn/2)=(3n +4)/4.
It is easy to verify that the f is an injection from V(G) to [0,n+2]. By
the above definition, we have
A={f*(z2i%2i1), f* (T2T2i41)| i € [2,n/4 — 5]}
={(3n+6)/2-2i, (3n+4)/2-2i|i € [2,n/4—s]}=[n+2+2s, (3n—2)/2],
B={f*"(z2iz2i-1), f*(z2i%2i41)| i € [(n + 4)/4-s,(n—4)/4]}
={(3n+4)/2—2,(3n+2)/2-2i|i€[(n+4)/4—s,(n - 4)/4]}
=[n+ 3,n + 23],
C={f*(z2iz2i—1)| i € [(n+8)/4,n/2]}={(3n+4)/2-2i|i € [(n+8)/4,n/2]}
=[(n+4)/2,n = 2],
D={f*(zz2i+1)| i € [(n+4)/4,(n - 2)/2]}
={(8n+2)/2-2i|i€[(n+ 4)/4,(n - 2)/2]} =[(n +6)/2,n — 1]z,
E={f*(zawn1), f*(%192), f* (Tn+3-1s¥2), f*(2n21), F*(2122), f* (z223),
I (@2 (mt2)/2)s [ (E(ne2) 28 mr0)2)s F* (@nj2T(n-2)/2)}
={3n/2,n,n+2s+1,n+2,(3n+4)/2,(3n+2)/2,(3n+6) /2,n+1,(3n+8)/2}.
Therefore, f*(E(G))=AUBUCU DU E=[(n+4)/2,(3n+8)/2]. o

Theorem 3.2. When n = 0 (mod 4) and n > 12, the graph Cy(4s +
1:2,3 + 4s; Ps) for 1 < s < (n — 4)/8 is strongly n/2-harmonious, and the
graph Cp(4s + 2; (n — 2)/2,(n + 2)/2 + 4s; P3) for 1 < s < (n—4)/8 is
strongly (n + 2)/2-harmonious.

Proof. For the graph G=Cp(4s+1;2, 3+4s; P3), we define the function
f: V(G) = [0,n + 2] as follows: f(y1)=(n+2)/2, f(y2)=(n+6)/2 + 25,
f(z2i-1)=i—1ifi€[1,(n+4)/4], [0,n/4],
fz2i1)=(n+2)/2+i if i € [(n +8)/4,(n+4)/4+ 5], [(3n +12)/4,(3n +
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8)/4+s],

f(z2im1)=(n+4)/2+iifi € [(n+8)/4+ 5,n/2], [(3n+16)/4+ s,n + 2],
Flzai)=(n +2)/2+i if i € 1,1+ 23], [(n +4)/2, (n+ 4)/2 + 2s],
f(z2)=(n+4)/2+iif i € [2+ 2s,n/4], [(n +8)/2+ 25,(3n + 8)/4],
Flea)=i if i € [(n +4)/4,n/2], [(n + 4)/4,7/2].

It is easy to verify that the f is an injection from V(G) to [0,n+2]. By
the above definition, we have
A={f*(z2i%2i—1), [*(T2i%2i41)| i € [1,1+ 2s]}

={n/2+2i,(n+2)/2 + 23] i € [1,1 + 2s]}=[(n + 4)/2, (n + 6)/2 + 45],
B={f*(z2i%2i—1), f*(22:%2i41)] © € [2+ 25,n/4]}

={(n+2)/2+2i, (n+4)/2+2i|i € [2+2s,n/4]}=[(n+10)/2+4s,n+2],
C={f*(z2ix2i-1)| i € [(n +8)/4,(n+4)/4+ 5]}

={(n+2)/2+ 2i| i € [(n +8)/4,(n+4)/4 + s]}=[n+ 5,n + 3 + 23]2,
D={f*(z2i2i+1)| i € [(n +4)/4,n/4 + 5]}

={(n+4)/2+2i|i € [(n+4)/4,n/4+ 3]} =[n+4,n+ 25+ 2],
E={f*(z2:i%2i-1)] i € [(n +8)/4 + 5,n/2]}

={(n+4)/2+2i| i € [(n+ 8)/4 + 3,n/2|}=[n + 6 + 25, (3n + 4)/2]2,
F={f*(z2:22i+1)| i € [(n +4)/4+5,(n —2)/2]}

={(n+6)/2+2i|i € [(n+4)/4+3,(n—2)/2]}=[n+5+2s, (3n+2)/2]5,
G={f*(z291), [*(V192), f*(T334sy2), [* (TnT1), [* (T(n+2)/2T(n+4)/2)}

={n+3,n+4+2s,(n+8)/2+4s,1n/2,(n+2)/2}.
Therefore, f*(E(G))=AUBUCUDUEFEUFUG=[n/2,(3n+4)/2].

