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Abstract: In this paper, we investigate some basic properties of these eight
kinds of transformation digraphs.
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1 Introduction

For graph-theoretical terminology and notation not defined here we fol-
low Bondy and Murty [1]. We consider only strict digraph D(digraph
contains no loops and no parallel arcs) with vertex set V(D) and arc
set A(D). For a vertex v € V(D), we denote the indegree, the outde-
gree of v, the minimum indegrees and outdegrees in D by dp(v), d}(v),
6~ (D) and §+(D), respectively. We denote the minimum degree of D by
§(D) = min{6~(D), 6*(D)}. Kn, Cy, and N,, denote the complete digraph,
directed cycle and empty digraph of order n, respectively.

Let D = (V(D), A(D)) be a digraph, where |V(D)| = n, |A(D)| = m
and V(D) = {v1,v2,: -+ ,vn}. The line digraph of D, denoted by L(D), is
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the digraph with vertex set V(L(D)) = {ai;|(vi,v;) is an arc in D}, and a
vertex a;; is adjacent to a vertex ay; in L(D) if and only if v; = v, in D.

In {4], Wu and Meng introduced transformation graphs and investigated
some basic properties of them. In [2], the authors gave the definition of
transformation digraphs and discussed the properties of D¥*+~. In [3],
the authors obtained the spectra of transformation digraphs of a regular
digraph.

Definition 1.1. Let D = (V(D), A(D)) be a digraph, z,y, z be three vari-
ables taking values — or +. The transformation digraph of D, denoted
by D*¥*, is a digraph with vertez set V(D*¥*) = V(D) U A(D). For any
vertez a,b € V(D*¥?), (a,b) € A(D*¥*) if and only if one of the following
Sfour cases holds:

(i) If a € V(D) and b € V(D), then (a,b) € A(D) in D if x = + and
(a,b) ¢ A(D) in D ifz =—.

(i) If a € A(D) and b € A(D), then the head of arc a is the tail of arc b
in D if y = + and the head of arc a is not the tail of arc b in D if y = —.

(iit) If a € V(D) and b € A(D), then a is the tail of arcb in D if z = +
and a is not the tail of arc b in D if z= —.

(iv) If a € A(D) and b € V(D), then b is the head of arca in D if z = +
and b is not the head of arca in D if z = —.

Thus, as defined above, there are eight kinds of transformation digraphs,
in which D*+* is usually known as the total digraph of D. and D~~~
is its complement. Also, D~—*,D~+~ and D—** are the complement of
D++=, D*=+ and D*~—, respectively. In this paper, we investigate some
basic properties of these eight kinds of transformation digraphs.

First, we list the out-degree. vertex number and edge number of trans-
formation digraphs D*¥%. Let A = 3 ¢y (p) dp(v)dp(v).

TD vertex da*(v),v € V(D) d*(a),a = (u,v) € A(D) edge number

Dttt | ma4n 2d} (v) dh(v)+1 3m+ A

Dt~ | m4n m di(v)+n-1 2mn-m+ A

D™~ | m+n n+m-l-—2d;(v) m+n—2-di(v) n?+m?—dm~ny2mn-4
D% | m+n n-1 m—d;(v) n+m?—n-a
D=t | m4n 2d}(v) m — d} (v) m?+2m— A
D~*= | m4n | ntm—-1-2d}() di(v)+n-1 n?+2mn-n-3m+ A
DY | m+n m m+n-2-di(v) m? +2mn-2m - A
D~t | m4n n-1 dh(v) +1 n—n+m+ A

Tabel 1
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2 Connectedness of D*¥*

The connectedness of Dt++ and D**~ have been discussed.

Theorem 2.1. For a digraph D, D¥*+ is strongly connected if and only
if D is strongly connected.

Theorem 2.2. [2] For a digraph D, D+~ is strongly connected if and
only if D has at least one arc.

Theorem 2.3. For a digraph D, D*~* is strongly connected if and only
if6(D) > 1.

Proof. The ‘only if’ part is obvious. We now show the ‘if’ part. For any
two vertices u,v € V(D), if there is a directed path in D from u to v, then
there is a directed path in D+—+. If there is no a directed path in D from u
to v, then there are two arcs a = (u, ;) and b = (v1,v) in A(D) (w1 # v1)
since (D) > 1, hence (a,b) € A(D*~*). Thus, (u,a,b,v) is a directed
path in D+~ from » and v.

For any two vertices a,b € A(D), let a = (u,u;),b = (v1,v). If uy # vy,
then (a,b) € A(f(f)). If u; = vy, then (a,u;,b) is a directed path in
D*=* from a to b.

For any two vertices u € V(D), b € A(D), then there is an arc a = (u, u1)
in D for §(D) > 1. By the above argument there is a directed path P from
a to b, hence (u,a) U P, is a directed path in D*~* from u to b. Similarly,
there is an arc ¢ = (ug,u) in D for §(D) > 1. Hence P;U(c,u) is a directed
path in Dt~ from b to u (P, is a directed path from & to c). O

Theorem 2.4. For a digraph D, D¥~~ is strongly connected if and only
if D has at least one arc.

Proof. If D is empty, then D~ is not strongly connected. Now, we show
that if D has at least one arc, then D*~~ is strongly connected.
Take an arc a = (u1,v1) € A(D), then (u1,v1,a,u;) isa3-cyclein D¥~~.
For any two vertices u,v € V(D), if (u,v) € A(D), then (u,v) €
A(D*=—). Now we consider (v,v) ¢ A(D), if v = w;,v # v1, then
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(u,v1,0,v) is a directed path from u to v. If u # u1,v = vy, then (u, e, u;,v)
is a directed path from u to v. If u # u;,v # v1, then (u, a,v) is a directed
path from u to v.

