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Abstract

Let e : S — I be a full polarized projective embedding of a dense
near polygon S, i.e., for every point p of S, the set H, of points at
non-maximal distance from p is mapped by e into a hyperplane II,
of &. We show that if every line of S is incident with precisely three
points or if S satisfies a certain property (Py.) then the map p — Il
defines a full polarized embedding e* (the so-called dual embedding
of €) of S into a subspace of the dual £* of £. This generalizes a
result of [6] where it was shown that every embedding of a thick dual
polar space has a dual embedding. We determine which known dense
near polygons satisfy property (Pqe). This allows us to conclude that
every full polarized embedding of a known dense near polygon has a
dual embedding.
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1 Introduction

A near polygon is a connected partial linear space § = (P,£,I),IC P x L,
satisfying the property that for every point p € P and every line L € L,
there exists a unique point 7z (p) on L nearest to p. Here distances are
measured in the collinearity graph I" of S. If d is the diameter of I', then
the near polygon is called a near 2d-gon. A near 0-gon is just a point
and a near 2-gon is a line. Near quadrangles are usually called generalized
quadrangles (GQ’s). We refer to Payne and Thas [10] for the basic notions
on generalized quadrangles to be used in this paper.

A near polygon is called slkim if every line is incident with precisely
three points. A near polygon is called dense if every line is incident with
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at least three points and if every two points at distance 2 have at least two
common neighbours. If z and y are two points of a dense near polygon at
distance k& from each other, then by Theorem 4 of Brouwer and Wilbrink
[4], z and y are contained in a unique convex subspace of diameter k. These
convex subspaces are called quads if k = 2 and hezes if k = 3. The points
and lines contained in a convex subspace of diameter k define a sub-near-
2k-gon. Convex subspaces of diameter k are therefore also called convez
sub-2k-gons. We will now introduce two properties of dense near polygons.

(I) Let S be a dense near 2n-gon, n > 2, let = be a point of S, let B be a
convex sub-2(n — 2)-gon through z and let A be a convex sub-2(n — 1)-gon
through B. Define the following graph I'(z, B, A):

o the vertices of I'(z, B, A) are the convex subspaces of diameter n — 1
through B distinct from A;

e two distinct vertices A; and A; of I'(z, B, A) are adjacent if there
exists a quad Q satisfying (i) Q N B is a point at distance » — 2 from
z, (ii) QN A, @ N A; and @ N Ay are lines.

We say that S satisfies property (Pj.) if the graph I'(z, B, A) is connected
for all points z, for all convex subspaces B of diameter n — 2 and all convex
subspaces A of diameter n — 1 satisfying {z} C B C A.

(IT) We say that a dense near polygon S satisfies property (P,) if for every
convex subspace B of diameter n — 2, for every point  of B and for every
three distinct convex subspaces A;, A2 and Az of diameter n — 1 through
B, there exists a quad Q satisfying (i) @ N B = {z}, (ii) @ N A; is a line
for every i € {1,2,3}. A dense near polygon which satisfies property (Pj,)
also satisfies property (Pye).

Let S be a partial linear space. A hyperplane of S is a proper subspace
meeting each line of S. A full (projective) embedding of S is an injective
mapping e from the point-set P of S to the point-set of a projective space
¥ satisfying (i) (e(P)) = X and (ii) e(L) := {e(z)|z € L} is a line of
for every line L of S. If e : S — X is a full embedding, then for every
hyperplane II of £, e~!(e(P) N1I) is a hyperplane of S. We say that the
hyperplane e~1(e(P) NII) arises from e.

If S is a dense near 2n-gon and z is a point of S, then the set H; of
points at distance at most n — 1 from 2 is a hyperplane of S, called the
singular hyperplane of S with deepest point z. [It follows from the theory of
dense near polygons that H, cannot coincide with the whole set of points
of S. If y is a point of § at maximal distance k from z, then the unique
convex sub-2k-gon of S containing = and ¥ must coincide with S, see e.g.
Theorem 2.14 of [8]. This forces k& to be equal to n.] A full embedding
e: S8 — X of a dense near polygon S is called polarized if every singular
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hyperplane of S arises from e, or equivalently, if every singular hyperplane
of S is mapped by e into a necessarily unique hyperplane of 2.
The following is the main result of this paper.

Main Theorem. Let e: S — T be a full polarized embedding of a dense
near 2n-gon S = (P, L,I) (n > 1). For every point p of S, let e*(p) be the
point (e(Hp)) of the dual £* of ¥. Let () be the subspace of &* generated
by all points (e(H,)), p € P. If S is slim or if S satisfies property (Pye),
then e* defines a full polarized embedding of S in L(*).

Definition. The embedding e* defined in the Main Theorem is called the
dual embedding of e.

The subscript “de” in property (Py.) refers to the word “dual embedding”.
The Main Theorem generalizes a result of Cardinali, De Bruyn and Pasini
[6, Theorem 1.7] who showed that every full polarized embedding of a thick
dual polar space admits a dual embedding. This fact also follows from our
Main Theorem: in Section 5.1, we will show that every dual polar space
with at least 3 points on every line satisfies property (Pge). Theorem 1.7
of [6] has already found applications in the study of the structure of full
polarized embeddings of dual polar spaces, see Section 2 of Cardinali and
De Bruyn [5]. Many dense near polygons admit a full embedding. This
is certainly the case for all slim dense near polygons (see e.g. Proposition
3.11) and also for many examples of dual polar spaces and so-called product
and glued near polygons.