For the graph G=Cp(4s+2;(n—2)/2, (n+2)/2 + 4s; P;), we define the
function f: V(G) — [0,n + 2] as follows:
f)=(3n+4)/4, f(y2)=(3n +8)/4,
Flzaio1)=i—1ifi € [1,n/4+s], [0,(n — 4)/4 + 5],
f(zaim)=i if i € [(n +4)/4+ s,n/2], [(n +4)/4 + 5,n/2],
flz2:)=(n+2)/2+iifi€[1,(n—4)/4], [(n+4)/2,3n/4],
Fflz2i)=(n+6)/2 +iif i € [n/4,(n—2)/2], [(3n + 12)/4,n + 2},
flzn)=(n+2)/2.
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It is easy to verify that the f is an injection from V(G) to [0,n+2]. By
the above definition, we have
A={f*(z2:i%2i-1), f* (z2iZ241)| © € [1,(n — 4)/4]}

={n/2+ 2i,(n+2)/2+2i| i € [1,(n — 4)/4}=[(n + 4)/2,n - 1],
B={f*(z2iz2i-1)| © € [n/4,n/4+ 3]}

={(n+4)/2 + 2i| i € [n/4,n/4 + s]}=[n+2,n + 25 + 2],
C={f*(z2iz2i+1)| ¢ € [n/4,(n - 4)/4 + 5]}

={(n+6)/2 + 2| i € [n/4,(n —4)/4+ s]}=[n+3,n + 25 + 1],
D={f*(z2iz2i-1)] ¢ € [(n +4)/4 + s,(n — 2)/2]}

={(n+6)/2+2i|i € [(n+4)/4+s,(n—2)/2]}=[n+2s+5,(3n+2)/2]>,
E={f*(z2iz2i+1)| i € [n/4 +s,(n —2)/2]}

={(n+8)/2+2i| i € [n/4+ s,(n — 2)/2]}=[n+ 4 + 25, (3n + 4)/2]2,
F={f*(Z(n-2)/2¥1), F*(v192), f* (Z(n+2)/244Y2), f*(ZnT1), f*(Tn-1Zn)}

={n,(3n +6)/2,n+3+2s,(n+2)/2,n +1}.
Therefore, f*(E(G))=AUBUCUDUEUF=[(n+2)/2,(3n+6)/2. O

Theorem 3.3. When n = 1 (mod 4) and n > 9, the graph Cy(4s —
1,1+ 2s,n+2—2s;P3) for 1 < s < (n— 5)/4 is strongly (n + 1)/2-
harmonious, and the graph Cy(4s; (n +1)/2 — 2s,(n + 1)/2 4 2s; P3) for
1< s < (n~—5)/4 is strongly (n — 1)/2-harmonious.

