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ABSTRACT

Let G(V,E) be a graph. A subset S of V is called a dominating set of G
if every vertex in V-S is adjacent to at least one vertex in S. The domination
number Y(G) of G is the minimum cardinality taken over all dominating sets in
G. A dominating set S of G is called a complementary perfect dominating set
(cpd-set) if the induced subgraph <V-S> has a perfect matching. The
complementary perfect domination number, Y,(G), of G is the minimum
cardinality taken over all cpd-sets in G.

An induced complementary perfect dominating set of a graph (icpd-
set) is a dominating set of G such that the induced subgraph <V-S> has only
independent edges. That is <V-S> = mK,, m : . The minimum cardinality
taken over all such icpd-sets of G is called the induced complementary perfect
domination number of G, and is denoted by Yico(G).

A subset S of V is said to be a complementary connected dominating
set(ccd-set) if S is a dominating set and <V-S> is connected. The
complementary connected domination number of a graph is denoted by Y..(G)
and is defined as the minimum number of vertices which form a ccd-set.

It has been proved that Y.,(G) = n = ¥ip(G) and Y.(G) = n—1 only if G is a star.
And if G is not a star, then Y, Yicp and Y can be at most n—2. In this paper, we
characterise the graphs with Y. = n-2, and trees with ¥, = n-2 and Y, = n-2.
Keywords: Dominating set, domination number, complementary perfect
domination number, induced complementary perfect domination number,
complementary connected domination number.
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1 Introduction

Throughout this paper, by a graph we mean a finite, simple, connected
and undirected graph G(V,E). For notations and terminology, we follow [3]. The
number of vertices in G is denoted by n. We denote a cycle on n vertices by C,

and a path of n vertices by P,. A denotes the maximum degree in G. If S is a
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subset of V, then <S> denotes the vertex induced subgraph of G induced by S.
The eccentricity of a vertex v is e(v) = max{d(v,w):we V} where d(v,w) is the
distance between the vertices v and w. The diameter of the graph G is
diam(G) = max {e(v):veV}. Any vertex of degree one is called a pendant
vertex and a vertex which is adjacent to a pendant vertex is called a support
vertex.

A subset S of V is called a dominating set of G if every vertex in V-S
is adjacent to at least one vertex in S. The domination number ¥(G) of G is the
minimum cardinality of all such dominating sets in G. Lot of works has been
done on dominating sets and domination numbers. Various types of dominating
set and domination number have been introduced and studied by several authors
parameters such as chromatic number ¥ independence number « and covering
number B have been compared and combined with (G). J.Paulraj Joseph and
S.Arumugam have found the relationship between domination number and
connectivity in graphs [10], as well as domination number and colouring in
graphs [12]. One can get a comprehensive survey of results on various types of
domination number of a graph in [6] and [7].

J.Paulraj Joseph, G.Mahadevan and A.Selvam [13] have introduced the
concept of complementary perfect domination number. A complementary
perfect dominating set of a graph G (cpd -set) is a dominating set of G such that
the induced subgraph <V-S> has a perfect matching. The minimum cardinality
taken over all such cpd-sets of G is called the complementary perfect domination
number of G, and is denoted by v.,(G). Any cpd-set with Yep Vertices is called a
Yep-Set.

’ In [2], Selvam Avadayappan and C.S.Senthilkumar have proved that
for any graph G and a vertex v of G, Yep(Gm (V) = Yp(G) + m or Yep(G) + m-2,
where G(v) is the graph obtained from G by identifying the center vertex of a
star K, at a vertex v of G. They have also proved that if T is a tree with
Yep(T) = n-2 and ve V(T), then Yep(Tm (V)) = n+m-2 if and only if i) e (v) < 5 in
T and ii) The vertex v does not belong to a path P, in T such that V(T (v) - P,)
is a dominating set in Tn(v). In addition, they have derived a necessary and
sufficient condition for the trees with v, =n-4.

The concept of induced complementary perfect dominating number of a
graph has been introduced by J.Paulraj Joseph, Selvam Avadayappan and
G.Mahadevan[15]. An induced complementary perfect dominating set of a
graph G (icpd-sef) is a dominating set of G such that the induced subgraph
<V-S> has only independent edges. That is <V-S> = mK,, m = <. The
minimum cardinality taken over all such icpd-sets of G is called the induced
complementary perfect domination number of G, and is denoted by Yicp(G). Any
icpd-set with ¥, vertices is called a y,.;-set of G.