Our paper is organized as follows. In Section 2, we will define additional
notions regarding near polygons and embeddings of point-line geometries
which we will use throughout this paper. In Section 3, we will consider
the problem of the existence of dual embeddings for a more general class
of point-line geometries. We will also prove there (see Proposition 3.11)
that every full polarized embedding of a slim dense near polygon admits a
dual embedding. In Section 4, we will extend this result to arbitrary full
embeddings of dense near polygons satisfying property (FPg.). In Section 5,
we will show that every known dense near 2n-gon, n > 2, satisfies property
(Pae) except for the ones containing a so-called E;-hex or Ea-hex. This
shows that having property (P4.) is not an uncommon property. The whole
discussion allows us to conclude that every full embedding of every known
dense near polygon has a dual embedding.
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2 Additional notions regarding near polygons
and embeddings of point-line geometries

Let S be a given point-line geometry. Two full embeddings e; : S — ¥
and ez : § — Xy of S are called isomorphic (e; = ep) if there exists an
isomorphism f : ¥; — 33 such that e = foe;. Ife: S — ¥ is a full
embedding of S and if U is a subspace of ¥ satisfying (C1) (U, e(p)) # U
for every point p of S, and (C2) (U, e(p1)) # (U, e(p2)) for any two distinct
points p; and p2 of S, then there exists a full embedding e/U of S in the
quotient space $/U, mapping each point p of S to (U, e(p)). Ife; : S = 5
and ez : § — X, are two full embeddings, then we say that e; > ey, if
there exists a subspace U in I satisfying (C1), (C2) and e, /U = es. If
e:S — ¥ is a full embedding of S, then by Ronan [11], there exists up to
isomorphism a unique full embedding &: S — & satisfying the following:
(i) € > e; (ii) if &’ > e for some embedding e’ of S, then € > ¢’. We say that
€ is universal relative to e. If ¢’ 2 € for any other embedding e’ of S with
the same underlying division ring, then € is called absolutely universal.

Let § = (P,L,I) be a near polygon. We will denote the distance
between two points z and y of S by d(z,y). For every point = of S,
for every nonempty subset X of P and every i € N, we define I';(z) =
{y € P| d(z,y) = i}, d(z, X) = min{d(z,y) |y € X} and Ty(X) = {y €
P| d(y, X) = i}. The maximal distance between two points of X is called
the diameter of X and is denoted as diam(X). If X; and X, are two
nonempty sets of points, then we define d(X,, X2) = min{d(z,,z2)|z; €
X, and z; € X;}. We will denote by (*1,%2,...,%x) the smallest con-
vex subspace of S containing the objects #;,%2,...,%x. Here, *;, i €
{1,...,k}, can be either a point or a nonempty set of points of S. Ob-
viously, (%1, %2,...,%x) is the intersection of all convex subspaces of S con-

taining *;, *g,. .., k.

Suppose now that S is a dense near 2n-gon. If z is a point of S, then
the lines and quads through z define a linear space £(S, z) called the local
space at z. The convex sub-2i-gons, i € {1,...,n — 1}, through « define
a rank-(n — 1)-geometry G(S,z) which is called the local geometry at z.
A convex sub-24-gon A of S is called big in S if every point of S outside
A is collinear with a necessarily unique point of A. We then necessarily
have § =n — 1. A convex subpolygon A is called classical in S if for every
point = of S, there exists a necessarily unique point 74(z) in A such that
d(z,y) = d(z,74(z)) + d(w4(z), y) for every point y of A. If A is big, then
A is also classical in S. If A is a classical convex sub-28-gon of S and if B
is a convex sub-2¢’-gon of S meeting A, then the diameter of AN B is at
least § + &’ —~ n by Theorem 2.32 of [8].
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If H is a hyperplane of a dense near polygon S and if Q is a quad of S,
then either (i) Q@ C H, (ii) @ N H consists of those points of @ which are
collinear with a given point z of Q, (iii) @ N H is a subquadrangle of @Q,
(iv) QN H is an ovoid of Q, i.e., a set of points of Q meeting each line in a
unique point. If case (i), case (ii), case (iii), respectively case (iv), occurs,
then we say that Q is deep, singular, subquadrangular, respectively ovoidal,
with respect to H. If case (ii) occurs, then we call z the deep point of Q
with respect to H.

3 Embeddings of a class of parapolar spaces

Definitions. (1) A partial linear space is called a polar space if for every
point p and every line L, either 1 or all points of L are collinear with p.
The radical of a polar space is the set of points collinear with all points. A
polar space is called nondegenerate if its radical is empty. A subspace of a
polar space is said to be singular if any two points of it are collinear. The
rank r of a nondegenerate polar space is the maximal length r of a chain
So C 8, C -++ C S, of singular subspaces where Sp = § and S; # Siy1
for all ¢ € {0,...,7 — 1}. A nondegenerate polar space of rank 2 is just a
nondegenerate generalized quadrangle.

(2) A partial linear space is called a gamma space if for every point p
and every line L, either 0, 1 or all points of L are collinear with p.

(8) A parapolar space is a connected partial linear gamma space pos-
sessing a collection of convex subspaces, called symplecta, isomorphic to
nondegenerate polar spaces of rank at least 2, with the property that each
line is contained in a symplecton and that each quadrangle is contained
in a unique symplecton. A parapolar space in which every pair of points
at distance 2 are contained in a necessarily unique symplecton is called a
strong parapolar space.

Shult introduced in [13] a class £ of parapolar spaces. The class £ is
equal to & U E U & - - -, where the subclasses &;, i € N, are defined induc-
tively in the following way. The subclass £ contains one member, namely
the point, and the subclass £; consists of the lines which are incident with
at least three points. The subclass &, n 2> 2, contains those geometries S
which satisfy the following properties:

(E1) S is connected and its diameter is equal to n;
(E2) every line of S is incident with at least three points;
(E3) any geodesic in S completes to a geodesic of length n;

(E,) for every point = of S, the set H; of points of S at distance at most
n — 1 from z is a hyperplane of S;
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(Es) if z; and zo are two points of S with k := d(z1,z2) < n, then the
convex closure (z;,z2) is a member of &.

The elements of £ are precisely the nondegenerate polar spaces in which
each line is incident with at least three points. Every member of £,, n > 2,
is a strong parapolar space. The symplecta are the convex closures of the
pairs of points at distance 2 from each other. The class £ contains every
thick dual polar space and more generally every dense near polygon. The
class £ also contains some half-spin geometries, some Grassmann spaces
and some exceptional geometries, see Shult {13, Section 6.

The geometric hyperplane H; defined in (E4) is called the singular hy-
perplane of S with deepest point z. By Shult [13, Lemma 6.1 (ii)], every
geometric hyperplane of an element of £ is a maximal subspace. In partic-
ular, this holds for the singular hyperplanes.

Definition. Let S = (P,L,I) be a partial linear space. A set H of
hyperplanes of S is called a pencil of hyperplanes if | Jycyy H = P and
Hy N Hy = HyN H3 = Hy N Hs for any three distinct hyperplanes H,, Hs
and H3 of H.

Lemma 3.1 Let S be an element of €, n > 1, and let L be a line of S.
Then the set H = {H; |z € L} is a pencil of hyperplanes of S.