Proof. For the graph G=Cp(4s — 1;1 + 2s,n + 2 — 2s; P3), we define
the function f: V(G) — [0,n + 2] as follows:
fy)=(n+3)/2+s, f(y2)=(n+3)/2-s,
f@a—1)=i—1if i €1, (n+3)/4], [0,(n—1)/4],
flzaic1)=(n+3)/2+iifi € [(n+T7)/4,(n+1)/2], [(3n +13)/4,n + 2],
flzai)=(n+1)/2+iifi € [1,3], [(n+3)/2,(n+1)/2 + 3],
flzai)=(n+3)/2+iifi€[l+s,(n—1)/4], [(n+5)/2+s,(3n+5)/4],
flzas)=iifi € [(n+3)/4,(n+1)/2—3], [(n+3)/4,(n+1)/2 - s,
flza)=i+1ifi€[(n+3)/2—s,(n—1)/2], [(n+5)/2~s,(n+1)/2].
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It is easy to verify that the f is an injection from V(G) to [0,n+2]. By
the above definition, we have
A={f*(z2i®2i-1), f*(T2:Z2i41)| ¢ € [1, 8]}
={(n-1)/2+2i,(n+1)/2+2i] i € [1,s]}=[(n +3)/2, (n + 1)/2 + 23],
B={f*(z2i%2i-1), f* (z2i%2i+1)| i € [L + 5, (n — 1)/4]}
={(n+1)/2+2i, (n+3)/2+2i|i € [1+s, (n—1)/4]}=[(n+5)/2+2s,n+1],
C={f*"(z2iT2i-1), f*(z2i2is1)| i € [(n +7)/4,(n+1)/2 - 5]}
={(n+3)/2+2i,(n+5)/2+2i|i € [(n+T7)/4,(n+1)/2 — 5]}
=[n+5,(3n+7)/2 - 2s],
D={f*(z2iw2i-1), f*(z2i%2i41)| i € [(n +3)/2 - 5,(n — 1)/2]}
={(n+5)/2+2i,(n+7)/2+2]i€[(n+3)/2-s,(n-1)/2]}
=[(3n + 11)/2 — 2s,(3n + 5)/2],
E={f*(z1+2s91), F* (1192), f* (Tnr2-25¥2), f*(Tn1), F*(T(nt1)/2T(n+3)/2)s
F*(@n43) /2T (n45)/2)}
={(n+3)/2+2s,n+3,(3n+9)/2—-2s8,n+ 2,(n + 1)/2,n + 4}.
Therefore, f*(E(G))=AUBUCUDUE=[(n+1)/2,(3n+5)/2].
For the graph C,(4s; (n + 1)/2 — 2s,(n+ 1)/2 + 2s; P3), we define the
function f: V(G) — [0,n + 2] as follows:
fy1)=(Bn+5)/4+s, f(y2)=(Bn+1)/4-s,
f(@ai-1)=(n+1)/2~iifi€(1,(n+1)/2], [0,(n-1)/2],
fl@a)=n+2-iifie(l,(n-1)/4— 3], [(3n+9)/4+s,n+1],
fl@a)=n+1-iifi€|[(n+3)/d—s,(n—=1)/4+3], [(3n+5)/4—s,(3n+
1)/4 + 4],
f(za)=n—iifi€|(n+3)/4+s,(n-1)/2], [(n+1)/2,(3n — 3)/4 - s].
It is easy to verify that the f is an injection from V(G) to [0,n+2]. By
the above definition, we have
A={f*(z2i2i-1), f*(T2z2i41)| 1 € [1, (n ~ 1)/4 - 5]}
={(3n +5)/2— 2,(3n +3)/2 - 2| i € [1, (n — 1)/4 — 5]}
=[n+ 2+ 2s,(3n +1)/2),
B={f*(22:%2i—1), f*(@2iz2i11)| i € [(n + 3)/d — 5, (n — 1)/4 + s}
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={(3n+3)/2—2i,(83n+1)/2-2i|i € [(n+3)/4~5,(n — 1)/4 + ]}
=[n+1-2s,n+ 25|,

C={f*(z2i%2i-1), f*(z2:%2i+1)| i € [(n +3)/4+5,(n — 1)/2]}
—{(3n +1)/2 - %, (3n - 1)/2 - 2| i € [(n +3)/4 + 5, (n — 1)/2]}
=[(n+1)/2,n— 25 - 1],

D={f*(Z(n+1)/2-2s91)s [ *(¥192)s f*(Z(ns1)/242sY2), f* (Tn71)}
={n+1+2s,(3n+3)/2,n—2s,(n—1)/2}.

Therefore, f*(E(G))=AU BUC U D=[(n —1)/2,(3n+ 3)/2]. O

Theorem 3.4. When n = 2 (mod 4) and n > 6, the graph C,(4s —
1;(n + 6)/2 — 2s,(n + 4)/2 + 2s; P3) for 1 < s < (n + 2)/8 is strongly

(n + 4)/2-harmonious.

