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Abstract

Let G be a connected graph on n vertices. The average
eccentricity of a graph G is defined as §(G) = £ X,cv () £(¥)
where £(v) is the eccentricity of the vertex v which is the max-
imum distance from it to any other vertex. In this paper,
we characterize the extremal unicyclic graphs among n-vertex
unicyclic graphs having the minimal and the second minimal
average eccentricity.
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As we know, a communication network can be represented to be
a graph by regarding the nodes as vertices and regarding the links as
edges. Graphs stand for the essential properties of a network. More-
over, graphs can be used to describing the mathematical concepts
in networks. Let G be a simple connected graph with the vertex
set V(G). For vertices u,v € V(G), the distance d(u,v) is defined
as the length of the shortest path between u and v in G. The ec-
centricity £(v) of a vertex v is the maximum distance from v to any
other vertex. The radius r(G) of a graph is the minimum eccentricity
of any vertex, while the diameter d(G) of a graph is the maximum
eccentricity of any vertex in the graph.

In the communication network, there is an interesting question:
Minimizing the average, taken over all nodes in the network, of the
mazimum time delay of a message sending from a node. This can
be regarded as a pure graph-theoretical problem about the average
eccentricity of the corresponding graph. The average eccentricity of
graph G, denoted by £(G), is defined as the mean eccentricities of
vertex in G, i.e., §(G) = %ZUGV(G) g(v). Clearly, 7(G) < ¢(G) <
d(G).

Recently the study of average eccentricity attract a few attention
and some results are derived. In [1], Peter Dankelmann shown that a
graph with order n and minimum degree § has average eccentricity at
most 3n/(6+ 1) + O(1). Moreover he/she gave a Nordhaus-Gaddum
bound for average eccentricity. As we know, removing edges does not
decrease the eccentricity, Torbett et al. [2] characterized those edges
which can be added to a tree without affecting the eccentricity of any
vertex. In addition, Dankelmann [1] derived an upper bound for the
average eccentricity after removing an edge. Let T be a spanning tree
of G, T is called eccentricity-preserving if er(v) = eg(v) for every
vertex v € V(G). T is called average-preserving if £(T) = £(G).
Clearly, a spanning tree is average-preserving if and only if it is
eccentricity-preserving. In [3], Nandakumar and Parthasarathy char-
acterized graphs which have average-preserving spanning trees. In
[5], the present authors investigate the average eccentricity of trees
and determine the extremal trees with the minimal average eccen-
tricity. We also characterize the extremal trees with the minimal
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dence number, respectively. The authors [6] investigate the average
eccentricity of graphs with fixed diameter.

Let Un (k) be the set of n-vertex unicyclic graphs of order n with
girth k and U, be the set of all unicyclic graphs of order n. For
G € Uy(k), if £ = n,n — 1, then G is unique. So in the following
we assume 3 < k < n— 2. By L, we denote the graph obtained
from Cj and P,_jy; by identifying a vertex of Cp with one end
vertex of Pp_g41. Ilié in [4] proved that L, ; maximizes the average
eccentricity among all connected unicyclic graphs with given girth k.

Theorem 1.1 [4] Let G € Uy (k) be a unicyclic graph of order n > 5.
Then &£(G) £ £(Ln k). The equality holds if and only if G = Ly .

In this paper, we shall we characterize the extremal unicyclic
graphs among n—vertex unicyclic graphs with given girth having the
minimal and the second minimal average eccentricity. In addition, we
investigate the minimal and the second minimal average eccentricity
in U, and characterize the extremal graphs.

2 The minimal average eccentricity of uni-
cyclic graphs

We first give a graph transformation which decrease the average ec-
centricity. Suppose that p > 1 is an integer. Let u be a vertex of a
connected graph H with at least two vertices. Let G be the graph
obtained by identifying u and a pendent vertex of a star Spi9. Let

v be the center of Spio. Assume that vvy,vvy,...,vv, are pendant
edges incident with v in G. We form a graph G’ = ¢(G, v) by remov-
ing edges vvi1,vvy,...,vv, and adding new edges uvy, uvy, ..., Ulp.