T.Tamizhchelvam and B.Jaya Prasad have introduced the
complementary connected domination number in [17]. A subset S of V is said to
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be a complementary connected dominating set (ccd- set) if S is a domination set
and <V-S> is connected. The minimum cardinality of S is called the
complementary connected domination number and is denoted by Y... V.R.Kulli
and B.Janakiram called this parameter as non split domination number in [8].

For example, the graph G shown in Figure 1 has Y= 1, ¥ip =3 and
Yee = 1. Here S = {v;} isboth the Y, - set and the Y.-set of G. S; = {Vv},v2,v3},
Sy = {vi,va,vs), Sz = {V1,Vs,Va), Sa = {V2,v3,va} and Ss5 = {v3,va,vs} are the
Yicp-sets of G. For the graph H shown in Figure 1, Yp = 9, Yicp = 9 and Ye= 8.
S = {V2,V4,V5VeVsVio,Vi2:V13) is a Y. - set in H and
S = {V3,V4,V5,Ve: Vs, V10,V 11,V12, Vi3S @ Yiep — Set as well as a Y, —set in H.
S = {V3,V4,V5,V, V3, V10, V11, V12, V13 ) iS @ Yep — S€L DUt not a 7, — set

Vi

V2

V3

Vis

G H

Figure 1
In [15], the following results have been obtained:
Observation 1 For any connected graph G of order n > 2, ¥,,,(G) = nif and only
if G is a star.

n
Observation 2 If G is not a star, then [A 1_| < %p £ n -2 and the bounds
+

are sharp, where [x1denotes the smallest integer which is at least x.
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Observation 3 v,.,(K,) = n-2, for any n > 3.

Observation 4 Any icpd-set of G must contain all the pendant vertices of G.
Observation 5 ¥, (G) = 1 if and only if G is isomorphic to K;v mK;, m > 1.
The following results have been proved in [17].

Observation 6 Forn> 3, y.«(P,) = n-2.

Observation 7 Forn 2 3, v.(C,) = n-2.

Observation 8 For m 2 1, ¥..(K; ) = m.

Observation 9 For any graph G, Y(G) < .. (G).

Observation 10 If Py (k 2 4) is a sub graph of the graph G, then ¥.«(G) < n-2.
Observation 11 Let G, G;..., Gy, be the components of a disconnected graph

m

G. Theny.(G) = g}in{ Z IV (G, )| +7,.(G )} Due to this, here after by a
SIS k=1, ki

graph G we mean a non trivial connected graph with n vertices.

Observation 12 Let G be a graph with n 2 3. Then there exists a Y..-set S of G

which contains all pendant vertices of G.

Observation 13 Any Y..-set S of G with |S| < n - 2 contains all pendant vertices

of G.

2. Induced Complementary Perfect Domination Number

Let G be a graph. Fix a vertex v in G. For any m > 0, let G, (v) be the
graph obtained from G by identifying the centre vertex of a star K, , at v. Note
that Go (v) = G. For example, the graphs G and Gs (v) are shown is Figure 2.

Figure 2 Gs (V)

Theorem 1 For any graph G, with n vertices and for any positive integer m > 1,
Yicp Gn(V) = 'chp(G) +m or %cp(G) +m-2.
Proof Let S be a Y;-set of G and let uy,u,...,u, be the m pendant vertices of
the identified star K, , in G, (v).
Let Vi=V(Gy(V))= V(G) U {u,,,...,u,}. Now S; =S U {u,u,,...,u,)

is an icpd-set of G,, (v). Therefore, Yiep (Ga(V)) < ¥icp(G) + m.