Proof. We define the function f: V(G) — [0,n + 2] as follows:
fn)=(n+10)/4 s, f(y2)=(3n +10)/4 + s,
f(z2i-1)=t if i € [1,(n +6)/4 — 3], [1,(n+ 6)/4— 5],
flzoim1)=i+1ifi € [(n+10)/4—s,(n+2)/4], [(n+14)/4—s,(n +6)/4],
f(z2i—1)=i if i € [(n + 10)/4,n/2], [(n + 10)/4,7/2),
f(z2:)=n/2+iif i € [1,(n+6)/4], [(n +2)/2,(3n +6)/4],
f(z2s)=(n+2)/2 +1i if i € [(n + 10)/4,(n + 2)/4 + 5], [(3n + 14)/4,(3n +
6)/4 + s),
f(z2s)=(n+4)/2+iifi€[(n+6)/4+3s,n/2], [(3n+ 14)/4+s,n + 2],
f(Z(n+4)/2)=(3n + 10)/4.
It is easy to verify that the f is an injection from V(G) to [0,n+2]. By
the above definition, we have
A={f*(z2iz2i-1)| i € [1,(n+6)/4 = 8]} ={n/2+2i| i € [1,(n +6)/4 — s}
=[(n+4)/2,n+3 — 23],
B={f*(zuzai+1)| i € (1, (n+2)/4—s]} ={(n+2)/2+2i|i € [1, (n+2)/4—s]}
=[(n + 6)/2,n — 25 + 2]2,
C={f*(z2i2i—1)| i € [(n+10)/4 - 8, (n + 2)/4]}
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={(n+2)/2+2i| i € [(n+10)/4 — s,(n +2)/4]}=[n + 6 — 25,n + 2],
D={f*(z2iz2i+1)| i € [(n + 6)/4 — s, (n — 2)/4]}

={(n+4)/2+2i|i€[(n+6)/4—s,(n—2)/4]} =[n+5—2s,n+ 1],
E={f*(z2iz2i-1), f*(22i%2i41)| © € [(n +10)/4,(n + 2)/4 + 5]}

={(n+2)/2 + 2, (n+ 4)/2 + 2] i € [(n+ 10)/4, (n + 2)/4 + s]}

=[n+6,n+ 3+ 2s],
F={f*(z2iz2i-1)| i € [(n +6)/4+ s,n/2]}

={(n+4)/2 +2i| i € [(n +6)/4+ 5,n/2)}=[n + 5 + 25, (3n.+ 4)/2]a,
G={f*(z2i%2i+1)| i € [(n +6)/4+ 5, (n — 2)/2]}

={(n+6)/2+2i|i € [(n+6)/4+s,(n—2)/2]}=[n+6+2s,(3n+2)/2],,
H={f*(Z(n+6)/2-2s%1), [*(0192), [*(T(n4a)/242s¥2), [* (Zn 1),

F*(@(nta)/2Z(n+2)/2)s (T (n+a)/2Z(m+6)72), [* (T (nt6)/2T(n+8)/2)}

={n-2s+4,n+5n+4+2s,n+3,(3n+6)/2,(3n +8)/2,n + 4}.
Therefore, f*(E(G))=AUBUCUDUEUFUGUH=[(n+4)/2,(3n+8)/2).0

Theorem 3.5. When n = 2 (mod 4) and n > 10, the graph C,(4s +
2in/2 — 2s,(n + 4)/2 + 2s;P3) for 1 < s < (n — 6)/4, and the graph
Cn(4s + 1;1 + 2s8,n — 2s; P3) for 1 < 8 < (n — 2)/8 are strongly n/2-

harmonious.

Proof. For the graph G=Cp(4s + 2;n/2 — 2s,(n + 4)/2 + 2s; P3), we
define the function f: V(G) — [0,n + 2] as follows:
f(n)=(Bn ~2)/4—s, f(y2)=(3n+10)/4+ s,
flzai1)=t - 1if i€ [1,n/2], [0,(n-2)/2],
flzai)=(n—2)/2+iifi€[1,(n—2)/4 s}, [n/2,(3n—6)/4 — 3],
f(za)=n/2+iifi€ [(n+2)/4—s,(n+2)/4], [((3n+2)/4—s,(3n+2)/4],
f(z2i)=(n+2)/2+iif i € [(n+6)/4, (n+2)/4+s], [(3n+10)/4, (3n+6)/4+3],
f(z2i)=(n+4)/2+iifi € [(n+6)/4+s,n/2], [(3n + 14)/4 + s,n + 2].