Proof. Let y be a point of S. If y has distance at most n — 1 from each
point of L, then y is contained in every hyperplane of H. If y has distance
n from a point of L, then by property (E4), v is contained in precisely one
hyperplane of H. This proves the lemma. u

Let S = (P,L,]) be an element of £, n > 1,and let e : S — T be a full
embedding of S. For every point z of S, the singular hyperplane H, is a
maximal subspace of S and hence (e(H)) is either X or a hyperplane of 3.
We call the embedding e polarized if (e(H,)) is a hyperplane of X for every
point = of S. If e is a polarized embedding, then since H, is a maximal
subspace, {e(Hz)) N e(P) = e(Hy) for every point z of S.

Proposition 8.2 LetSe€ &,,n>1. Lete; : S = X; andez : S — X3 be
two full embeddings of S such that ey > ex . If es is polarized, then also e
is polarized.

Proof. We know that e & e;/U for some subspace U of ¥,. Let z be
an arbitrary point of S. Since ez is polarized, (e2(H,)) is a hyperplane of
X,/U, i.e. a hyperplane II of ¥; through U. Obviously, (e;(H;)) = II. So,
also e; is polarized. n
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Corollary 8.3 Let S € £,, n > 1, and let e be a full polarized embedding
of S. Then also € is a full polarized embedding.

Proposition 3.4 Let S = (P, L,I) be an element of £,, n > 1, and let e :
S — X be a full polarized embedding of S. Put Re := (\,cp(e(Hp)). Then
R, satisfies the conditions (C1) and (C2) of Section 2 and the embedding
€ :=e/R, is polarized.

Proof. (i) We show that R, satisfies property (C1). Let z be an arbitrary
point of S. By property (Ej3), there exists a point p at distance n from
z. Since z & H, and e(P) N (e(Hp)) = e(Hy), e(z) & (e(Hp)). Hence,
e(z) € R..

(ii) We show that R, satisfies property (C2). Let z; and z2 be two
distinct points of S. By property (FE3), there exists a point z at distance n
from z; such that z, is on a geodesic from z, to z. Then e(z2) € (e(H;))
and hence (R.,e(z2)) C (e(H:)). On the other hand, since z; ¢ Hg,
e(z1) ¢ (e(Hz)). Hence, (R, e(x2)) # (Re,e(21))-

(ili) We show that & is polarized. Let x denote an arbitrary point
of S. Since e is polarized, {(e(H;)) is a hyperplane of ¥. Since R. C
(e(Hz)), (e(H)) determines a hyperplane of £/ R, which contains all points
of &(H;). This proves that & is polarized. =

Suppose that e : S — T is a full polarized embedding of an element § =
(P,L,I) of E,, n > 1. Then e*(z) := {e(H:)) is a hyperplane of ¥ for
every point z of S. Suppose that for every line L of S, {e*(z)|z € L} is a
line in the dual ©* of £. Then e* defines an embedding of S in a subspace
£®) of ©*, which we call the dual embedding of e. Notice that if dim(Z)
is finite, then there exists a natural bijective correspondence between the
subspaces of © and those of £*. In this case, the subspace R, (as defined
in( I;roposition 3.4) is the subspace of ¥ corresponding with the subspace
) of B*,

Proposition 8.5 The dual embedding e* (if it exists) is polarized.

Proof. Let z be an arbitrary point of S and let H; be the singular
hyperplane with deepest point z. Since H; is a maximal subspace, the
subspace of $(*) generated by e*(Hy) is either Z(*) or a hyperplane of Z(*).
But since e(z) € e*(y) for every y € Hz and e(z) & e*(y) for every point
y & H,, the subspace of £(*) generated by e*(H,) must be a hyperplane of
¥(*). Hence, e* is polarized. .

Proposition 8.6 LetS € &,, n > 1, and let e; and ez be two full polarized
embeddings of S such that ey > es. If one of e1,es has a dual embedding,
then both e; and ex have dual embeddings and e = e3.
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Proof. Let U denote the subspace of ¥, satisfying (C1), (C2) and ep &
e1/U. Since ey is polarized, also e;/U is polarized. Let x denote an ar-
bitrary point of S and let H, denote the singular hyperplane with deep-
est point z. Since e;/U is polarized, (e1/U(H:)) = (Uyen, (U,e1(¥))) =
(U,ei1(Hz)) is a hyperplane of X,. Now, (e;(Hz)) is aiyperpla.ne of &;
and it follows that {e; /U(H;)) = (e1(Hz))/U. The proposition now readily
follows. ]

Proposition 3.7 Let S€€,,n>1, and lete: S — X be a full polarized
embedding with dim(Z) < co which has a dual embedding e*. Then also e*
has a dual embedding and e** =2 &, with & the full polarized embedding of S
as defined in Proposition 8.4.

Proof. Let e* : S — £(*) denote the dual embedding of e. Since
dim(¥) < oo, we may identify the subspaces of £ with those of £*. Recall
that R, (as defined in Proposition 3.4) is the subspace of ¥ correspond-
ing with ©*). Define e**(z) := [,y €"(y) for every point z of S. By
the proof of Proposition 3.5, e**(z) = ?Re,e(:v)). If L is a line of S, then
{{Re,e(z)) |z € L} is a line of the dual of £®*). Hence, e* has e** as dual
embedding. From the above treatment it is also clear that e** & é. [

Proposition 3.8 Let S€&,,n>1,andlete; : S - %) andey: § — Ty
be two full polarized embeddings of S with dim(X;),dim(X2) < oo having
respective dual embeddings e} and ej. Then e} = e} if and only if €] = é;.

2 by Proposition 3.7 and hence
€1 = €1 =€z = €3. L}

Proof. If é1 = é;, then e} & é1" = &" = e} by Proposition 3.6. Con-
e =

Consider now the following question for a certain geometry S € £,, n > 2:
(*) Has every full polarized embedding of S a dual embedding?

By Cardinali, De Bruyn and Pasini [6], we know that the answer to the
above question is affirmative for thick dual polar spaces. Our Main Theo-
rem, which we will prove in the following section, generalizes this result to
arbitrary dense near polygons satisfying property (Pge). From Shult [13,
Theorem 7.1}, it readily follows (see Proposition 3.9 below) that the answer
to question (x) is also affirmative for all geometries S € £ whose symplecta
have polar rank at least 3. Notice that for the nondegenerate polar spaces,
this already follows from the work of Veldkamp [17].