For any two vertices b,c € A(D), if (b,c) ¢ A(L(D)), then (b,c) €
A(D*~~). Now we consider (b,c) € A(L(D)). Let b = (w,w;) € A(D),
¢ = (wy,wp) € A(D), then (b,w,w;,ws,c) is a directed path from b to c.

For any two vertices u € V(D),b € A(D), let b = (w,w;) € A(D). If
u = w, then (u,w;,b) is a directed path from u to b. If u # w, then
(u,b) € A(D*~~). Similarly, if v = w, then (b, w,u) is a directed path
from b to u. If u # w;, then (b,u) € A(D*~~). Thus, D*~~ is strongly
connected. a

Theorem 2.5. For a digraph D, D=** is strongly connected for any di-
graph D,

Proof. If D is empty, then it is obvious. For any two vertices u,v € V(D),
if (u,v) ¢ A(D), then (u,v) € A(D~**). If a = (u,v) € A(D), then
(u,@,v) is a directed path in D~** from u to v. For any two vertices
a = (,uy),b = (v1,v) € A(D), if u; = vy, then (a,b) € A(D~+1); if
u; # v1, by the above argument, there is a directed path P from u; to vy,
then (a,u;)UPU (vy,d) is a directed path from a to b. For any two vertices
u € V(D), b = (vn1,v) € A(D), then P, U (v1,b) is a directed path from u
to b (P, is a directed path from u to v;). Similarly, (b,v) U P, is a directed
path from b to u (P, is a directed path from v to u). O

By the similar argument, we have the Theorem 2.6.

Theorem 2.6. For a digraph D, D~~% is strongly connected for any di-
graph D .

Theorem 2.7. For a digraph D, D~* is strongly connected if and only
if D is not a star (out-star and in-star).

Proof. The ’only if’ part is obvious. We now show the ’if’ part. For any
two vertices u,v € V(D), if (u,v) ¢ A(D) , then (u,v) € A(D~*7), now
we consider the case that a = (u,v) € A(D). If there is a vertex u;(# v) €
V(D) such that (u,u;) ¢ A(D), then (v,u1) € A(D~*7), if (uy,v) ¢ A(D),
then (u;,v) € A(D~*+7), thus (u,u;,v) is a directed path in D—+—, if
b = (u3,v) € A(D), then there is an isolated vertex z or an arc ¢ such that
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v is not the head of ¢ since D is not an in-star, thus, (u,z,v), (¥,c,v) or
(u,b,u1,¢,v) is a directed path in D~*~. For any vertex w(# u) € V(D),
if (u, w) € A(D), then there is an arc ¢ = (w, z) € A(D) such that w # v,
and z € V(D) since D is not an out-star. Let (u,w) = d, if z = v, then
(u,c,w,d,v) is a directed path from u to v, if z # v, then (u,c,v) is a
directed path from u to v.

For any two vertices a,b € A(D), let a = (u,u1),b = (v1,v), by the
above argument, there is a directed path P from u to v in D~*~, then
(a,u) U PU (v,b) is a directed path from a to b.

For any two vertices u € V/(D), b € A(D), let b= (v1,v), if u # v1, then
(u,b) € A(D~*7), if u = vy, then (u, P1,v,b) is a directed path from u
to b (Let P be a directed path from v; to v). Similarly, if u # v, then
(b,u) € A(D~+"), if u = v, then (b,v1, P1,u) is a directed path from b to
Uu. O

By the similar argument, we have Theorem 2.8.

Theorem 2.8. For a digraph D, D~~~ is strongly connected if and only
if D is not a star (out-star and in-star).

3 Regularity of D*¥*

Theorem 3.1. For a digraph D of order n, then D¥** and D™~ are
regular if and only if D = C,,.

Proof. By Table 1, for any vertex v € V(D), we have dfre (W) = 2d} (v),
d, D+++ (v) = 2dp(v). For any arc a = (u1,u2) € A(D), we have df,ii(a) =
dp(ug) + 1, dpyes(a) = dp(w) +1. If D¥*+ s regular, then i*?(v)
dp(v) = 1 for every vertex v € V(D), hence D = C,. If D = C,, then
D+ and D~~~ are regular. a

By the similar argument, we have the following Theorems.

Theorem 3.2. For a digraph D of order n, then D¥*~ and D=~ are
regular if and only if D is an m — n + 1-regular digraph.

Theorem 3.3. For a digraph D of order n, then D¥~% and D=+~ is
regular if and only if D is an m/3-regular digraph.
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Theorem 3.4. For a digraph D of order n, then DY—— and D+ 4
regular if and only if D is an n — 2-regular digraph.

4 Isomorphism of D*¥*

Theorem 4.1. Let D be a digraph, then the transformation digraphs D*¥* =
Difandonlyif DN, whenz =+, D2 K; whenz = —.

Proof. 1t is clear that if =+ and D & N, or z = — and D 2 K, then
D*¥* = D. On the other hand, if D*¥* =2 D, then D has no arc, hence D
is an empty digraph N,. Thus, if z = + and D*¥* & D, then D & N,,. If
z=—and |[V(D)|=n>2, then D*¥* =N, = IT,:, it is not isomorphic to
D. Therefore, if x = — and D*¥* & D, then D = K. (]
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