It is easy to verify that the f is an injection from V(G) to [0,n+2]. By

the above definition, we have
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A={f*(z2i72i1), f* (T2iT2i41)| P € [1,(n - 2)/4 - 5]}
={(n—4)/2+2i,(n—2)/2+2i| i € [, (n— 2)/4— s]}=[n/2,n - 2 - 25],
B={f*(z2i%2i-1), f*(z2iT2i+1)| & € [(n + 2)/4 — 3, (n + 2)/4]}
={(n-2)/2+2i,n/2+2i|i € [([n+2)/4 -5, (n+2)/4]}=[n-2s,n+1],
C={f*(z2iT2i—1), f*(z2iT2i41)| § € [(n + 6)/4,(n+2)/4 + 5]}
={n/2+2i, (n+2)/2+2i|i € [(n+6)/4, (n+2)/4+s]}=[n+3,n+2+25],
D={f*(z2ix2i-1)| i € [(n + 6)/4 + 5,n/2}}
={(n+2)/2+2i|i € [(n+6)/4+ s,n/2]} =[n+4+ 2s,(3n + 2)/2]2,
B={f*(caizaer1)| i € [(n+6)/4+ 3, (n - 2)/2]}
={(n+4)/2+2i|i € [(n +6)/4+ 3,(n — 2)/2]}=[n + 5 + 2s,3n/2),,
F={f*(zns2—2s01), F*(0192), f* (T (nta)/2426¥2), f* (ZnT1)}
={n—-2s-1,(3n+4)/2,n+ 3 +2s,n+2}.
Therefore, f*(E(G))=AUBUCUDUEU F=[n/2,(3n+4)/2).
For the graph G=C,(4s + 1;1 + 2s,n — 2s; P3), we define the function
f: V(G) — [0,n + 2] as follows:
fly)=(n+4)/2+s, f(y2)=(n+2)/2 -5,
flzeima)=i ~1if i €[1,(n - 2)/4], [0,(n - 6)/4],
fzoic1)=i if i € [(n+ 2)/4,n/2 — 3], [(n + 2)/4,n/2 - s,
flzoi—)=i+1ifi€[(n+2)/2-5,n/2), [(n+4)/2—s,(n+2)/2],
f(z2i)=(n+2)/2+iifi€[l,s], [(n+4)/2,(n+2)/2+ 3],
flzo)=(n+4)/2+iifie[s+1,(n—2)/4], [(n+6)/2+s,(3n+6)/4],
f(z2:)=(n+2)/2+iifi€ [(n+6)/4,n/2], [(3n + 10)/4,n + 1],
f(Z(nr2)/2)=(n — 2)/4.
It is easy to verify that the f is an injection from V(G) to [0,n+2]. By
the above definition, we have
A={f*(z2i2i-1), f*(z2:T2i41)| ¢ € 1, 8]}
={n/2+2i,(n +2)/2 + 2i| i € [1, s]}=[(n + 4)/2,(n + 2)/2 + 23],
B={f*(z2iz2i-1)] i € [s+1,(n=2)/4}{f* (z2:%2i11)| i € [s+1, (n—6)/4]}
={(n+2)/2+2i|i€[s+1,(n—2)/4}U{(n+4)/2+2i|]ie[s+]1,
(n - 6)/4]}=((n + 6)/2 + 2s,7],
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C={f*(z2iz2i-1)| i € [(n +6)/4,n/2 — s]}={(n+2)/2+2i| i € [(n +6)/4,
n/2 - s} =[n+4,(3n+2)/2 — 2s|s,
D={f*(z2iz2i41)| i € [(n + 6)/4,(n — 2)/2 - 5]} ={(n+4)/2+2i| i €
[(n+6)/4,(n —2)/2 - s]}=[n+ 5,3n/2 — 23],
E={f*(z2i%2i-1)| i € [(n +2)/2 - 5,n/2]}
={(n+4)/2+2i|i € [(n+2)/2—5,n/2)}=[(3n+8)/2—2s, (3n+4)/2]2,
F={f*(z2z2i+1)| i € [n/2 - s,(n - 2)/2]}
={(n+6)/2+2i|i € [n/2—s,(n—2)/2]}=[(3n+6)/2—2s, (3n+2)/2]2,
G={f*(z142s01), F*(N1%2), [*(Tn-2sY2), [*(ZnZ1), F*(Tn/2T(n-2)/2),
T (@n2Z(n42)72)y *(T(n2) /2T (nta)2) }
={(n+4)/2+28,n+3,(3n +4)/2~2s,n+ 1,n+2,n/2,(n+2)/2}.
Therefore, f*(E(G))=AUBUCUDUFEUFUG=[n/2,(3n+4)/2]. O