Proposition 3.9 Let § = (P,L,I) be an element of E,, n > 2, whose
symplecta have polar rank ot least 3. Then every full polarized embedding
e: S — X has a dual embedding.



Proof. By Shult [13, Theorem 7.1], S admits Veldkamp lines. This means

the following:

(i) If A and B are two distinct hyperplanes of S, then A is not contained
in B.

(ii) If A, B and C are three distinct hyperplanes such that AN B C C,
then ANB=ANC=BnNC.

We will make use of the following property.

Property. Let H be a pencil of hyperplanes of S and let Hy and Ha be two
distinct elements of H. Then H coincides with the set H' of all hyperplanes
through H; N Hy.

PROOF. Obviously, H C H’. Suppose that there exists a hyperplane
H' € H'\'H. Since H' is a maximal subspace and H; N Hz is not a
maximal subspace, there exists a point y € H’ \ (Hy N Hz). Let H denote
the unique element of H through y and let ¢ € {1,2} such that H; # H.
Then the triple {H, H’, H;} contradicts property (ii) in the definition of
Veldkamp line. (qed)

Now, let L be a line of S through two distinct collinear points z; and x2,
and let II; := (e(Hy,)), i € {1,2}. Consider the following two pencils of
hyperplanes of S:

e M, :={H;|z € L} (see Lemma 3.1);
o Hy :={e~(e(P)NII)|II is a hyperplane of X through IT; NIl2}.

The hyperplanes H;, and H;, are contained in H; and Hz. Hence H; =
‘H2 by the previous property. It now readily follows that e has a dual
embedding. "

The answer to question (*) is also affirmative for geometries of £ containing
only lines with three points, as we will prove now. Notice first that if H; and
H) are two distinct hyperplanes of a partial linear space S with three points
on each line, then the complement HyAHj; of the symmetric difference of
H, and H, is again a hyperplane.

Lemma 3.10 Let S be an element of £,, n > 1, with three points on every
line and let L = {z1,z2,x3} be a line of S. Then the singular hyperplane
H_, is equal to the hyperplane H;, AH,,.

Proof. This is an immediate corollary of Lemma 3.1. =

Proposition 3.11 Let S be an element of £,, n > 1, and suppose that
every line of S contains precisely three points. Then
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(Z) there erists at least one full polarized embedding of S;
(%) every full polarized embedding of S has a dual embedding.

Proof. (i) Let W denote the set of all hyperplanes of S union {S}. Then
W has the structure of a Fa-vectorspace if we take the following addition
and scalar multiplication (wy, w2 € W): 0-wy =8, 1wy = wy, wy +ws =
w1 Awy. For every point = of S, let H; denote the singular hyperplane
with deepest point z. Let V denote the subspace of W generated by all
singular hyperplanes. For every point = of S, the set of all elements of
V containing the point z obviously determines a hyperplane V; of V. By
Lemma 3.10, the map p — H, defines a full projective embedding e of &
in PG(V). Notice that this map is injective by (E3). The embedding e is
polarized since e(H,) C V), for every point p of S.

(ii) Let e : S — X be a full polarized embedding of S = (P, L,I).
Put e*(z) := (e(Hz)) for every point z of S. Let L = {z1,z2,23} be an
arbitrary line of S and let IT be the unique hyperplane of X through e*(z; )N
e*(z2) different form e*(z;) and e*(z2). Then e~1(IINe(P)) coincides with
H.,AH,, = H,,. Hence, e*(z;), e*(z2) and e*(z3) form a line of X*. This
proves that e* is an embedding. [

Remarks. By Ronan [11] and Proposition 3.11, every element S of &,,
n 2> 1, with three points on each line has an absolutely universal embed-
ding. Suppose now that the absolutely universal embedding space is finite-
dimensional. By Proposition 3.8, it then follows that all dual embeddings
are isomorphic to a certain embedding e,,. This embedding e, is called the
minimal full polarized embedding of S. If e is a full polarized embedding of
S, then e > e, by Proposition 3.7. The minimal full polarized embedding
of a slim dense near polygon is also called the near polygon embedding, see
Brouwer and Shpectorov [3].

4 Completion of the proof of the Main The-
orem

Lemma 4.1 Let L be a line of a dense near 2n-gon S (n > 1), let = be
e point of L and let V denote the set of all convex subspaces of diameter
n—1 through x not containing L. Let 'z 1, be the graph with vertex set V,
with two vertices adjacent whenever they intersect in a convez subspace of
diameter n — 2. Then the graph 'z 1 is connected.

Proof. Let A, and A; be two arbitrary vertices of 'z ;. We will prove
by downwards induction on diam(A; N Ay) that A; and As are connected
by a path. Obviously, this holds if diam(A; N A2) > n — 2. So, suppose
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diam(A; N Az) = n — 6 with § > 3. Let L; denote a line of A; through
z not contained in A; N A2. [Such a line exists since a convex subspace
F of a dense near polygon is completely determined by the neighbourhood
T';(u) N F of one its points u € F, see e.g. Theorem 2.14 of [8]. Notice also
that A, N A, is properly contained in A;.] Then (A;NAs, L;, L) is a convex
subspace of diameter n — § + 2 < n — 1 different from A;. Hence, there
exists a line Ly in A through z not contained in (A; N Az, Ly, L). [Similar
explanation as above. Notice also that (A; N Az, Ly, L) N A2 is properly
contained in Az.] Now, the convex subspace (4; N Az, L1, L2) has diameter
n — 6 + 2 < n — 1 not containing the line L. We will now show that there
exists a convex subspace As of diameter n — 1 through (A; N Az, L1, Lg)
not containing the line L. Take a point © € L\ {z} and a point v of
(A1 N Az, Ly, Ly) at maximal distance n — J + 2 from z. Then there exists
a point w at maximal distance n from u such that v is on a geodesic from
u to w. Since d(u,v) = d(u,z) + d(z,v) = 1+ d(z,v), we necessarily have
d(z,w) = d(z,v) + d(v,w) = n — 1. Clearly, A3 := (z,w) has diameter
n — 1, contains (A; N Ag, L1, Lg) = (x,v) (since v is on a geodesic from
T to w), but not the line L (since d(w,u) = n). Now, by the induction
hypothesis, Az and A; (i € {1,2}) are connected by a path. Hence, also
A; and A, are connected by a path. ]

Lemma 4.2 Let a and b be two distinct collinear points of a dense near
2n-gon S (n > 1) satisfying property (Pac). If H is a hyperplane of S such
that H N (H, U Hy) = H, N Hy, then H = H,. for some point c on the line
L = ab different from a and b.

