SOME RESULTS ON STRONG GENERALIZED
NEIGHBORHOOD SYSTEMS
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ABSTRACT. The aim of our paper is to introduce generalized neighborhood
bases and gn — Th-spaces. (1, 1’)-continuity, sequentially (), ')-continuity
and i-convergency are investigated on strong generalized first countable
spaces, and also two results about t-convergency on gn — Ti-spaces are
given.

1. Introduction

Csészdr introduced the concepts of generalized topological spaces and gen-
eralized neighborhood systems in [2]. He also introduced continuous functions
on both systems, and studied characterizations of such functions in [2]. Further-
more, he presented separation axioms Tp,T1,72,S51, S2 by replacing open sets
with more general ones in [3]. In [4], Min obtained some properties of gener-
alized topological spaces and (g, g’)-continuity by means of strong generalized
interior operators. He also introduced the concept of (¥,%’)- open map, gn-
continuity and gn-open map. He established strong generalized neighborhood
systems, and obtained sgy-open and sgy-closed sets in [5]. Sequentially (1,%')-
continuity and 1-convergency are introduced in [1]. In this paper, we introduce
the notions of generalized neighborhood bases and define strong generalized first
countable spaces by means of generalized neighborhood bases. Also, we give the
definition of gn—Tx-spaces by using generalized neighborhood systems. Then, we
investigate 1-convergency, (%, %')-continuity and sequentially (%, %’)-continuity
on strong generalized first countable spaces. Finally, we give two results about
-convergency on gn — T-spaces.

2. Preliminaries

We now recall some concepts and notations defined by Csdszar in [2].
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Let X be a nonempty set and g be a collection of subsets of X. Then g is
called a generalized topology (briefly GT) on X if and only if € g and G; € ¢
for i € I # 0 implies G = | J;; G: € g. The elements of g are called g-open sets
and their complements are called g-closed sets.

Let X be a nonempty set and ¥ : X — p(p(X)) satisfy z € V for V € 9(=z).
Then V € 9(z) is called a generalized neighborhood (briefly GN) of z € X and ¢
is called a generalized neighborhood system (briefly GNS) on X. The collection
of all GNS'’s on X is denoted by ¥(X). If ¢ is generalized neighborhood system
on X and A C X, then

19(A) = {x € A: there exists V € ¢(z) such that V C A}

and
T6(A)={z€X:VNA#Dforal V € p(z)}

Let 1 be a GNS on X and G € g iff G C X satisfies: if z € G then there
is V € y(x) such that V € G. This GT g is shown as g = gy. If g is a GT on
X, then there is a ¥ € ¥(X) satisfying g =gy and V € g for V € ¢(z),z € X.
This GNS 9 is shown as ¢ =,. If gis a GT on X and A C X, then iyA is the
largest subset of A belonging to g and ¢ A is the smallest g-closed set containing
A.

Let g and g’ be generalized topologies on X and Y, respectively. Then a
function f : X — Y is (g, ¢')-continuous iff G’ € ¢’ implies that f~1(G’) € g. Let
1 and 9’ be generalized neighborhood systems on X and Y, respectively. Then
a function f : X — Y is (3, 9')-continuous iff given z € X and V' € ¢'(f(z)),
there is V' € 9(z) such that f(V) C V.

Let X be a non-empty set and 3 € ¥(X). A sequence (z,) is said to be
1p-converge to a point z in X [1] if (z,) is eventually in every set V in ¥(z) and
denoted by (z,) =¥ z . Let ¥ and 9’ be generalized neighborhood systems on X
and Y, respectively. Then a function f : X — Y is said to be sequentially (v, ¥')-
continuous [1] if for each sequence (z,) in X -converging to z, then (f(z,)) in
Y ¢’-converges to f(z). Also f is said to be gn-continuous [4] if f~1(A) is in
P(z) for every A € ¥/ (f(z)).

3. Some Results on (¥,9')-continuity, Sequentially (¥,%')- continuity
and -convergency

THEOREM 3.1. Let 9 and ' be generalized neighborhood systems on X and
Y, respectively. If a function f : X — Y is (,9')-continuous, then it is also
sequentially (i,v')- continuous.

PROOF. Assume that f is (1,%’)-continuous and (z,) —¥ z such that (z,)
is a sequence in X and z € X. Given a generalized neighborhood V' of f(z),
then there exist V' € 9(x) such that f(V) C V’ by the hypothesis. Since (z,)
i-converges to x, there exist ng € IN such that each n > ng implies (z,) € V.
Hence, f(z,) is eventually in V',
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REMARK 3.1. Since every gn-continuous function is (1, 4’)-continuous {4],
every gn-continuous function is sequentially (1, %’)- continuous.

DEFINITION 3.1. Let € : X — p(p(X)) satisfy x € E for E € g(z) and
e(z) C (z) where 9 is generalized neighborhood system on X. Then &(z)
is called a generalized neighborhood base (briefly GNB) of = € X if for every
V € (z) there exists E € ¢(z) such that EC V.