We say that G’ is a o-transform of G (see Figure 1).

Lemma 2.1 Let G’ = o(G,v) be a o-transform of a graph G. Then
&(G) > ¢(@).

Proof. Note that ecr(w) < eg(w) for any w € V(H) and eg(v) =
ecr(v). So we have Y-, cy(m) (eer(w) —ec(w)) < Cypev (a(w)—
ec(w)) = 0; T eva (o (W)—ec(w)) = ear(v)—ec(v)+3,, (ec (vi)—
ec(v)) = 2o, ((a(w:) — 1) — eg(vi)) = —p. It follows that &G -
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Figure 1: o-transform applied to G at vertez v.

£G) = [zweV(H) (eer(w)—ec(w))+ X wev ) (EG'(W)-EG(W))]
—£ < 0. This implies the result.

We denote by H, ) the unicyclic graph obtained from Cj by
adding n—k pendant vertices to a vertex of Ci. Let H(n, k;n1,ng,...,nk)
be a unicyclic graph on n vertices obtained from cycle Ck = V1VUg - Uk
with n; pendant vertices attached at v;(1 = 1,2,...,k). Clearly,

n—k= E,_ln,

Theorem 2.2 Let G € Un(k) be a unicyclic graph of order n > 5.
-Lk+1+1 if k is even,
Then &£(G) 2 with equality if
{ (———)k+ +2  ifkis odd.
and only if G = H,
Proof. Let G € Mn(k) be a unicyclic graph with the minimal average
eccentricity. By Lemma 2.1, G must be of the form H(n, k; n1,ng, ..., ng).

So we have £(G) = 1 [Zvi ev(cy) €(u) + ZueV(G)\V(Ck) e('v)]
=z [Ev,-ev'(a,,) e(vi) + Dp.ev(c,) Mile(wi) + 1)]

= %[Zwewck)(“i + 1e(vi) + ni] = [Ez—l(ni + e(vi) +n — k] »
Note that the eccentricity of the vertex v; € V(Cy) is exactly
L] or [g] +1. Ifkis even, there exists at least one vertex v €

V(Cy) with eccentricity + 1; if k is odd, there are at least two

vertlces with eccentricity £L. Hence we have 3% (n; + 1)e(v;) >
+1+(k 2)2+(n k+1)§ if k is even,
2&§l+(k—3)k—;—1+(n-k+1)% if k is odd,

{ '—‘25+1 if k is even,

n=1) o if k is odd with equality if and only if G & H, %.
2 })
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Let f(k) = (3 -Lk+1-L, (4<k<n-2) andgk) =
1-Lk+1+2, (3<k<n—2)betwo functions with respect
to k. It can be checked that f(k) and g(k) are increasing for k.
Therefore, f(k) > f(4), g(k) > g(3) and f(4) > g(3), this leads to

the following result.

Theorem 2.8 Let G be a unicyclic graph of order n > 5. Then
£EG)=22- %, with equality if and only if G = H, 3.

3 On the second minimal eccentricity of uni-
cyclic graphs

Let H,'l’,c (3 £ k < n — 2) be a graph obtained from cycle C} =
v1v2 - - - U, by attaching n— k — 1 pendent vertices and a pendent ver-
tex at v; and vs, respectively. In the following, we shall characterize
the unicyclic graphs with the second minimal average eccentricity.

Lemma 3.1 Lett > 1 be an integer. Let H(t) be a unicyclic graph
obtained from Hy_y 1, and a star Sgy1 by identifying a pendent vertex
u of Hy_s with the center of Sgy1. Then E(Hy(t)) > E(Hi(1)).