Proof. Notice first that:

(i) Every hyperplane of S is a maximal subspace. In particular, this
property holds for the singular hyperplanes (recall (13, Lemma 6.1]).

(i) H, N Hy consists of those points of S at distance at most n — 2 from

(iii) H, N Hp is not a maximal subspace, since it is contained in the two
distinct maximal subspaces H, and Hp.

By (i) and (iii), there exists a point u € H\ (HaNH}) and by (ii), d(», L) =
n— 1. Let ¢ denote the unique point of L nearest to u. Since u ¢ Hg U Hy,
a#c#b.

Step 1: (u,c) C H.

Let v denote an arbitrary point of (u,c). If d(c,v) < n — 2, thenwv €
H since v € H, N Hy. Suppose now that d(c,v) = n — 1. Since the
hyperplane I'<p,—2(c)N{u, c) of (v, c) is a maximal subspace, I'n—1(c)N{u, c)

43



is connected. So, there exists a path wo, wy,ws,...,w in T'n_1(c) N (u,c)
connecting the points v = wp and v = wg. If w; € H for a certain i €
{0,...,k—1}, then also w;y; € H since w; € H and ww;41NTr—_2(c) C H.
Since wg € H, it follows that also v = wy, € H.

Step 2: If A; and Ay are two adjacent vertices of I'c,, such that A; C H,
then also A C H.

Put Az := (A1NA2, L). Since S satisfies property (Ps.), the graph I'(c, A;N
Ay, Ag) is connected. So, it suffices to prove the claim in the case that A;
and A are adjacent vertices of I'(c, Ay N A2, A3). There exists then a quad
Q such that: (i) @ N (A1 N Az) is a point y at distance n» — 2 from ¢; (ii)
for every ¢ € {1,2,3}, L; := @ N A; is a line. Notice that the lines L; and
Ls of @ are contained in H. There are two possibilities:

(1) Q is subquadrangular or deep with respect to H;
(2) Q is singular with respect to H.

Suppose case (1) occurs. Put a* := 7y ,(a) and let = denote an arbitrary
point of (I'1(a*) N Q) \ L3 contained in H. Since d(z, A3) = d(z,a*) = 1,
Faci(z) NL =Tpn_2(a*) N L = {a}. So, z is a point of H N (H, U Hp) not
contained in H, N Hp, a contradiction.

Hence, case (2) occurs. Then @ is singular with deep point Ly N L3. It
follows that Ly C H. Hence, I';,_1(c) N A2 contains a point of H. By Step
1, it then follows that A, C H.

Step 3: H =H,.

Since H, is a maximal subspace, it suffices to show that H, C H or that
any convex subspace A of diameter n — 1 through c is contained in H. If
L C A, then A C H,NH, C H. Hence, we may suppose that L Z A,
or that A is a vertex of I'c . By Step 2, Lemma 4.1 and the fact that
(u,c) € H, it follows that A C H. This proves the statement. )

We can now complete the proof of the Main Theorem. Let L be an arbitrary
line of a dense near polygon S which satisfies property (Pgs) andlete: S —
L be a full polarized embedding of S. We must show that {e*(z)|z € L}
is a line of the dual X* of ¥. Let z; and z, denote two distinct points
of L. If Il is a hyperplane of ¥ through e*(z;) N e*(22), then by Lemma
4.2, e"Y(II N e(P)) = H, for some point c of L different from z; and z5.
Conversely, take an arbitrary point ¢’ on L different from z; and z5 and let
d be an arbitrary point of I'y_1(L) NT'»_3(c’). Then e(d) is not contained
in e*(z1)Ne*(x2), since (e*(z1)Ne* (z2))Ne(P) = (e*(z1)Ne(P))N(e* (z2)N
e(P)) = e(H;,) Ne(Hy,) = e(Hz, N Hy,). So, I := {e(d), e*(z1) N e*(z2))
is a hyperplane of . As before, e~1(II' N ¢(P)) is a singular hyperplane
of S with deepest point on L. It follows that e~1(II' N e(P)) = H since
d € e"(II' N e(P)). This proves that {e*(z) |z € L} is a line of X*.



5 Dense near polygons satisfying property (Pg)

Every known dense near polygon either belongs to a certain list of near
polygons or is obtained by applying the so-called direct-product and glueing
constructions to near polygons of that list. The list includes the dual polar
spaces, the near hexagons E;, Eq, E3 and the infinite classes G, Hp, I
(n > 3). For each of these near polygons we will now determine whether
they satisfy property (Pa.) or not. From Propositions 5.1, 5.2, 5.3, 5.4, 5.5,
5.6, 5.7, 5.8 and 5.9 below, it follows that every known dense near 2n-gon,
n > 2, satisfies property (Pje), except for the ones containing an [E;-hex or
an [Eo-hex. From the Main Theorem, it then readily follows that every full
polarized embedding of a known dense near polygon has a dual embedding.

5.1 Dual polar spaces

With every nondegenerate polar space II of rank n > 2, there is associated a
point-line geometry A, whose points are the maximal singular subspaces of
IT, whose lines are the next-to-maximal singular subspaces of IT and whose
incidence relation is reverse containment. The geometry A is called a dual
polar space. The dual polar spaces of rank 2 are precisely the nondegenerate
generalized quadrangles. Every convex subspace of a dual polar space A is
classical in A.

Proposition 5.1 Let A be a dual polar space of rank at least 2 with at
least 3 points on every line. Then A satisfies property (Pa.). In particular,
every nondegenerate generalized quadrangle with ot least 3 points per line

satisfies property (Pa.).