Theorem 3.6. When n = 3 (mod 4) and n > 7, the graph Cp,(4s; (n —
3)/2,(n — 3)/2 + 4s;P3) for 1 < s < (n + 1)/8 is strongly (n + 1)/2-
harmonious, and the graph C,(4s — 1;(n + 9)/2 — 4s,(n + 7)/2; P3) for
1< s < (n+1)/8 is strongly (n + 3)/2-harmonious.

Proof. For the graph G=C,(4s; (n—3)/2, (n—3)/2+4s; P3), we define
the function f: V(G) — [0,n + 2] as follows:
fly)=(n+1)/4, f(y2)=(3n +11)/4,
f(z2im)=(n+3)/2- i if i € [1,(n + 1)/4], [(n +5)/4, (n+1)/2),
f(@2i-1)=n+3—iifi € [(n+5)/4, (n=3)/4+s5], [(8n+15)/4—s, (3n+7)/4],
f(zoi-1)=n+2—iifi € [(n+1)/4+s,(n+1)/2), [(n+3)/2,(3n+7)/4-3],
flz2i)=n+3—iifie[l,(n-38)/4], [(3n+15)/4,n+ 2], '
f(z2)=(n-1)/2-iifi € [(n+1)/4,(n~1)/2], [0,(n - 3)/4].

It is easy to verify that the f is an injection from V(G) to [0,n +2]. By
the above definition, we have
A={f*(z2i%2i-1), f* (T2iT2i41)| i € [1, (n - 3)/4]}

={(3n+9)/2—2i, (3n+7)/2—2ii € [1, (n~3)/4]} =[n+5, (3n+5)/2),
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B={f*(z2iz2i-1)| i € [(n +5)/4,(n — 3)/4 + 5]}
={(3n +5)/2 — 2i| i € [(n + 5)/4, (n — 3)/4 + s]}=[n + 4 — 23, n]s,
C={f*(z2iz2i+1)| ¢ € [(n +1)/4,(n - 7)/4 + 5]}
={(8n+3)/2-2i|i€[(n+1)/4,(n—T)/4+ s]}=[n+5—2s,n+ 1],
D={f*(z2iz2i-1)| i € [(n +1)/4 +s,(n - 1)/2]} '
={(3n+3)/2-2i|i € [(n+1)/4+s,(n—1)/2]}=[(n+5)/2,n+1-2s]s,
E={f*(z2z2i+1)| i € [(n - 3)/4+s,(n—1)/2]}
={(3n+1)/2-2i|i € [(n—3)/4+s,(n—-1)/2]}=[(n+3)/2,n+2— 23]y,
F={f*(2(n-3)/291)s F*(0192), f*(T(n-3)/2+45Y2)s [* (ZnZ1), [ (T(n—1)/2Z(n+1)/2))
={n+4,n+3,n+3-2s,n+2,(n+1)/2}.
Therefore, f*(E(G))=AUBUCUDUEUF=|(n+1)/2,(8n+5)/2|.
For the graph G=Cp(4s—1;(n+9)/2— 43, (n+7)/2; P3), we define the
function f: V(G) — [0,n + 2] as follows:
fn)=EBn+7)/4, f(y2)=(3n +3)/4,
flzaim)=i - 1ifi € [L,(n+5)/4], [0,(n+1)/4],
flzai-1)=(n+1)/2+iifi € [(n+9)/4,(n+1)/2], [(3n + 11)/4,n + 1],
Flea)=(n—1)/2+iifi € 2,(n+1)/4), [(n +3)/2,(3n - 1)/4),
flza)=iifi € [(n+5)/4,(n+1)/2—3], [(n+5)/4,(n+1)/2 - 4],
flzas)=i + 1if i € [(n+3)/2—s,(n—1)/2), [(n+5)/2 - s,(n +1)/2],
f(z2)=n+2.
It is easy to verify that the f is an injection from V(G) to [0,n+2]. By
the above definition, we have
A={f*(z2iT2i-1), f*(z2iT2i41)| & € [2, (n +1)/4]}
={(n - 3)/2 + 2, (n —1)/2+2i| i € [2, (n + 1)/4]} =[(n + 5)/2,n],
B={f*(z2iz2i-1)| i € [(n+9)/4,(n +1)/2 - 5]}
={(n+1)/2+2i]i € [(n+9)/4,(n+1)/2-s]}=[n+5, (3n+3)/2—2s],,
C={f*(z2:2i41)| i € [(n +5)/4,(n +1)/2 - s]}
={(n+3)/2+2i|i € [(n+5)/4, (n+1)/2— s]}=[n+4, (3n+5)/2—2s],
D={f*(z2iz2i-1), f*(T2:%2i+1)| i € [(n +3)/2 = s,(n - 1)/2]}
={(n+3)/2+ 2,(n+5)/2+2i| i € [(n+3)/2—s,(n - 1)/2]}