Proof. Let w be the pendent vertex adjacent to u in Hg(1). Let
w,uy,us, - ,u—1 be the pendent vertices adjacent to u in Hi(t).
Clearly, ey, () (vi) = €p,(1)(v:) for any v; € V(Cy) and e ) (wi) =
eny(w) +1(=1,2,--- ,t—1). So we have {(Hy(t)) — £(Hi(1)) =

%[ i1 (EHk(t)(ui) - 5Hk(1)(ui))] =Elsom

Theorem 3.2 Among all n-vertices (n > 5) unicyclic graphs with

girth k, Hy, ;. has the second minimal average eccentricity and
%_%)k+1+% if k is even,

=1 G-Derhed ko
3 - % Zf k=3.

Proof. Assume that G has the second minimal average eccentricity
in U, (k). By Lemma 3.1 and Lemma 2.1, G must be of the form
H(n,k;ny,ng,...,ng) or Hi(1). In the following we divide into two
steps to get the second average eccentricity in Uy, (k).
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Step 1: H] , has the second minimal average eccentricity among
unicyclic graphs of the form H(n, k;n1, ne,...,ng).

Let G be a unicyclic graph of the form H (n,k n1,N2, ..., Nk).
From the proof of Theorem 2.2, we have £(G) = Zu.eV(Ck) s(v,) +

s Duevienvicn €@ = 5 [Ez—l(ni + 1)e(vi) +n — k]

Note that the eccentricity of the vertex v; € Cy is exactly £ 3 Or
2 +1. Ifki xs even, there exist at least two vertices v € C). with
eccentnclty 5+ 1. Therefore, SF (i e(v) > E+D)+(E+1)+
(n—k+2)k £+ (k—4)% = 2 + 2, with equalities if and only if there
exist some n, and n; such that ng#0,ng#0and ng+n;=n—k
while n; = 0 for j # s,t. If k is odd, there are at least three vertices
in C, with eccentricity ££1. Therefore, >k i+ 1)e(w) > @ +
(n- Is:+2)'°—;l +(k— 5)19;—1 = ﬂ’;;l) + 3, with equalities if and only if
there exist some n; and n; such that ng #0,n; # 0,ns+n; =n—k,
v, is adjacent to v;, and n; = 0 for j # s,t.

Therefore, among unicyclic graphs of the form H(n, k;n1,ng, -+ ,ni),

& has the second a.verage eccentricity.
Step 2: Verifying £(H], ;) < €(Hi(1)).

By direct calculation, we have

l—l)lc+1+ if k is even,
E(Hi(1)) = -Lk+1 +,Z if k is odd and k > 5,
3-% if k=3.

-——)k+ +3 if k is odd and k£ > 5, There-
33— 3 ifk=3.
fore, we have E(Hk(l)) > E(Hy ) W

(3 —l)lc-i~1+2 if k is even,
-

Theorem 3.3 Let G € U, (75 H,3) be a unicyclic graph onmn > 5
vertices. Then £(G) = 3 — ;, with equality if and only if G = H, 4,
or Hps, or Hy, 4

Proof. From the proof of Theorem 2.2 and Theorem 3.2, we only
need to compare average eccentricities of Hy, 4, Hp 5, Hj, 5, H;, 4 and
Hj(1).

By Theorem 2.2 and Theorem 3 2, we have £(H3(1)) = 3 —
n;&( n4) = 3 - _:E(Hﬂ5) =3- E) §( 111,3) =3- %,g(Hvle) =
§(Hpp) =3~ 2 This implies the result. Bl
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4 Conclusion

In this paper we present H,; has the minimal average eccen-
tricity among all n—vertex unicyclic graphs with girth & and H, 3
has the minimal average eccentricity among all unicyclic graphs of
order n. Moreover, we derive that among all n-vertices (n > 5)
unicyclic graphs with girth k, H,’,,k has the second minimal average
eccentricity.

There are still many interesting open questions for the further
study. It would be interesting to determining extremal regular (cu-
bic) graphs with respect to the average eccentricity. It would be
interesting to give the ordering of unicyclic graphs with respect to
the average eccentricity. In addition, it would be interesting to in-
vestigate the average eccentricity of bicyclic graphs and characterize
the extremal graphs with the minimal and the maximal average ec-
centricity.
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