Proof. We will show that A satisfies property (Pj.). So, let B be an
arbitrary convex subspace of diameter n — 2, let = denote an arbitrary
point of B and let A;, A2 and Az be three convex subspaces of diameter
n—1 through B. Take a quad @ through x intersecting B only in the point
z. Since A;, 1 € {1,2,3}, is big in A, AN B; is a line (recall Theorem 2.32
of [8]). This proves that A satisfies property (P;.) and hence also property
(Pae). ]

5.2 The near hexagon E,

Let C be the extended ternary Golay code, i.e. the 6-dimensional subspace
of F4? generated by the rows of the following matrix:
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100000 1 1 1 1 1 O
610000 O0 1 -1 -1 1 -1
001000 1 0 1 -1 -1 -1
000100 -1 1 0 1 -1 -1
000010 -1 -1 1 0 1 -1

| 000001 1 -1-1 1 0 -1]

With C, there is associated a near hexagon [E;, see Shult and Yanushka
[14] or De Bruyn [8, Section 6.5]. The points of E; are the cosets of C in
F1? and two cosets are collinear whenever they contain vectors which differ
in only one position.

Proposition 5.2 The near hezagon E; does not satisfy property (Piye).

Proof. The near hexagon E; cannot satisfy property (P,) since every
quad is a grid. .

5.3 The near hexagon [E,

Let S(5,8,24) be the unique 5-(24,8,1)-design. [Such a design is an inci-
dence structure of points and blocks satisfying (i) there are precisely 24
points, (ii) each block contains precisely 8 points, (iii) every 5 distinct
points are contained in precisely 1 block.] With the design S(5,8,24),
there is associated a near hexagon [z, see Shult and Yanushka [14] or 8,
Section 6.6]. The points of E; are the blocks of S(5,8,24) and the lines are
the triples of mutually disjoint blocks (natural incidence).

Proposition 5.3 The near hezagon Ey does not satisfy property (Fae).

Proof. Let z be a point of Ez, let B be a line through = and let A be a quad
through B. We will show that the graph I'(z, B, A) has three connected
components. Put B = {z,z;,z2}

Claim. Suppose A; and Ay are two quads through B such that A, Ay and
A are mutually different. If there exists a quad Q, through z; satisfying (i)
Q1N B = {z:} and (i7) Q1 N A, Q1N A; and @, N Ay are lines, then there
erists a quad Q2 through z, satisfying (i) Q2N B = {z2} and (it) Q2N A,
Q2N A; and Q2 N Ay are lines.

Let L;, i € {1,2}, be a line of A; through z, different from B. Then the
quad Q2 := (L, L3) does not contain B and hence is disjoint from Q,. Now,
disjoint quads of E; can only have one kind of mutual position, see Section
4 of [2]. It follows that Q2NT;1(Q,) consists of a point of Q7 together with
all its neighbours. Since Ly, Ly C Q2NC'1(Q1), @2NT1(Q1) = LiUL,U L3,



where L3 is the third line of Q2 through z2. Now, let L; denote the unique
line of @; such that every point of L} is collinear with a unique point of
L3. Then L§ C A. Every point of L3 \ {z2} is collinear with the point z2
and with a point of L. It follows that L3 C A. This proves the claim.

Now, consider the local space £ = L(S, z2) which is isomorphic to liG(3, 2),
see [2, Section 4.3]. For every convex subspace F' through x3, let F' denote
the corresponding subspace of £. Then B is a point of £ and A is a line
of £ through B. Now, suppose that A; and A are two adjacent vertices
of I'(z, B, A). Then by the previous claim, there exists a line Q in £ which
intersects the lines A A1 and A2 in points different from B. This implies
that the lines A1 and A2 are contained in the same plane of £ through A. It
is now obvious that the graph I'(z, B, A) has three connected components.
[ ]

5.4 The near hexagon E;

Consider in PG(6,3) a nonsingular parabolic quadric Q(6,3) and a non-
tangent hyperplane 7 intersecting Q(6,3) in a nonsingular elliptic quadric
Q~(5,3). There is a polarity associated with Q(6, 3) and we call two points
orthogonal when one of them is contained in the polar hyperplane of the
other. Let N denote the set of 126 internal points of Q(6,3) which are
contained in 7, i.e. the set of all 126 points in 7 for which the polar hy-
perplane intersects Q(6, 3) in a nonsingular elliptic quadric. The following
near hexagon E3 can now be constructed, see [4, Section (n)]. The points
of E3 are the 6-tuples of mutually orthogonal points of N, the lines of E3
are the pairs of mutually orthogonal points of NV and incidence is reverse
containment. Group-theoretical constructions for E3 can be found in As-
chbacher [1], Kantor [9] and Ronan and Smith [12]. Every local space of
E; is isomorphic to W(2), the linear space derived from W(2) by adding
its ovoids as extra lines.

Proposition 5.4 The near hexagon E3 satisfies property (Pye).

Proof. We will show that Ej satisfies property (P;.). So, let z denote
an arbitrary point of E3, let L denote an arbitrary line through z and let
@1, Q2, Q3 be three distinct quads through L. Let @ be one of the four
Q(5, 2)-quads through z not containing the line L. Then @ is big in E3 and
hence Q@ N Q; is a line for every i € {1,2,3}. This proves that E3 satisfies
property (Pj,) and hence also property (Pge). "
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5.5 The near polygon I,, n >3

Let Q(2n,2), n > 2, be a nonsingular parabolic quadric of PG(2n,2) and
let II be a hyperplane of PG(2n,2) intersecting Q(2n,2) in a nonsingular
hyperbolic quadric @Q*(2rn—1,2). The generators of Q(2n, 2) are the points
of a dual polar space DQ(2n,2). The generators of Q(2n,2) not contained
in Q*(2n — 1,2) form a subspace of DQ(2n,2). The points and lines con-
tained in this subspace define a dense near 2n-gon which we will denote by
. Let V denote the set of all subspaces of Q(2n,2) with exception of the
(n — 2)- and (n — 1)-dimensional subspaces contained in II. There exists
a bijective correspondence between the nonempty convex subspaces of I,
and the elements of V: if « is a subspace of V, then the generators through
a define a convex subspace of I,,. For more details on the above-mentioned
facts, we refer to [8, Chapter 6].

Proposition 5.5 The near 2n-gon I,, n > 3, satisfies property (Pje).