REMARK 3.2. Let g be GT on X and 4(z) be a GNS of z € X which is
generated by g. Then, there exists e(z) such that ¥,(z) = &(z).

DEFINITION 3.2. [5] Let ¥ : X — p(p(X)). Then 9 is called a strong
generalized neighborhood system on X if it satisfies the following:
(1) z €V for V € ¥(z);
(2) for U,V € ¢(z), VNU € 9¥(z).
Then the pair (X, %) is called a strong generalized neighborhood space (briefly
SGNS) on X. Then V € 9(z) is called a strong generalized neighborhood of
€ X.
A C X is called an sgy-open set if for each z € A, there is V € 9(z) such
that V ¢ A. The complements of sgy-open sets are called sgy-closed sets. Also,
A is sgy-open iff 1y (A) = A.

DEFINITION 3.3. Let 9 be a strong generalized neighborhood system on X.
If for each point in X has countable GNB, then (X,v) is said to be strong
generalized first countable space.

ExaMPLE 3.1. Let X = R and ¥(z) = {(a;,o0)|a; € R} for z € R such
that a; < z — %,n € IN. (X, %) is strong generalized first countable space since
e(z) = {(z — £, 00)|n € N} is countable generalized neighborhood base of z € R.

n
THEOREM 3.2. If (X,9) be a sirong generalized first countable space, then
for each point in X has countable GNB as {V,}nen such that V1 D V2 D ... D
VaD....

PROOF. Suppose that (X,%) is strong generalized first countable space.
There is a countable GNB as £(z) = {En}nen for each z € X. If we take
W=E,Vo=ENE,,...V,=EF NEN..NE,,then VDoV, D..OV,D....
Hence, we have {V,,}.en is a countable GNB of z € X. O

The following example shows that if (X,) is not a strong generalized first
countable space, then Theorem 3.2 is not always true.

ExaMmpPLE 3.2. Let X = {a,b,c}, ¥(a) = {X, {a,b},{a,c}}, ¥(b) = {X,
{a,b},{b,c}} and ¥(c) = {X,{a,c},{b,c}}. (X,9) is not a strong generalized
first countable space since 1 is not strong generalized neighborhood system on
X. Then, we have e(a) = {{a,b},{a,c}} and &(a) = {X, {a,b},{a,c}}. Hence,
X does not have countable GNB as {E, }nen suchthat By D E; 5 ... D E, D ...
for a.
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COROLLARY 3.1. Let f : X — Y be a function between strong generalized first
countable space (X,%) and (Y,9’) where ¢’ is generalized neighborhood system
onY. Then f is (3,%¢') -continuous ﬁmctwn if and only if it is sequentially
(%, 9')- continuous.

Proor. Necessity. This is an immediate consequence of the Theorem 3.1.
Sufficiency. Assume that f is sequentially (1, %’)-continuous but not (¢, %')-
continuous. We have for each V' € 9(z) and z € X there exist V’ € ¢'(f(z))
such that V € f~1(V’). By the hypothesis, there exist &(z) = {V;;}aen countable
GNB for z € X such that V} DV > ... D V,; D .... So, we can take V = V,, and
we obtain V,, ¢ f~}(V’). Hence, for every n € lN, there exist (z,) € V,, such
that (z,) ¢ f~1(V’) which implies f(x,) ¢ V'. Thus, (z,) ¥-converges to z but
J(zn) does not ¢'-converge to f(z). This is a contradiction.
O

The following example shows that if (X, ) is not a strong generalized first
countable space, then the converse of Corollary 3.1 is not always true.

ExaMPLE 3.3. Let X = {a,b,c}. Consider to GNS’s 9 and ¢ on X defined
as P(a) = {{a,b},{a,c}}, ¥(b) = {{a,b},{b,c}}, ¥(c) = {{a,c},{b,c}}, 4(a) =
{{a}}, #(b) = {{b}}, &(c) = {{c}}. Let f: (X,¥) — (X,¢) be a function
defined by f(z) = z, for £ € X. Hence f is sequentially (¢, ¢)-continuous but
not (3, ¢)-continuous.

THEOREM 3.3. Let ¢ be a generalized neighborhood system on X, A Cc X
and x € X. If the sequence (T5) contained in A 1-converges to , then x € vy A.

Proor. It is obvious. O
LEMMA 3.1. (2] If ¢ € Uy(X) for GT g =gy on X, then vy = cy.
The following Corollary 3.2 follows from Theorem 3.3 and Lemma 3.1.

COROLLARY 3.2. Let ¢ € Uy(X) for GT g = gy on X. If (z,) =¥ = and
(zn) C A, thenz € cyA.

COROLLARY 3.3. Let (X,9¥) is a strong generalized first countable space,
AC X and z € X. Then, the sequence (z,) contained in A 1)-converges to z if
and only if x € Yy A.

PROOF. Necessity. This is an immediate consequence of the Theorem 3.3.

