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Abstract. Let G be a graph with vertex-set V = V(G) and edge-
set E = E(G) and let e = |E(G)| and v = |[V(G)|. A one-to-one
map A from VUE onto the integers {1,2,...,v+e} is called vertezr-
magic total labeling if there is a constant k so that for every vertex
z’

Mz) + ) May) =k

where the sum is over all edges zy, where y is adjacent to z. Let
us call the sum of labels at vertex = the weight wa(z) of the vertex
under labeling A; we require wx(z) = k for all z. The constant k is
called the magic constant for A.

A sun S, is a cycle on n vertices Cn, for n > 3, with an edge
terminating in a vertex of degree 1 attached to each vertex.

In this paper, we present the vertex-magic total labeling of the
union of suns, including the union of m non-isomorphic suns for
any positive integer m > 3, proving the conjecture given in [6].

1 Introduction

In this paper all graphs are finite, simple and undirected. The graph G has
vertex-set V(G) and edge-set E(G) and we let e = |E(G)| and v = |V(G)|.
A general reference for graph-theoretic ideas is in [8].

MacDougall et al. [4] introduced the notion of a vertez-magic total la-
beling. This is an assignment of the integers from 1 to v + e to the vertices
and edges of G so that at each vertex the vertex label and the labels on the
edges incident at that vertex add to a constant. More formally, a one-to-one
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map A from VUE onto the integers {1,2,---,v + e} is a vertez-magic total
labeling if there is a constant k so that for every vertex z,

Az) + 2 Mzy) =k

where the sum is over all edges Ty, where y is adjacent to z. Let us call
the sum of labels at vertex z the weight wy(z) of the vertex z; we require
wx(z) = k for all z. The constant k is called the magic constant for .

If a regular graph G possesses a vertex-magic total labeling A, we can
create a new labeling ) from A by setting

NE)=v+e+1-Xz)
for every vertex z, and
Nazy)=v+e+1l—Azy)

for every edge zy. Clearly the new labeling)’ is also a one-to-one map from
the set VU E to {1,2,---,v+ e}, and we call this new labeling as the dual
of the previous labeling. If r is the degree of each vertex of G, then

K=@C+1)w+e+1)—k

is the new magic constant.

Since the introduction of this notion, there have been several results
on vertex-magic total labeling of particular classes of graphs. For example,
MacDougall et al. [4] proved that cycle C, for n > 3 ,path P, for n > 3,
complete graph K, for odd n and complete bipartite graph K, , for n > 1,
have vertex-magic total labeling. Baca, Miller and Slamin [1] proved that
forn >3,1<m< [lg—l- |, every generalized Petersen graph P(n,m)
has vertex-magic total labeling with magic constants k = 9n + 2, k =
10n+2, and k = 1ln+ 2. A complete survey on the vertex-magic total
labeling of graphs can be found in [2].

Most of the known results are concerning the vertex-magic total labeling
of connected graphs. For the case of disconnected graphs, Wallis [7] proved
the following theorem.

Theorem 1. Suppose G is a regular graph of degree T which has a vertez-
magic total labeling.

(i) If r is even, then nG has a vertez-magic total labeling when n is odd.
(i) If r is odd, then nG has a vertez-magic total labeling for every positive
integer n.
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The result above concerns the vertex-magic total labeling of discon-
nected graphs whose components are regular and isomorphic graphs. For
the case of disconnected graphs whose components are not regular graphs,
Gray et al. (3] proved that the n copies of the star on 3 vertices nKj 2
has a vertex-magic total labeling. Slamin et al. [6] proved that for ¢ > 3
and n > 1, the n copies of sun nS; has a vertex-magic total labeling with
the magic constant k¥ = 6nt + 1. These two results are concerning on the
vertex-magic total labeling of n copies of graphs where all components are
isomorphic.

For the case of disconnected graphs whose components are not regular
and are not isomorphic, Slamin et al. [6] posed a conjecture that there is a
vertex-magic total labeling of the disjoint union of n non-isomorphic suns,
for any positive integer n > 3.

In this paper we prove the conjecture as described in the following
section.

2 Main Result

Before presenting the main result of this paper, we give the definition of
sun as follows.

A sun S, is a graph with a cycle C,, having an edge terminating in a
vertex of degree 1 attached to each vertex of the cycle. The sun S, consists
of the vertex set V(S,) = {vi|l < ¢ < n}J{ai|]l < i < n} and edge set
E(Sn) = {vivit1]1 <i < n}U{viaill < i< n}, wherei+1 is taken modulo
n.

Theorem 2. Ift; > 3 for everyi = 1,2,---,n and n > 1 the n disjoint
copies of suns Sy, USt, U+ -+ U St has a vertez-magic total labeling with
n

magic constant 6 > tr + 1.
k=1

Proof. We label the vertices and edges of the graph in the following way:

i-1
’\(vttj)=2ztk+21« ) 'Ic=1,2,tJ andj=1,2,-..,n
k=1
n i
43 th—2) te+2 fori=1
A(a?): k=nl k=nl
23 te+2>3 te—2(30-2) fori=2,3,---,¢;
k=1 k=j
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n 3
2Ztk—2ztk+1 fOI"I:=tj

Mol =4 =L
2Etk—22tk—2z+1 fori=1,2,--,t; — 1

k—

n J

. 23 t+2) te—1 fori=1
t = p—
A('Uj J)= k—nl kj_—ll
23 te+2) te+2i—3 fori=2,3,---,¢;

It is easy to verify that the labeling A is a bijection from the set V(S;, U
S, U---US, JUE(S;,; US;, U---US; ) onto the set
n

{1,2,.-.-,4 Z tr}.
Let us denote the weights of the vertices v " of Sy, under the labeling
A by
wx(v) = Mo) + A0 V) + M) + AL p)
and the weights of the vertices a,- ' by

wa(e?) = Maf’) + Aw’a¥)

Then for all j =1,2,---,n and ¢ = 1,2,---,¢; the weights of the vertices
v’ can be determined as follows:

— for 2 = 1 we have
wx(v‘ ) = Mey') + Ay’ vy) + A(v" o) + Muglvy')

_2Ztlc+2+2zth—2Ztk—2+1+22tk+2ztk—l+
k=1

2Ztk—2ztk+l
k=1 k=1

n
=6 tr+1;
k=1

- fori=2,3,. — 1 we have
w,\(vt’) = /\('vt’) + AW v ) + AP ) + Avf a)

-—2Ztk+22+2ztk—2ztk—2z+l+2ztk—22tk—2(z—
k=1
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n j=1
D+14+23 te+2> t+20—-3
k=1 k=1

=6 tr+1;
k=1

— fori=1t; we ha.ve

wy (v ")_ZZtk+2t +2ztk—zkztk+1+2ztk_2k2tk_

2(t; - 1)+1+2 2tk+2 th+2t,—3
k—
=6 Z te+1;
k=1
— for i =1 the weights of the vertices ai" are given by
w,\(a;j) = Aa ’) + AWy a¥)
—42 th —2 Zt,+2+22tk+2 Ztk—l
k=1 k=1
=6 2 te +1;
k=1
— for i =2,3,--,¢; the weights of the vertices a:j are given by
w)\(at") = /\(at") + A(vfal?)

_22tk+22tk—2z+4+2Ztk+22tk+2z-3
k—l k=j

=62tk+1.
k=1

Example: In the following figure vertex-magic total labeling of
S4U S5 U Sg is given with our formula.

Fig. 1. Vertex-magic total labeling of Sq U Ss U Ss with magic constant k = 91
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