Proof. We will show that I, satisfies property (Pj;.). Let z denote an
arbitrary point of I,, let B denote an arbitrary convex subspace of diameter
n — 2 through = and let A;, A2 and A3 be three distinct convex subspaces
of diameter n — 1 through B. For every convex subspace F of I, let F
denote the corresponding subspace of Q(2n, 2) The point z corresponds
with a generator Z of Q(2n, 2) The subspace B is a line of % and Al, A,
and Aj are three pomts of B. Now, there always exists a subspace Q of
dimension n — 3 in Z which is dlSJOlnt from B and which is not contained
in the (n — 2)-dimensional subspace ZNII. The quad Q corresponding with
Q intersects B in the point  and A;, A2 and A3 in the respective lines
Ly, Ly and L3 with I; = (Q, 4;), i € {1,2,3}. This proves that I, satisfies
property (Pj.) and hence also property (Pge). .

5.6 The near polygon H,,, n > 3

Let X be a set of size 2n + 2, n > 2. The following near 2n-gon can then
be constructed. The points of H,, are the partitions of X in n + 1 subsets
of size 2 and the lines are the partitions of X in » — 1 subsets of size 2 and
1 subset of size 4. A point is incident with a line if and only if the partition
corresponding with the point is a refinement of the partition corresponding
with the line. There exists a bijective correspondence between the convex
sub-24-gons of H,, and the partitions of X in n+ 1 — é subsets of even size.
If P is such a partition, then the points of H,, which are a refinement of P
define a convex sub-24-gon of H,,. For more details on the above-mentioned
facts, we refer to [8, Chapter 6].

Proposition 5.6 The near 2n-gon H,, n > 3, satisfies property (Pqe).



Proof. We will prove that H,, satisfies property (P,,). Let = denote an
arbitrary point of Hy,, let B denote an arbitrary sub-(2n — 4)-gon through
z and let A;, Az and Az denote (the) three distinct sub-(2n — 2)-gons
through B. Let {X1, X2, X3} denote the partition of X corresponding with
B. The partition P, corresponding with z is a refinement of {X;, X3, X3}.
Without loss of generality, we may suppose that the convex sub-(2n — 2)-
gon Aj, i € {1,2,3}, corresponds with the partition {X;, Xiy1 U Xiyo},
where the indices are taken modulo 3. Let vy, v2, vs be three subsets of size
2 of P, such that v; C X3, vo C X5 and vz C X3. Let Q be the quad of H,
corresponding with the partition Pg := Py \ {v1,v2,v3}U{n1UvaUus}. It
is obvious that:

(i) P is the unique common refinement of Pg and {X1, Xz, X3} in sub-
sets of even size. Hence, @ intersects B in the point z.

(i) The partition Py \ {vit+1,vi+2} U {vi+1 Uviy2} is a refinement of Pq
and {X;, Xi+1U Xiy2} (3 € {1,2,3}). Hence, @ and A; intersect in a
line.

This proves that H,, satisfies property (P;,) and hence also property (Pye).
L]

5.7 The near polygon G,, n >3

Let H(2n—1,4), n > 2, denote a nonsingular hermitian variety in PG(2n—
1,4). Without loss of generality, we may suppose that H(2n — 1,4) has
equation X§ + X3 + - + X3,_; = 0 with respect to a certain reference
system. Let X denote the set of points of PG(2n — 1,4) with precisely two
nonzero coordinates.

The generators of H(2n — 1,4) are the points of a dual polar space
DH(2n—1,4). The generators of H(2n —1,4) containing precisely n points
of X form a subspace of DH(2n — 1,4). The points and lines which are
contained in this subspace define a near 2n-gon which we will denote by
G,. If n > 3, then Aut(G,) has two orbits on the set of lines. One
orbit consists of those lines which are not contained in a W(2)-quad. We
call these lines special. The other orbit consists of the so-called ordinary
lines. Every point of G, is contained in precisely n special lines and if
Ly,...,Li are k € {2,...,n} such lines then (L1,...,Li) = Gg. Since
G2 = Q(5,2), every two intersecting special lines generate a @Q(5, 2)-quad.
For more details on the above-mentioned facts, we refer to [8, Chapter 6].

Proposition 5.7 The near 2n-gon G,, n > 3, satisfies property (Pae).

Proof. We will show that G, satisfies property (P;.). Let = denote an
arbitrary point of G,,, let B denote a convex sub-(2n — 4)-gon through z
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and let A4;, As and A3 be three convex sub-(2n — 2)-gons through B. Let
Ly,..., Ly denote the n special lines through z. Without loss of generality,
we may suppose that, for a certain k € {0,...,n}, the lines Ly,..., L
are contained in B and the lines Liy,..., L, are not contained in B. If
k > n -1, then (L;,...,Lx) & Gy has diameter at at least n — 1 and is
contained in B, a contradiction. Hence, & < n — 2. Suppose that all quads
(Ls, Lj), 4,7 € {k+1,...,n} with ¢ # j, meet B in a line. Then the sub-
(2n—2)-gon (B, L,) contains all special lines L,, ..., L, and hence also Gy,,
which is impossible. Hence, there exists a Q(5,2)-quad @ through z such
that QN B = {z}. Now, each Q(5,2)-quad is classical in G, and it follows
that Q intersects A;, i € {1,2,3}, in a line (recall 8, Theorem 2.32]). This
proves that G, satisfies property (P;.) and hence also property (Pge). =

5.8 Product near polygoﬂs

Any two near polygons A; = (P1,£1,11) and Ap = (P2, L2, I2) of diameter
at least 1 give rise to a so-called product near polygon A; x As. The
point set of A; x Ag is equal to P; X P> and the line set is equal to
(P1x L2)U(Ly x Pa). (We assume here that PyNL; =0 and PoNLy = @.)
The point (z,y) of A; X Az is incident with the line (2, L) € P; x Ls if and
only if £ = z and y I L, the point (z,y) of A; X A; is incident with the line
(M,u) € £1 xP; if and only if zI; M and y = u. The near polygon 4; x As
is called the direct product of A; and A2 and its diameter is equal to the
sum of the diameters of A; and Az. There exists a partition Tj, 7 € {1,2},
of A; x A3 in convex subpolygons isomorphic to 4; such that the following
holds: (1) every subpolygon of T} intersects every subpolygon of T in a
point; (2) every line of A; X Ay is contained in a unique subpolygon of
T1 UTs. Every subpolygon of T3 U T3 is classical in A; x Az and if F' and
F' are two subpolygons of T3, ¢ € {1,2}, then the map F' — F,z — wp(z)
defines an isomorphism between F' and F.