Sufficiency. Let z € yyA, AC X and £ € X. We have VN A # @ for all
V € 9¥(x). Since (X, ) is a strong generalized first countable space, there exist
&(z) = {En}nen countable GNB for £ € X such that By D E; D ... D E, D ....
We have E, N A # 0 for each n € IN, so we can pick (z,) € E, N A. Hence,
(zn) € E, CV and (z,) € A for every n € N. Finally, (z,) -¥ z. 0

THEOREM 3.4. Let (X,9) be a strong generalized first countable space. A C
X is sgy-closed if and only if whenever there exists a sequence consisting of
elements of A 1-converging to z, then x € A.
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PROOF. Necessity. Let (z,) C A and (z,) ¥-converges to = for z € X.
By Theorem 3.3, we have = € y4A. Since A C X is sgy-closed, we obtain
zEYA=A.

Sufficiency. Suppose that ¢ € y,A. We have (z,,) C A and (z,) ¥-converges
to z from Corollary 3.3. By the hypothesis, we obtain 2 € A. Thus, we have
19A C A. Since A C 144, A is sgy-closed. O

THEOREM 3.5. Let (X, ) be a strong generalized first countable space. A C
X is sgy-open if and only if each sequence which y-converges to x in A is even-
tually in A.

PROOF. Necessity. It is obvious from the definition of sg,-open sets and
-convergency.

Sufficiency. Assume that (z,) =¥ z, = € A and (z,) is eventually in A but
A is not sgy-open. We have X — A is not sgy-closed. Hence, there exist a point
z such that = € 7y(X — A) but z ¢ X — A. Thus, we obtain VN (X — A) # @ for
all V € ¢(z). Since (X,®) is strong generalized first countable space, we have
Va N (X — A) # 0 for countable GNB &(z) = {V,}new such that V1 D V25 ... D
Vo D . We can construct the sequence (z,) in V, N (X — A) # 0 for each
n € NN, then we have (z,) € (X — A). This is a contradiction. O

DEFINITION 3.4. [3] Assume p C p(X). (T3) z,y € X,z # y imply the
existence of K, K’ € p such that £ € K,y € K’ and K N K’ = . Then we will
call (X, p) is Tp- space.

DEFINITION 3.5. Let 9 be a GNS on X. Then (X, %) is said to be gn-T3-
space if each z,y € X, z # y imply the existence of V € ¥(z) and V' € ¥(y)
such that VNV’ =0.

REMARK 3.3. Let ¢ be a GNS on X and |J,cx ¥(z) C 1 C p(X). If (X,9)
is gn-Ty-space, then (X, u) is To-space.

If we don’t take J o x ¥(z) C g C p(X), then Remark 3.3 is not true, in
general. We can essily see that the following example.

EXAMPLE 3.4.

a) Let X = {a,b,¢,d}, ¥(a) = {{a,b},{a,c}}, ¥(b) = {{b,d}, {b, cth
() = {{c}}, ¥(d) = {{d}} and u = {{a}, {a,c}, {a,d}}. Forz,y €
X,z # y imply the existence of V € ¢(z) and V' € 9(y) such that
VNV’ = 0. Thus, (X,) is gn-Ta-space but (X, 1) is not Ta-space.

b) Let X = R and for x € R, V; = (z —&, 2+¢) where (z) is composed of
all sets V. such that = € V, for z € R. Consider the x = {(n,+co)|n €
IN}. We have |, x ¥(z) € u. Also there exist V' € ¢(z) and V’ € ¥(y)
for z,y € X, = # y such that VNV’ = 0. Thus, (X, ) is gn-T3-space
but (X, ) is not T,-space.

THEOREM 3.6. Let ¢ be a GNS on X and (z,) C X. If (X, ) be a gn-T>-
space, then (z,) Y¥-converges to one point in X.

159



PROOF. Assume that (X, %) is a a gn-T»-space and (z,,) ¥-converges to both
z and y. Since (z,) 1-converges to z, it is eventually in every set U in 9(z) and
since (z,) ¥-converges to y, it is eventually in every set V' in 9(y). This implies
(zn) is eventually in UNV. Hence, we have UNV # . This is a contradiction. I

COROLLARY 3.4. Let (X, ) be a strong generalized first countable space and
(zn) € X. (X,9) is gn-Tp-space if and only if (z,) ¥-converges to one point in
X.

ProOF. Necessity. This is immediate consequence of Theorem 3.6.

Sufficiency. Assume that (z,) t-converges to one point in X and (X,%)
is not a gn-Tp-space. Then, there exist z,y € X, = # y for every V € 9(z)
and V' € ¥(y) such that VNV’ # 0. Since (X,9) is a strong generalized
first countable space, there are two countable generalized neighborhood bases
e(x) = {En}nen and €(y) = {E},}nen such that By D E; D .. D E, D ...
and E{ D E; D ... D E/ D ... for z and y, respectively. Hence, we can pick
(zn) € E. N E,. Consequently, (z,) ¥-converges to both z and y. This is a
contradiction. 0
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