126



=[(3n +9)/2 — 2s, (3n + 3)/2),

E={f*(T(n+9)/2-4s¥1), F*(1y2), *(T(n47)/2%2), F* (Tn1), f*(2122),
F*(zoz3), *(T(n+3)/2T(n+5)/2)}
={(3n+7)/2-2s5,(3n+5)/2,(3n+T7)/2,n+1,n+2,n+3,(n+3)/2}.

Therefore, f*(E(G))=AUBUCUDUE=[(n+3)/2,(3n+7)/2. O

Theorem 3.7. When n = 3 (mod 4) and n > 11, the graph C,(4s +
2;(n—1)/2 — 2s,(n+ 3)/2+2s;P3) for 1 < s < (n— 7)/4 is strongly

(n — 1)/2-harmonious.

Proof. We define the function f: V(G) — [0,n + 2] as follows:
f1)=0@n—1)/4~s, f(y2)=(Bn+7)/4+s,
f(z2i-1)=i - 1ifi € [1,(n+1)/2], [0,(n - 1)/2],
f(zas)=(n-1)/2+iifi€[1,(n-3)/4—s], [(n+1)/2,(3n —5)/4 — 5],
f(zai)=(n+1)/2+iifi € [(n+1)/d-s(n+1)/4+ 5], [(3n+3)/4 -
s,(3n +3)/4+ s),
f(z2i)=(n+38)/2+iifi € [(n+5)/4+s,(n—-1)/2], [(3n+11)/4+s,n+1].
It is easy to verify that the f is an injection from V(G) to [0,n+2). By
the above definition, we have
A={f*(z2iz2i-1), f*(z2iT2i+1)| i € [1,(n - 3)/4 - 5]}
={(n—3)/2+2i,(n—-1)/2+2i|i € (1, (n—3)/4—s]} =[(n+1)/2,n—2-23],
B={f*(z2iz2i-1), f*(z2T2i11)| i € [(n +1)/4 = 5,(n +1)/4 + 5]}
={(n—1)/2+2i,(n+1)/2+ 2| i € [(n+1)/4— 5, (n + 1)/4 + 5]}
=[n—2s,n+ 1+ 23],
C={f*(z2iz2i-1), f*(z2i2i41)| i € [(n +5)/4 + 5, (n - 1)/2]}
={(n+1)/2+2i,(n+3)/2+ 2| i € [(n+5)/4+s,(n - 1)/2]}
=[n+ 3+ 2s, (3n+1)/2),
D={f*(x(n-1)/2-2s¥1)s F* (192), [* (T(n+3)/2425Y2), [*(Znz1)}
={n—-1-2s,3n+3)/2,n+2+2s,(n—-1)/2}.
Therefore, f*(E(G))=AUBUCUD=[(n—-1)/2,(3n+3)/2]. a
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4 Main theorem

From the sections 2 and 3, we obtain the following theorem.

Theorem When integer n > 6, the graph C,(d;1,j; Pi) for k=2, 3 is
strongly c-harmonious. Therefore, the graph C,(d;1, j; Ps) for k=2, 3 is

harmonious also.
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