Let  denote an arbitrary point of A; x Az and let Fi(z), i € {1,2},
denote the unique element of T; through z. For every convex subspace
U of A, x Ay through z, let U;, i € {1,2}, denote the convex subspace
Fi(x) N U of Fi(z). It holds diam(U) = diam(U;) + diam(Uz) and if
diam(U, ), diam(Usz) > 1, then U = U; x Us.

If V; is a convex subspace of Fj(z) through z and if V, is a convex
subspace of F5(x) through z, then U := (V;,V2) is a convex subspace of
Ai x As through z with Uy = V; and Up = V.

Proposition 5.8 Let A; and As be two dense near polygons.

(¢) If diam(A;) = diam(Ag) = 1, then A; X Az satisfies property (Pye).
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(23) If diam(A;) = 1 and diam(Ag) > 2, then A; x Az satisfies property
(Pye) if and only if Ay satisfies property (Pge).

(443) If diam(A;),diam(A2) > 2, then A; x Ay satisfies property (Pae) if
and only if Ay and Az satisfy property (Pae).

Proof. Put diam(A; X Az) = n. Let = denote an arbitrary point of
A x Az, let B denote an arbitrary convex sub-(2n — 4)-gon through z
and suppose C, D and E are three convex sub-(2n — 2)-gons through B.
We will use the notations as introduced before this proposition. We have
diam(B;) + diam(B;) = diam(B) = diam(Fi(z)) + diam(F2(z)) — 2. If
diam(B;) = diam(F;(z)) — 1 and diam(B3) = diam(F3(x)) — 1, then B is
contained in precisely two convex subpolygons of diameter n — 1, namely
{(Fi(z), B2) and (B, F2(z)), a contradiction. Hence, there exists an i €
{1, 2} such that diam(B;) = diam(F;(z)) — 2 and Bs_; = F3_;(z). We now
show that D and E are adjacent vertices of I'(z, B, C) if and only of D;
and E; are adjacent vertices of I'(z, B;, C;).

If Q is a quad meeting B in a point of I';—2(z) and C, D and FE in
lines, then Q is contained in a convex subspace of T; and 7, () (Q) is a
quad meeting B; in a point at distance diam(F;(z)) — 2 from z and C;, D;
and E; in lines. Conversely, suppose @ is a quad meeting B; in a point at
distance diam(F;(z)) -2 from z and C;, D; and F; in lines. Take a point y
in B at distance n — 2 from z such that 7, (z)(y) coincides with the point
QN B;. Then 7p,(,)(Q) is a quad meeting B in a point of I',—2 (z) and C,
D and E in lines.

The proposition now readily follows. a

5.9 Glued near polygons

Let A; and A3 be two dense near polygons of diameter at least 2. If A;
and Ay satisfy certain nice properties, then it is possible to construct a
so-called glued near polygon of type A; ®1 Az (or shortly of type A; ® A2)
from A; and A;. We refer to De Bruyn [7] for the precise details. For
the purposes of the present paper, it suffices to know that a glued near
polygon A of type A; ® A; satisfies the following properties: (1) there
exists a partition T3, ¢ € {1,2}, of A in convex subpolygons isomorphic to
Ai, (2) every subpolygon of T} intersects every subpolygon of T3 in a line,
(3) every line of A is contained in a convex subpolygon of T} UTh, (4) A
has diameter diam(A4;) + diam(A2) — 1. Every subpolygon of T; U T3 is
classical in A and if F and F' are two subpolygons of T}, ¢ € {1,2}, then
the map F' — F,z +— wp(z) defines an isomorphism from F’ to F.

Let = denote an arbitrary point of A and let Fi(z), ¢ € {1,2}, de-
note the unique element of T; through z. Put L(z) := Fi(z) N Fa(x).
For every convex subspace U of A through z, let U;, i € {1,2}, denote
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the convex subspace Fi(z) NU of Fy(z). If L(z) C U, then diam(U) =
diam(U) + diam(Uz) — 1 and U is a glued near polygon of type U; @ Us
in case that U; and U, have diameters at least 2. If L(z) N U = {z}, then
diam(U) = diam(U) + diam(U,) and U & U, x U in case that U; and U,
have diameters at least 1.

If V1 and V; are two convex subspaces of Fy(z) and F(z), respectively,
satisfying either L(z) = 1 N V5 or L(z) NV = L(z) N Vo = {z}, then
U := (L, V3) is a convex subspace of A through z with U; = V; and
Us = V5.

The above facts have been proved in Section 3 of [7], where the convex
subpolygons of glued near polygons were studied.

Proposition 5.9 Let A; and Ay be two dense near polygons of diameter
at least 2 and let A be a glued near polygon of type A; ® Az, then A satisfies
property (Pye) if and only if Ay and Ap satisfy property (Pae).

Proof. Put n = diam(A). Let z denote an arbitrary point of A, let B
denote an arbitrary convex sub-(2n — 4)-gon through z and suppose C,
D and E are three convex sub-(2n — 2)-gons through B. We will use the
notations as introduced before this proposition. We distinguish two cases.

(i) Suppose that L(z) C B. Then we have diam(B;) + diam(B;) =
diam(B)+1 = diam(F) (z))+diam(Fy(z))—2. If diam(B;) = diam(F} (z))—
1 and diam(B;) = diam(F3(z)) — 1, then B is contained in precisely two
convex subpolygons of diameter n— 1, namely (Fi(z), Bs) and (B, F3(z)),
a contradiction. Hence, there exists an i € {1,2} such that diam(B;) =
diam(Fi(z)) —2 and Bs_; = F3_;(z). As in Proposition 5.8, one can show
that D and E are adjacent vertices of I'(z, B, C) if and only if D; and E;
are adjacent vertices of I'(z, B;, C;).

(ii) Suppose that By N L(z) = {z} = BaN L(z). Then we have diam(B,; ) +
diam(B;) = diam(B) = diam(F;(z))+diam(Fz(z))—3. Hence, there exists
an i € {1,2} such that diam(B;) = diam(F;(z)) — 2 and diam(B3_;) =
diam(F3_;(x)) — 1. Every quad intersecting B in a point and C, D and
E in lines is contained in a subpolygon of T;.. As before, one can reason
that D and F are collinear points of I'(z, B, C) if and only if D; and E;
are collinear points of I'(x, B;, C;).

The proposition now readily follows. [
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