As <V-8> and <V,~S;> has only independent edges, both n — ¥,,(G) and
(n+m) — ¥iep (Gn(v)) are even numbers. This implies that Yicp(Gr(V)) = ¥iep(G) +
m-2i, for somei=20.
Claim Y;(Gn(V)) = Yicp(G) + m-2i wherei=0(or) 1.
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On the contrary, assume that Yic,(G (V) = ¥iep(G) + m—2i where i 2 2.
Let S, be a Yp-set of Gy, (v). If v belongs to Sy, then S = §; \ {ug,ug,...,0,) is an
icpd-set of G with ¥,,(G) - 2i elements, a contradiction to the definition of
Yiep (G). On the other hand, if v belongs to V. -S;, then v is an end vertex of the
edge uv in <V, - S;> and therefore, S=S;U {u,v}\ {u,u,,....,us} is a Yie-set
of G with ¥, (G) — 2(i - 1) elements. This is a contradiction to the definition of

Yiep(G), since i = 2.
Thus i =0 or 1 and hence, Y (Gn (V)) = Yip (G) + m (0r)
Yicp G)+m-2. -

Corollary 1.1 If v belongs to a Yi,-set of Gy, (V), then Yip(Gm(V)) = Yiep (G) + m.
Proof By Theorem 1, for any graph G, Yicp(Gm(V)) = Yiep (G) + m (0r) Yicp (G) +
m-2. Suppose that Yice(Gm(V)) = Yiep(G) + m=2. If v belongs to a Yp-set Sy, of
G(Vv), then S = S, \ {uj,uy....,u,} is an icpd-set of G with ¥;c,(G) — 2 elements,
which is a contradiction. Hence the proof follows. ]
Theorem 2 Let T be a tree. Then ¥, (T) = n-2 if and only if 3 < diam (T)<S.
Proof If ¥,(T) = n-2, then <V-S> has an edge uv, such that u and v are
adjacent to at least one vertex in S. As T is acyclic, S has at least two vertices u;
and v, which are adjacent to u and v respectively. Thus T contains an induced
subgraph P,: ujuvv, and hence diam (T) > 3. If diam(T) > 5, then T has a path
of length at least 6, that is, T has a path u;u,...u;. Now S = V(T) - {uz,u3,us,u6}
is a Yip-set with n — 4 vertices, which is a contradiction. This completes the
proof. n
Corollary 2.1 Let T be a tree on n vertices with Y(T) = n-2. Then
Yiep(Twm(v)) = n (Tin(v)) - 2 if and only ife(v)<5inT.
Proof If ip(Tw(V)) = n(Tr(v)) — 2, then diam(T(v)) < 5. This forces that
e(v) <5 in T. conversely, let ¥, (T) = n - 2. This implies that 3 < diam(T) £ 5.
Let v be a vertex of T with e(v) < 5. Then 3 < diam(T(v)) < 5, and hence
'Yicp(Tm(V)) =n(Tw(v)) - 2. -

Let the bistar B(m,n) be the graph obtained from the stars K; , and K, ,
by joining their centres by an edge.

B*(m,n) is the graph obtained by identifying centre of a star of
arbitrary order at all pendant vertices of a bistar B(m,n). A structure of B¥(m,n)
is illustrated in Figure 3.
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Figure 3

Corollary 2.2 Let T be a tree. Then ¥,x(T) = n - 2 if and only if T is isomorphic
B*(m, n).
Proof Let %,,(T) = n-2. Then n 2 4 and equality possible only when T = P,.
Now, by Corollary 2.1 we can identify centre of a star at a vertex v of T with
e (v) < 5 to get a new tree T with ¥,.,(T) = n(T) -2. Further if we proceed the
same process, finally we get a B*(m,n).

The converse is obvious. -

3 Complementary Connected Domination Number
Let Pi(m;,m;) where k = 2, m;,m; > 1 be the graph obtained by

identifying centres of the stars K,, and K|, at the ends of path Py

respectively. The graph C; (m;, m,0) is obtained from C; by identifying the
centres of stars K, and K|, m, alany two vertices of C; respectively.

1°m,
Lemma 3 If T is a tree, then Y. (T) = n-2 if and only if T = Pi(m;,my), k = 2,
m, mp 21,
Proof As Y. (T) =n -2, T is not a star and T has an edge such that both of its
end vertices have degree at least 2.
Claim 1 For any vertex v of T with d (v) 23, N (v) contains exactly one
nonpendant vertex. If any vertex v of the tree with d (v) = 3 has at least two
nonpendant neighbours, say u; and u,, then S = V - {v,u},u;} is a ccd-set with
n — 3 elements, which is a contradiction. Also since T is not a star all the
neighbours of v can not be the pendant vertices. Hence the claim.
Claim 2 T contains at most two vertices of degree 3 or more.

On the contrary, assume that there are three vertices v, v, and v3in T
with degree 3 or more. As T is connected there is a (v;,v;) - path Py, (v,,v3) -
path P, and a (v,, v;) - path P5. But since T is acyclic any two vertices of T are
connected by a unique path. Therefore, P; is a subgraph of P, UP, .
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This forces that either v, is contained in P; or there exists a vertex u
which is common to all the three paths P;,P, and P;. In both the cases, there
exists a vertex (either v, or u) of degree 3 or more, which has at least 2
nonpendant neighbours, which is a contradiction to our Claim 1. This means
that, T contains at most two vertices of degree 3 or more.

Now if T has no vertex of degree 3 or more, then T is isomorphic to a
path and thus T = Py (1,1). Suppose T has two vertices of degree 3 or more, say
u and v. Since T is connected, there is a (u,v)-path P in G. But u and v can have
only one nonpendant neighbour. This forces that N({u, v})-P has only pendant
vertices. Thus it is clear that T is isomorphic to a path with a star attached on
both of its ends. That is, T = P (m;, my) withk 2 2. m;, my > 1.

Finally, if T has only one vertex w of degree 3 or more, then N (w) has
only one nonpendant vertex, say u, and it has degree 2. Therefore, u has exactly
one more neighbour, say u,. If u,is a pendant vertex, then T =P, (m, 1) m > 1.
Otherwise, u; has degree 2 and hence T=Py(m, 1), m>1andk >2.

Conversely, if T = Py (m;, m;) where k 2 2, m;, m, 21, then obviously

Yee (G) =n-2. u
Lemma 4 If G contains a triangle C; then Y..(G) = n-2, if and only if G = C;
(m.,mz,O) where m,;, m; 2 0.
Proof Let G contain a triangle with vertices u,v and w. If all the three vertices
u,v and w are of degree 3 or more, then V — {u,v,w} will be a ccd-set withn -3
elements, which is a contradiction. This implies that, at most two vertices of the
u,v and w can have degree 3 or more. Without loss of generality, let them be u
and v. Clearly, N({u,v}) — {u,v,w}contains only pendant vertices. Otherwise, if
u, is a nonpendant neighbour of u, then V- {u;,u,v} is a ccd-set with n-3
elements, which is a contradiction. Thus, G = C; (m;,m,,0).

Converse is obvious. -
Theorem 5 For any graph G, ¥.. (G) = n-2 if and only if G is isomorphic to any
one of the following graphs:

(i) Py (m;,mp) wherek=22, m,m21,

(i) C,n23,
and (iii) C; (m;,m,, 0) where m,,m, 2 0.
Proof If G contains no cycle, then G is a tree and by Lemma 3 G = Py(m;,m,),
where k 2 2, m;, m; = 1. If G contains a cycle C; then by Lemma 4 ,
G = C; (m;,my,0) where m,, m, = 0. Therefore, we assume that G contains a
cycle Cy k = 4 with vertices u;,uy,...,ux.

If u; is a vertex of C, with degree more than 2, then V-{u;_;,u;,u;,1} is a
ccd-set with n~3 elements, a contradiction. Therefore, every vertex of Cy has
degree 2 in G, and hence G = Cy, where k 2 4. This completes the proof. |

4. Complementary Perfect Domination Number
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Recall that it has been proved in [2] that:

If T is a tree with ¥,(T) = n - 2 and let ve V(T), then Yep(Tm (V)) =n +
m — 2 if and only if e(v) <5 in T and v does not belong to a P, in T such that
V (T (v)-P,) is a dominating set in Ty, (v).

Using this result, in the next theorem, we classify the trees with
Yep = 0-2.

Theorem 6 Let T be a tree. Then Y., (T) = n-2 if and only if T is isomorphic to
any one of the structures given in Figure 4.

Proof Let v,,(T) = n-2 then n 2 4, and the equality is possible only if T = P,
Now, we can extend T by identifying centre of a star Ky, m atany vertex vof T
such that e(v) <5 in T and v does not belong to P, in T such that V (Ta(v)-Py)
is a dominating set in T, (v) to get a new tree T, with Yep (T1) = n(Ty) -2.
Further, if we proceed the same process, eventually we will get a tree with any
one of the following structures.

Figure 4

The converse pai't can easily be verified.
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